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Abstract 1 Introduction

We introduce our method and a considerable amount of the-
ory for finding the region on which a noncommutative func-
tion is convex or concave, with an example of an NCAlgebra
command (which embodies it):
NCConvexityRegiorfFunctionl’, X ].

When we input a noncommutative rational functib(X)

Inequalities involving polynomials in matrices and their in-
verses and associated optimization problems have become
very important in engineering. When these polynomials are
“matrix convex” interior point methods apply directly. A
difficulty is that often an engineering problem presents a
matrix polynomial problem whose convexity takes consid-

erable skill, time, and luck to determine. Typically this is  of X this command outputs a family of inequalities which
done by looking at a formula and recognizing complicated  determine a domaity of X on whichl is “matrix convex”.

patterns involving Schur complements; a tricky hit or miss  This is illustrated by the next two examples.
procedure. Certainly computer assistance in determining

convexity would be valuable. This paper describes some Example 1.1 Suppose ones wish to determine the domain
symbolic methods and software which represent a beginning ©f COnvexity (concavity) of the following function on matri-

along these lines. Our procedure proceeds automatically and '

completely avoids Schur complement wizardry.

The paper presents an algorithm which takes in a nhoncom-

mutative rational functiorf’ (X) of X and puts out a fam-
ily of inequalities which determine a domaif of X’s on
which I is “matrix convex”. Somewhat surprising and de-
cidedly non-trivial is our main theorem showing that when
the variableX is symmetric, that i< = X7, then the do-
main G determined by our algorithm is, in a certain sense,
thelargestpossible domain of matrix convexity for.

Of possible independent interest in this article is a theory
of positivity of noncommutative quadratic functions and a
noncommutative LDU algorithm. The algorithms described

here have been implemented under Mathematica and the

noncommutative algebra package NCAlgebra. They are
available at www.math.ucsd.eduicalg. Examples pre-
sented in this article illustrate some of this software.
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ces
F(X,Y) = —(Y +ATXB)(R+BTXB) (Y + BTXA) + ATXA
whereX = XT andY =YT. The commandNCConvexity-
RegiorF, {X, Y}] outputs the list

{-2(R+B™XB)7%, 0, 0, 0}.

From this output, we conclude that wheneverB, R, X,
andY are matrices, the functioR is “matrix concave” on
the domaing given by

G:={(X,Y): (R+B™XB)"1>0}.

The command NCConvexityRegion also has an important
feature which for this problem assures us that the “closure”

of G, _
G:={(X,Y): (R+B'xXB)"1 >0}

is the biggest domain of concavity fér. n

Example 1.2 Let X = XT andY = YT, and define the func-
tionF as
FX,Y)=(X-Y"1~L
The output oNCConvexityRegior{F, {X, Y}]is
{(X _Y71)717 Y717 O}
Thus functionF is “matrix convex” on the region
G:={(X,Y):Y>0 and X-Y~1>0},

whenever the symbolic elemerXsandY are substituted by
any matrices of compatible dimension. Also in this example
the “closure” ofG is the biggest domain of convexity &f.

u



2 Noncommutative Functions and Their Derivatives

Noncommutative rational functions &fare polynomials in
X and in inverses of polynomials iK. An example of a
multivariate rational function is

r(X,Y)=A(I+DXD") AT + E(YXYET, X =XT.
Conventional convexity of a function can be characterized
by the second derivative being positive. This is also the case
with “noncommutative convex functions”.
The second order terms (the Hessian) of a Taylor expansion
of [ (X+tH) aboutt = 0 € R in the directiorH, denoted by
HT, is

HT(X)H] : ?F(X—HH)‘ ,

which is a quadratic function dfi. The arrow is used to in-

dicate that the variable is a list of elemeMts- {Xy, ..., Xn}.
Euler-Script letters, lik&(, often are used to indicate matri-
ces. As an exampl€&,(X) means a function whose argument
X is a matrix inR™™,

2.1 Matrix Convex Functions

This section provides some definitions of positivity for non-
commutative functions which are used throughout the paper.
We shall be focusing on symmetric noncommutative func-

tions of Z defined on a domairg; given by “inequali-
ties” on symmetric noncommutative rational functiqms

Here Z denotes all noncommutative variablasB, C, X,
etc, which may appear in. We write the formal expression

%3:{2:{21, I} pj(Z )>0]—l }

and call such an expressionSéD — Symbolic Inequality
Domain. An example is

Gi= {Z —{AC,X}: ~AX—XAT —CTC>0,X > o}.
Note that thez are just formal symbols. Since our ultimate
interest is matrices we introduéé ( G,) the set of all matrix
tuplesz ={Z41,...,2x} which satisfy
Pj (2) is a positive semidefinite matrix for all5 1,...,c

Our main definitions of positivity are:

1. A noncommutative rational functio@(z)[ﬁ] which is

quadratic irﬁ is said to be anatrix positive quadratic
(resp.matrix strictly posmve quadratic ) on aSIDgG,

means that when matricesin M(gp) andiH are sub-

stituted forZ andH we get tha1Q( )H ] is a positive
semidefinite function (resp. positive definite function)

of 17{

. The functionr(x,i) is said to bematrix convex with
respect to variablX on a SID G, provided its Hessian
HT (X)[H] is a positive semidefinite matrix for all, X
in M(Gp) and all{.

3 Noncommutative Quadratic Functions

An example of a quadratic function iH = HT, where the
argumenH appears inside the monomial is

Q[H] =HAH +G"HBH + HBTHG + GTHDHG.

This function can be written in the form
A B H

(1) QH]=(H G™H )( 8T D )( HG )

3.1 TheMq Representation

As suggested by (1), a noncommutative quadratic function

QinH ={Hy,...,H¢} can always be represented as a prod-

uct of the formQ = V[ Il MQV[ 1, WhereV[H] is a “vec-
tor” with noncommutative entries andg is a symmetric

matrix with noncommutative entries. The “vectaf[H] is
called aborder vector of the quadratic function Q and
the matrixMq is the coefficient matrix of the quadratic
function Q. TheM(, representation for a quadraiig may
not be unique.

This general notation illustrated by the example (1) is:
T A B

VH'"=(H G'H) and MQ:( L
As another example consider in the commutative case. Then

we have
QH]

whose representors are

Mg = (A+G'B+B'G+G'DG) and V[H]

=H(A+G'B+B'G+G'DG)H,

—H.

We should emphasize that the size of g representation

of a noncommutative quadratic functioggHs, ..., Hy] de-
pends on the particular quadratic and not only on the number
of arguments of the quadratic. For example, there are non-
commutative quadratic functions in one variable which have
a representation witM, a 102x 102 matrix.

3.2 Positivity of Noncommutative Quadratic Functions
Determining positiveness of the Hessian, which is a quad-

ratic function inH, is the key to determining the convexity
of a rational function of matrices. A critical issue is relating

Q[H] being a positive definite matrix for &l to the matrix

Mg being positive semidefinite. In this section we roughly
summarize our main result ((CHS]) which surprisingly says
that often these two properties are equivalent. Later in Sec-
tion 3.3 we give a definitive test for the positivity bf,.

Theorem 3.1 Positivity: Q versusMq

Suppose the noncommutative rational funct@(Z)[H] is

a quadratic inH. RepresenQ(z) with coefficient matrix
MQ@, and let G denote the Symbolic Inequality Domain

based on Mz(?)' namely,

G = {2 : MQ(E) > O}.
Then Q(z)[ﬁ] is a matrix positive quadratic function for

eachZ € G.

Conversely, assume;



1. all H; are restricted to be symmetric;

2. the M, representation ofQ, has a border vector ‘{ﬁ]
with coefficients which for eachjtare linearly indepen-

dent functions OE;

3. the inequality domaiiy is not thin (contains an open set
in a certain topology).

Then the closure o in a certain topology is the biggest
domain on whichQ (Z)[H] is a matrix positive quadratic.

Proof: The sufficient side, the symmetric mathk, being
positive semidefinite guarantees that the ma@j%(] is also

positive semidefinite for all matriceX, is trivially proved.
But, it was surprising that the necessity side is true. In fact
it requires an involved proof. See [CHS]. m

3.3 NoncommutativeLDU Decomposition

In our approach, the LDU factorization of a matrix with non-
commutative entries is our key tool for the determination of
the matrix positivity of a quadratic function, and hence the
region of convexityG of noncommutative functions.

The LDU factorization applied to symmetric noncommu-
tative entriedn x n matrix M provides the decomposition

M = LDLT, where then x n matrix D is diagonal and the

n x n matrix L is lower triangular and normalized so that
each diagonal entry equals the identity. Therefore, to check
the positivity of the symmetric matrii it suffices to check
the positivity of the entries of the diagonal matfix An
added long story is that of applying a permutation matrix
P to M, which our algorithm does automatically when it is
necessary.

The key property of the Noncommutative LDU Algorithm
is

Theorem 3.2 Suppose M is a symmetricxin matrix with
noncommutative entries. The possibly permlted algo-
rithm outputs a matrix D of dimensionxan. The matrix D
is eitherdiagonal,
i. in which case, whenever NN matrices are substituted
for the variables , j=1,...,d in D and produce in-
vertible matricesDj, then

eachDj is positive definite (resp. positive
semidefinite) if and only if the resulting NN
NN matrixM is positive definite (resp. posi-
tive semidefinite).

or the matrix D can be partitioned as & diag(D, R), where

D is a diagonal matrix with noncommutative rational entries

Dj,j=1,...,dwithd<n—1,and a(n—d) x (n—d) non

diagonal matrix R. We need to distinguish two situations:

ii. All entries of the matrix R are identically zero, in
which case D is actually diagonal, and the conclusion
of case (i.) applies.

iii. The off diagonal entries ofR are not identically zero,
ThusR and consequentlyl can not be either a positive
semidefinite matrix or a negative semidefinite matrix.

4 Convexity Algorithm

This section presents our main algorithm that provides the
region g in which a given hereditary noncommutative sym-

metric functionr(z,i) is matrix convex. The steps pre-
sented here are implemented in the command NCConvexi-
tyRegion[].
1. Compute symbolically the HessiQ(Z)[ﬁ] = }[F&)

[H].

- V[ﬁ], and

2. Expres®)(Z)[H] asQ(Z)[H] :V[H}TMQ(Z)

extract the coefficient matridd - .
QU2)

3. Apply the noncommutative LDLdecomposition on the

matrix M 2 i.e.,Mq(z> =LDLT. The diagonal matrix
D has the form

— —

4. The Hessia@(Z)[J] is positive semidefinite for all
on the set of matrice3;,...,Zx which makes the diag-
onal matrixD positive semidefinite. Thus a sgtwhere
I" is matrix convex is given by

G= {z 10i(Z)>0,] =1,...,c}.
The following examples illustrate the Convexity Algorithm.
Example 4.1 Define the functiorf” (X) by
F(X) =G'XTAXG+X"BX+G'XTCX+XTCTXG.

WhereB = BT andA = AT. Then the Hessian df(X) is
given by

HT(X)[H] =2(H"BH+HTCTHG+G"HTAHG+ G "HTCH),
or equivalently, this quadratic expression takes the form

B CT ) (HHG>'

C A
The LDLT decomposition with no permutation applied to
B~ICT

My{r is
B 0 |
0 A-cBIicT 0 I '

I 0
CcB1! |
provided thatB is invertible. The list returned byNC-

ConvexityRegionis
(B, A—cBIcT}.

V[H]"MyrVIH =2(HT,GTHT) (

Therefore, whem is invertible ands # |, the necessary and
sufficient conditions for the Hessian to be positive semidef-

inite are
B>0 and A—CBICcT >0. u



Example 4.2 Now we illustrate in detail the steps imple-
mented inside the command NCConvexityRegion[]. For
clarity and concreteness, the language which is standard in
NCAlgebra is used, but for better visualizatiogXTnota-

tion is sometimes employed.

Before going through the example, we explain the basic no-
tation used in NCAlgebra. The transpose of an elemeést
denoted by tfx]. The inverse ok is inv[x]. The product of
the noncommutative elemexiby y is X xy.

Let’s define the noncommutative functiérto be used in the
example. Lel, y, h andk be symmetric noncommutative
elements. LeF (x,y) be given by

F(xy)=(x-y )™

This functionF in Mathematica takes the form:
F :=inv[x - inv[y]];

Thus, the Hessiafi(T (x,y)[h, K] of this function is produced
by the command

hess = 1/2NCHessiarF, {x, h}, {y, k}] // NCSimplifyRa-
tional

kK ** h ** inv[x - inv[y]] + inv[x - inv[y]] ** h ** k - k ** x ** inv[x - inv[y]] ** h
**inv[x - inv[y]] + k ** x ** inv[x - inv[y]] ** inv[y] ** k - inv[x - inv[y]] ** h ** k
** X ** VX - invly]] + inv[x - inv[y]] ** h ** inv[x - inv[y]] ** h ** inv[x - inv[y]]
- inv[x - inv[y]] ** h ** inv[x - inv[y]] ** x ** k - inv[x - inv[y]] ** x ** k ** h **
inV[X - inv[y]] - kK ** x ** inv[x - inv[y]] ** inv[y] ** k ** x ** inv[x - inv[y]] + inv[x
- invly]l ** h ** inv[x - inv[y]] ** x ** k ** x ** inv[X - inv[y]] + inv[x - inv[y]] **
X ** K% x ** inv[x - inv[y]] ** h ** inv[x - inv[y]] - inv[x - inv[y]] ** x ** k ** x
**inv[x - inv[y]] ** inv[y] ** k + inv[x - inv[y]] ** x ** k ** x ** inv[x - inv[y]] **

invly] ** k ** x ** inv[x - inv[y]]

The Left (Right) border vectdv and the coefficient matrix
Mhessare produced by the command
{Left, Mhess, Right = NCMatrixOfQuadratic [hess{h, k}];

The quadratic expressioiess(the Hessian of) can be
rewritten in X format ashess= V' MhessV, whereV'
= Left is given by

VT = (k =y ™7t -y ),

which has linearly independent coefficients, and the matrix
Mhessis

Xx—y )yt Iox(x—y Tt x(x—y )ty
1-(x—y H)x (x—y =t 1+ (x-yHx |.
X(x=y Hy Tt —lex(x-y H T x(x-y Tyt

The LDL" decomposition of the coefficient matri#hessis
given by the command

{lu, di, up, B = NCLDUDecompositioniMhess];

From the output of this command we obtain the following
factorization forP MhessPT = lu di up,

| 0 0 x-yH?*t 0 o0 Iyt —yt
y! I 0 0 yl o o | —I
Syt 0 ) ) I

where P is a permutation matrix generated automatically
by our LDU algorithm. Finally, the list returned byC-
ConvexityRegionis the entries of the diagonal matrik,

ie.,
{(Xfy_l)_lv y_17 O}
Thus the region of convexity fdf contains

G:={(xy):y>0 and x—y 1>0}.

Naturally, this is the same domain already determined in Ex-
ample 1.2.

To insure thatg := {(x,y) :y>0 and x—y !> 0} con-
tains the region of convexity df, we must verify the hy-
potheses (2 and 3) of Theorem 3.1. To insure (2), the com-
mand NCConvexityRegion declares all variables to com-
mute; then it computes a linear combination of the coef-
ficient functions of the border vector which is 0. If the
only linear combination is 0 (as always seems to be the case
with control problems), then this insures that condition (2)
holds. This is a conservative test and our example passes
it. To check condition (3), without going into the topology
involved, we just say that because the inequalities in (3) are
strict, the set of x n symmetric matrices which satisfy them
(for each large n) contains an open set. This suffices to sat-

isfy (3). [ ]

5 Conclusion

This paper presents an algorithm that gives sufficient, and
under some weak hypotheses, necessary conditions for a
noncommutative (matrix) function to be convex (concave).
The implemented version of this algorithm, which runs un-
der the noncommutative algebra package NCAlgebra, pro-
vides a fairly automatic procedure for determination of
the domaing of convexity of a noncommutative function.
Therefore, the user has in hand a valuable and easy-to-use
tool for analyzing matrix inequalities.
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