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Abstract

In this paper, a new technique for discretising linear time-invariant
(LTI) feedback controllers is proposed. The resulting sampled-data
(SD) approximation is guaranteed to lie within a pointwise gap dis-
tance, closely related to the ν-gap metric, from the original LTI con-
troller. Importantly, this permits explicit characterisation of possi-
ble degradation in closed-loop performance (accounting for stability
and inter-sample behaviour.) It is shown that SD approximation, to
within a bound on the pointwise gap metric defined, can be posed
as a standard H∞ SD synthesis problem, which may be solved via
existing methods.

1 Introduction

The dynamics of many engineering systems naturally evolve in con-
tinuous time. Correspondingly, control system design is typically
carried out in the continuous-time domain, resulting in control laws
with continuous-time dynamics. It is often the case, however, that
practical implementation of the control scheme will involve a com-
puter, which can only process discrete information. In view of this,
system discretisation has been studied for many years [1, 2, 3, 4, 5].

In this paper, a new technique for discretising linear time-
invariant (LTI) feedback controllers is proposed. The technique
is motivated by the rather tight robustness results of Vinnicombe
[6, 7], for LTI feedback systems in terms of the ν-gap metric. It can
be shown that given two LTI systems C and C1, and a number β,
there exists an LTI system R (dependent on C and β only) such that
δν(C, C1) ≤ β ⇔ F�(R−1, C1) ∈ H∞ and ‖F�(R−1, C1)‖∞ ≤
1, where δν(C, C1) denotes the ν-gap distance between C and C1.
This is suggestive of a procedure for obtaining a SD approximation
Csd, which is close to C (in some sense); i.e. synthesise Csd so that
the lower linear fractional transformation (LFT) F�(R−1, Csd) is
contractive (for some small β.) In what follows, it is shown that
discretising in this way results in an SD approximation which lies
within a certain pointwise gap distance from the original LTI con-
troller. This pointwise metric is closely related to the ν-gap metric,
and importantly, given an LTI plant for which a given LTI controller
is known to perform satisfactorily, it permits an explicit character-
isation of the possible degradation in closed-loop performance (ac-
counting for stability and inter-sample behaviour) when the LTI con-
troller is replaced by the SD approximation.

The paper is organised as follows. First a frequency domain
framework for studying the SD approximation problem is estab-
lished. Central to this is the “time-lifting” isomorphism [8, 9], by
which periodic systems are equivalent to shift invariant systems.
The pointwise gap metric described above is then defined, and sev-
eral properties are established. This includes a sufficient condition
for the pointwise gap distance between two systems to be less than
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a specified number. The subsequent section is devoted to capturing
this sufficient condition for a given LTI controller and signals in the
graph of another (possibly periodic) system. To this end, a “J -inner
J -co-inner outer” factorisation (implicit in the DGKF solution to
H∞ synthesis problems) of an augmented system constructed from
the given LTI controller, is employed. Finally, the new discretisa-
tion procedure is formalised in terms of a standard H∞ SD synthesis
problem.

2 Signals and Systems

In this section a frequency-domain setting, abstracted from the stan-
dard one for finite-dimensional LTI systems [7, 10, 11], is estab-
lished for the rest of the paper. Throughout, the symbols R, Z, C,
C+, C−, T, D, jR and H denote the real, integer and complex num-
bers, the open right-half plane, open left-half plane, unit circle and
open unit disc in the complex plane, the imaginary axis, and the
interval [0, h) ⊂ R for some h > 0, respectively.

A signal is simply considered to be a function mapping from
some domain of definition into a Hilbert space. Of particular in-
terest here, are the following (frequency domain) function (signal)
spaces:

L2
jR(H) := { f : jR→ H : ∫

R
〈 f ( jω), f ( jω)〉 dω <∞};

L2
T
(H) := { f : T→ H : ∫[0,2π) 〈 f (e jθ ), f (e jθ )〉 dθ <∞};

L2
H

(H) := { f : H→ H : ∫
H
〈 f (t), f (t)〉 dt <∞},

where 〈·, ·〉 denotes the inner product (on H.) Also of interest are
H2

C+(H), the subspace of all f ∈ L2
jR(H) which can be contin-

ued analytically into C+ so that
∫
R
〈 f (a + jω), f (a + jω)〉 dω is

uniformly bounded for a > 0, and H2
D

(H), the subspace of all

f ∈ L2
T
(H) which can be continued analytically into D so that∫

[0,2π) 〈 f (re jθ ), f (re jθ )〉 dθ is uniformly bounded for 0 ≤ r < 1.
For convenience the underlying Hilbert space of a signal space (e.g.
H above) is often suppressed.

Throughout systems are considered to be multiplication operators
with frequency-domain symbols (transfer functions) in either:

(i) R p,m – the set of functions P : jR→ L (Cm , Cp) (a.e.) for
which there exists a realisation of the form P(ϕ) = C(ϕ I −
A)−1B + D, with A ∈ L (Rn, Rn), B ∈ L (Rm , Rn), C ∈
L (Rn , Rp) and D ∈ L (Rm , Rp);

(ii) D p,m – the set of functions P : T→ L (L2,m
H

, L2,p
H

) (a.e.) for
which there exists a realisation of the form P(ϕ) = ϕC(I −
ϕA)−1B + D, with A ∈ L (Rn, Rn), B ∈ L (L2,m

H
, Rn),

C ∈ L (Rn, L2,p
H

) and D ∈ L (L2,m
H

, L2,p
H

),



where L (H1,H2) denotes the space of bounded linear operators
mapping H1 into H2.1 In what follows a realisation of a specific
frequency domain symbol (transfer function) is denoted by either
(A,B, C,D) or

( A B
C D

)
.

Given a P ∈ R (resp. D), let LP denote the Laurant operator de-
fined by (LPu)(ϕ) := P(ϕ)u(ϕ) for all u ∈ dom(LP ) ⊂ L2

jR (resp.

L2
T

) and ϕ ∈ jR (resp. T), and the multiplication operator MP be

defined by (MPu)(ϕ) := P(ϕ)u(ϕ) for all u ∈ dom(MP ) ⊂ H2
C+

(resp. H2
D

) and ϕ ∈ jR (resp. T.) The space of functions P ∈ R that
satisfy ‖P‖∞ := supϕ∈ jR µ(P(ϕ)) <∞ is denoted by the RL∞jR,

where µ(X) := sup‖u‖=1 ‖Xu‖ for X ∈ L (H1, H2). This corre-
sponds to those P ∈ R with a realisation (A, ·, ·, ·) that satisfies
spec(A)∩ jR = ∅. The symbol RH∞

C+ denotes the Hardy space of

all P ∈ RL∞jR that can be continued analytically into C+. This cor-

responds to those P ∈ R with a realisation (A, ·, ·, ·) that satisfies
spec(A) ⊂ C−. Similarly, the space of functions P ∈ D that satisfy
‖P‖∞ := supϕ∈T µ(P(ϕ)) < ∞, is denoted by DL∞

T
, and DH∞

D
denotes the Hardy space of all P ∈ DL∞

T
that can be continued

analytically D. The space DL∞
T

(resp. DH∞
D

) corresponds to those
P ∈ D with a realisation (A, ·, ·, ·) that satisfies spec(A) ∩ T = ∅
(resp. spec(A) ⊂ D.)

When P ∈ RL∞jR (resp. DL∞
T

), LP is an element of

L (L2
jR, L2

jR) (resp. L (L2
T
, L2

T
)) and ‖LP‖ = ‖P‖∞. Moreover,

when P ∈ RH∞
C+ (resp. DH∞

D
), MP ∈ L (H2

C+ , H2
C+) (resp.

L (H2
D

, H2
D

)) and ‖MP‖ = ‖P‖∞ [12, 13]. If a P ∈ R (resp.
D) satisfies P(ϕ)∗P(ϕ) = I for all ϕ ∈ jR (resp. T), then P is
called rigid and LP is an isometry. If P ∈ RH∞

C+ (resp. DH∞
D

) also

holds, then P is called inner. On the other hand, if P ∈ R (resp. D)
satisfies P(ϕ)P(ϕ)∗ = I for all ϕ ∈ jR (resp. T), then P is called
co-rigid and LP is a co-isometry. If P ∈ RH∞

C+ (resp. DH∞
D

)

also holds, then P is called co-inner. Finally, if P(ϕ)∗P(ϕ) =
P(ϕ)P(ϕ)∗ = I for all ϕ ∈ jR (resp. T), then P is called uni-
tary. Henceforth, the notation P∗ is used to denote the function
that satisfies P∗(ϕ) = P(ϕ)∗ for (almost) all ϕ ∈ jR (resp. T.) If
(A,B, C,D) is a realisation of a P ∈ R, then (−A∗,−C∗,B∗,D∗)
is a realisation of P∗ ∈ R. Also, if (A,B, C,D) is a realisa-
tion of P ∈ D , such that 0 /∈ spec(A), then P∗ ∈ D and
((A∗)−1,−(A∗)−1C∗,B∗(A∗)−1,D∗ − B∗(A∗)−1C∗) is a real-
isation of P∗.

Importantly, characterising systems as multiplication operators
with frequency-domain symbols of the form described above is ad-
equate to address the SD approximation problem outlined in the in-
troduction. Most would be familiar with the equivalence (via the
Fourier transform isomorphism) between a time-domain represen-
tation of a finite-dimensional LTI state-space system and multipli-
cation by a corresponding transfer function in R. But it is also true
that a time-domain representation of a finite-dimensional linear peri-
odically time-varying state-space system (including LTI systems) is
equivalent to multiplication by a corresponding frequency-domain
symbol in D . Central to this equivalence is the the “time-lifting”
transform defined for f : R→ H by [8, 9]

f(k) := (W f )(k) := f (θ + kh) (θ ∈ H).

This is an isomorphism between L2
R
:= { f :∫

R
〈 f (t), f (t)〉dt <∞}

(resp. L2+
R
:= { f ∈ L2

R
: f (t) = 0 for t < 0}) and � 2

Z
(L2

H
) := {f :∑

Z 〈f(k), f(k)〉 < ∞} (resp. �2+
Z

(L2
H

) := {f ∈ � 2
Z
(L2

H
) : f(k) =

0 for k < 0}), which is in turn isomorphic to L2
T
(L2

H
) (resp.

1The spatial dimensions of R p,m and D p,m are often ommitted.

H2
D

(L2
H

)) via the Z-transform

(Zf)(ϕ) :=
∑
k∈Z

ϕkf(k).

Now consider, for example, the finite-dimensional linear periodic
system P, governed by the differential equations ẋ = A(t)x+B(t)u;
y = C(t)x + D(t)u, with A(t + kh) = A(t), B(t + kh) = B(t),
C(t + kh) = C(t) and D(t + kh) = D(t) for k ∈ Z and some
h > 0. It follows straightforwardly, that WPW−1 is governed by the
system of difference equations x((k+1)h) = Àx(kh)+B̀u(kh+θ);
y(kh + θ) = C̀x(kh)+ D̀u(kh + θ), where

À : x(kh) �→ �A(h, 0)x(kh),

B̀ : u(kh + θ) �→ ∫ h
0 �A(h, τ )B(τ)u(kh + τ)dτ,

C̀ : x(kh) �→ C(θ)�A(θ, 0)x(kh),

D̀ : u(kh + θ) �→ D(θ)u(kh + θ)

+ ∫ θ
0 C(θ)�A(θ, τ)B(τ)u(kh + τ)dτ,

and �A(t, τ ) denotes the state transition matrix satisfying
d
dt �A(t, τ ) = A(t)�A(t, τ ); �A(τ, τ) = I. This is clearly a
shift-invariant representation and hence, it follows (applying the Z-
transform) that the L2

R
(resp. L2+

R
)-graph (all L2

R
(resp. L2+

R
) input-

output pairs) of P is isomorphic (via W and Z) to the L2
T
(L2

H
)(resp.

H2
D

(L2
H

))-graph of multiplication by ϕC̀(I − ϕÀ)−1B̀ + D̀ ∈ D .
Note that if A(t) = A(t + τ), B(t) = B(t + τ), C(t) = C(t + τ)

and D(t) = D(t+τ) for all τ ∈ R, then P is also equivalent (via the
Fourier transform) to mulitplication by C(ϕ I − A)−1B + D ∈ R
(on L2

jR (resp. H2
C+ ).) Indeed, in this way (i.e. via the Fourier trans-

form, Z-transform and W-transform isomorphism), multiplication
by any P ∈ R is equivalent to multiplication by a P ∈ D , called
the “time-lifted” equivalent. Throughout, the upright roman font is
used to denote the “time-lifted” equivalent.

Finally, consider a finite-dimensional LTI filter F, governed
by the system of differential equations ẋF = AF xF + BF u;
uF = CF xF with spec(AF ) ⊂ C−, and an h-periodic SD
system S, governed by the difference equations xS (k + 1) =
AS xS(k) + BSuF (kh); y(kh + θ) = CSxS(k) + DSuF (kh) (θ ∈
H). The L2

R
(resp. L2+

R
)-graph of the pre-filtered periodic SD sys-

tem Csd := SF is isomorphic (via W and Z) to the L2
T
(L2

H
)(resp.

H2
D

(L2
T
))-graph of multiplication by

Csd(ϕ) =


( ÀF 0
BSCF AS

) (B̀F
0

)
(
C̀1 C̀2

)
0


 ∈ D,

where ÀF : x �→ exp(hAF )x , B̀F : u �→ ∫ h
0 exp((h −

τ)AF )BF u(τ) dτ , C̀1 : x �→ DSCF x , and C̀2 : x �→ CSx .

3 Graph Symbols and Feedback Systems

In the next two sections attention is directed towards systems repre-
sented by transfer functions in D , noting that this also captures all
transfer functions in R (see above.)

Given a function C ∈ D , a factorisation C = N D−1, with
N, D ∈ DH∞

D
and D−1 ∈ D , is called right coprime over DH∞

D

if there exist functions X̃, Ỹ ∈ DH∞
D

such that (X̃ Ỹ )
(

D
N

) = I .

Similarly, a factorisation C = D̃−1 Ñ , where Ñ , D̃ ∈ DH∞
D

and

D̃−1 ∈ D , is called left coprime over DH∞
D

if there exist functions

X, Y ∈ DH∞
D

such that (−Ñ D̃)
(−Y

X

)
= I . The right and left

coprime factorisations are said to be normalised if N∗N+D∗D = I



and Ñ Ñ∗+ D̃ D̃∗ = I , respectively. Importantly, such factorisations
exist for any P ∈ D (see [14].)

Given right and left coprime factorisations C = N D−1 =
D̃−1 Ñ ∈ D , define

K :=
(

N
D

)
∈ DH∞

D
and K̃ := (−D̃ Ñ

) ∈ DH∞
D

.

It follows that gr(MC ) = ran(MK ) = ker(MK̃ ) ⊂ H2
D

and

gr(LC ) = ran(LK ) = ker(LK̃ ) ⊂ L2
T

, where gr(·) denotes the

graph (i.e. all input-output pairs.) Similarly, for almost all2 frequen-

cies ϕ ∈ T, ran(K (ϕ)) = ker(K̃ (ϕ)) ⊂ L2,m+p
H

. The functions K

and K̃ are called right and left graph symbols, which are said to be
normalised if K ∗K = I and K̃ K̃ ∗ = I . In this case(

K ∗
K̃

)(
K K̃ ∗

) = (I 0
0 I

)
. (1)

Correspondingly, ran(
(

K ∗(ϕ)

K̃ (ϕ)

)
) = L2,m+p

H
at any ϕ ∈ T. More-

over, for almost all ϕ ∈ T, ker(
(

K ∗(ϕ)

K̃ (ϕ)

)
) = ker(K (ϕ)∗) ∩

ker(K̃ (ϕ)) = ran(K (ϕ))⊥ ∩ ran(K (ϕ)) = {0}.3 So
(

K ∗(ϕ)

K̃ (ϕ)

)
is

bijective for almost all ϕ ∈ T, and hence, in light of (1) it follows
that

(
K (ϕ) K̃ ∗(ϕ)

)(K ∗(ϕ)

K̃ (ϕ)

)
= I. (2)

In fact this is true for all ϕ ∈ T, since K ∈ DH∞
D

and K̃ ∈ DH∞
D

are continuous on T.4 As in [6, 7], the properties (1) and (2), of
normalised graph symbols, play an important role in this paper.

Consider the standard feedback configuration, shown in Fig-
ure 1. When it exists (in an appropriate sense), the transfer func-
tion from (w1, w2) to (y, u, yp, u p) is denoted by [P, C]. Suppose

❤ ❤ ❤

❤

✲ ✲ ✲ ✲

❄
✻

✲ ❄ ❄ ✲

✻

C P
u u p yp

w2 w1

y

n

r

Figure 1: Standard Feedback Configuration

that P, C ∈ D , so that the normalised coprime factorisations
C = N D−1 = D̃−1 Ñ and P = NP D−1

P = D̃−1
P ÑP , and cor-

responding graph symbols

K :=
(

N
D

)
, K̃ := (−D̃ Ñ

)
, G :=

(
DP

NP

)
, G̃ := (−ÑP D̃P

)
,

exist.5 When (I−PC) and (I−C P) are invertible in D (i.e. [P, C]
is well-posed), the transfer function from the signals

(w2
w1

)
to
( u

y
)

is

T1(P, C) =
(

C
I

)
(I − PC)−1(−P I

) = K (G̃ K )−1G̃, (3)

2With possibly the exception of finitely many points at which D(ϕ) (or
D̃(ϕ)) may not be boundedly invertible; i.e. at poles of C on T.

3Note that cl(ran(K (ϕ))) = ran(K (ϕ)) since K (ϕ) is left-invertible.
4In the C ∈ R case, such complicated arguments are not required, since

at each frequency
(

K ∗(ϕ)

K̃ (ϕ)

)
is square and finite-dimensional, which com-

bined with (1) is enough to imply that it is unitary.
5Note that the graph symbols G and G̃ are “inverted” (i.e. they cor-

respond to inputs on top and outputs on the bottom.) This is simply for
notational convenience in what follows.

and the transfer function from
(w2
w1

)
to
(

u p
yp

)
is

T2(P, C) =
(

I
P

)
(I − C P)−1(I −C

) = G(K̃ G)−1 K̃ . (4)

Note that T1(P, C) and T2(P, C) capture all closed-loop transfer
functions commonly employed in robustness/performance analysis.
Since T1(P, C)+ T2(P, C) = I , it follows that T1(P, C) ∈ DL∞

T
(resp. DH∞

D
)⇔ T2(P, C) ∈ DL∞

T
(resp. DH∞

D
), and as such ei-

ther is equivalent to [P, C] ∈ DL∞
T

(resp. DH∞
D

.) Furthermore,
when [P, C] ∈ RL∞jR, it can be shown that the generic closed-loop

performance index b(P, C) := ‖T1(P, C)‖−1∞ = ‖T2(P, C)‖−1∞ (if
[P, C] /∈ RL∞jR, b(P, C) := 0.) Also, note from (3) and (4), that

[P, C] ∈ DL∞
T

(resp. DH∞
D

) ⇔ (G̃ K )−1 ∈ DL∞
T

(resp. DH∞
D

)

⇔ (K̃ G)−1 ∈ DL∞
T

(resp. DH∞
D

), since K and G are left invertible

in DH∞
D

, and G̃ and K̃ are right invertible in DH∞
D

. Moreover,

b(P, C) = 1/ sup
ϕ∈T

µ(K (G̃ K )−1G̃(ϕ))

= inf
ϕ∈T

1/µ((G̃ K )−1(ϕ)) = inf
ϕ∈T

τ (G̃ K (ϕ)) ≤ 1,

where the second equality holds because K (ϕ)∗K (ϕ) = I and
G̃(ϕ)G̃(ϕ)∗ = I for all ϕ ∈ T, and τ (X) := inf‖u‖=1 ‖Xu‖ for
X ∈ L (H1, H2).

4 A pointwise gap metric

Before defining the pointwise gap metric, the following technical
lemma is required.

Lemma 4.1 When
(A

B
) ∈ L (H3,H1 ⊕ H2) is an isometry,

µ(B)2 = 1− τ (A)2, and if A is also boundedly invertible,

µ(BA−1) = µ(B)

/√
1− µ(B)2 =

√
1− τ (A)2

/
τ (A).

Similarly, if (Ã B̃) ∈ L (H1 ⊕ H2, H3) is a co-isometry, then

µ(B̃)2 = 1− τ (Ã)2, and if Ã is also boundedly invertible,

µ(Ã
−1

B̃) = µ(B̃)

/√
1− µ(B̃)2 =

√
1− τ (Ã)2

/
τ (Ã).

Let P, C, K , K̃ , G and G̃ be as defined in the previous section.
Then defining the scalar function ρ(P(ϕ), C(ϕ)) := τ (G̃ K (ϕ)), it
is immediate that

b(P, C) = inf
ϕ∈T

ρ(P(ϕ), C(ϕ)). (5)

Moreover, since G̃(K K̃ ∗)(ϕ) is a co-isometry (cf. (2)) for all ϕ ∈
T, it follows by Lemma 4.1 that

µ(G̃ K̃ ∗(ϕ))2 = 1− τ (G̃ K (ϕ))2 (6)

and

µ
(
(G̃ K )−1G̃ K̃ ∗(ϕ)

)
=

√
1− ρ(P(ϕ), C(ϕ))2

ρ(P(ϕ), C(ϕ))
(7)

for all ϕ ∈ T.
Now, given a C1 ∈ D , with normalised right and left graph sym-

bols K1 and K̃1, define

κ(C(ϕ), C1(ϕ)):=µ(K̃ K1(ϕ))=µ(K̃1K (ϕ))=:κ(C1(ϕ), C(ϕ)),



where the second equality follows by Lemma 4.1, and the fact that

K ∗(K1 K̃ ∗1 )(ϕ) is a co-isometry and
(

K ∗
K̃

)
K1(ϕ) is an isometry

(cf. (1) and (2)) for all ϕ ∈ T, which yields

µ(K ∗ K̃ ∗1 (ϕ))=µ(K̃1K (ϕ))=
√

1− τ (K ∗K1(ϕ))2=µ(K̃ K1(ϕ)).

It can also be shown that κ(C(ϕ), C1(ϕ)) = 0 if, and only if,
C(ϕ) = C1(ϕ), and that κ(C(ϕ), C2(ϕ)) ≤ κ(C(ϕ), C1(ϕ)) +
κ(C1(ϕ), C2(ϕ)) [6, 7]. As such, κ(·, ·) is a metric pointwise in fre-
quency. Furthermore, when K ∗K1(ϕ) is invertible in L (L2

H
, L2

H
),

it follows by Lemma 4.1 that

µ
(

K̃ K1(K ∗K1)−1(ϕ)
)
= κ(P(ϕ), P1(ϕ))√

1− κ(P(ϕ), P1(ϕ))2
, (8)

since
(

K ∗
K̃

)
K1(ϕ) is an isometry, for all ϕ ∈ T.

Proposition 4.2 Given P, C, C1 ∈ D , suppose that [P, C] ∈
DL∞

T
and that (I − PC1) is invertible in D . If

sup
ϕ∈T

κ(C(ϕ), C1(ϕ)) < inf
ϕ∈T

ρ(P(ϕ), C(ϕ)) (≤ 1), (9)

then [P, C1] ∈ DL∞
T

.

Proof: The proof is similar to that of Lemma 3.6 in [7], and is based
on the identity

G̃ K1= G̃
(
K K̃ ∗

)(K ∗
K̃

)
K1, (10)

= (G̃ K )(I+(G̃ K )−1G̃ K̃ ∗ K̃ K1(K ∗K1)
−1)(K ∗K1),

which, with (7–9), leads to the result. For details see [14].
In addition to this appealing result, it also true that

arcsin ρ(P, C1) ≥ arcsin ρ(P, C)− arcsin κ(C, C1), (11)

for all ϕ ∈ T. To see this, note from (10), that

τ (G̃ K1) ≥ τ (G̃ K )τ (K ∗K1)− µ(G̃ K̃ ∗)µ(K̃ K1).

Now define φ := arcsin τ (G̃ K (ϕ)) and θ := arcsin µ(K̃ K1(ϕ)) as
angles in [0, π/2], so that from (6) and (8), it follows that cos φ =
µ(G̃ K̃ ∗(ϕ)), cos θ = τ (K ∗K1(ϕ)), and

τ (G̃ K1) ≥ sin φ cos θ − cos φ sin θ = sin(φ − θ)

= sin(arcsin τ (G̃ K )− arcsin µ(K̃ K1)).

Equation (11) then follows by taking the arcsin of both sides, since
arcsin(·) is monotonically increasing on [0, π/2]. Correspondingly,
in view of (5),

arcsin b(P, C1)≥arcsin b(P, C)−arcsin

(
sup
ϕ∈T

κ(C(ϕ), C1(ϕ))

)
.

The duality between κ(·, ·) and ρ(·, ·), suggested by Proposi-
tion 4.2 and (11), is strengthened further by the following result.

Proposition 4.3 Given C ∈ D such that K ∗ ∈ DL∞
T

, and C1 ∈ D ,
if [P, C1] ∈ DL∞

T
for all P ∈ D that satisfy [P, C] ∈ DL∞

T
and

b(P, C) > β, then supϕ∈T κ(C(ϕ), C1(ϕ)) ≤ β.

Proof: The proof is similar to that of Lemmas 3.12 and 3.13 in [7].
See [14] for details.

Corollary 4.4 Given β < 1, C ∈ D such that K ∗ ∈ DL∞
T

, and
C1 ∈ D , if

sup
ϕ∈T

κ(C(ϕ), C1(ϕ)) > β,

then there exist a P ∈ D , such that [P, C] ∈ DL∞
T

and b(P, C) >

β, and a frequency ϕ0 ∈ T, such that g(ϕ0) = k1(ϕ0) for some
k1 ∈ gr(LC1) and g ∈ ( 0 I

I 0

)
gr(LP ) (i.e. P is such that G̃ K1(ϕ0)

has non trivial kernel.)

5 Capturing the sufficient condition in Proposition 4.3

In this section a “J -inner J -co-inner outer” factorisation is used to
characterise all (plants) P ∈ D that satisfy [P, C] ∈ DL∞

T
and

b(P, C) > β,6 for a given (controller) C ∈ R. The required factori-
sation is adapted from factorisations implicit in the DGKF solution
to H∞ synthesis problems [15]. First, some more notation, concern-
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Figure 2: Interconnection Structures

ing linear fractional configurations. Given H =:
(

H11 H12
H21 H22

)
∈ R

(resp. D) and Q ∈ R (resp. D), consider the general intercon-
nection structure shown in Figure 2(a). The transfer function from
(w, v1, v2) to (z, y, u) in Figure 2(a) is denoted by [H, Q] (when
it exists), and in particular, the transfer function from w to z is
denoted by F�(H, Q). When (I − H22Q)−1 ∈ R (resp. D)
the interconnection is said to be well-posed and F�(H, Q) =
H11 + H12 P(I − H22Q)−1 H21. The system F�(H, Q) is com-
monly called a lower linear fractional transformation (LFT). Finally,

given �=:
(

�11 �12
�21 �22

)
∈ R (resp. D),

� � H :=
(

F�(�, H11) �12(I−�22 H11)−1 H12
H21(I−H11�22)

−1�21 Fu(H,�22)

)
,

whenever the inverses exist in R (resp. D .), where
Fu(H, Q) := H22 + H21Q(I − H11Q)−1 H12. This is known as
the Redheffer star product.

Given a controller with transfer function C ∈ R define

H :=

 0 C C

0 I I
−I C C


 ,

so that given a system with transfer function P ∈ D ,

F�(H, P) =
(

C
I

)
(I − PC)−1(−P I

) ∈ D

whenever (I − PC) is invertible in D . Correspondingly, [P, C] ∈
DL∞

T
and b(P, C) > β ⇔ [H, P] ∈ DL∞

T
and ‖F�(H, P)‖∞ <

6Recall that the roman upright font is used to denote the corresponding
“time-lifted” equivalent.



γ := 1
β . Furthermore, setting Hsc :=

(
I 0
0 γ I

)
H

( 1
γ

I 0

0 1
γ I

)
∈ R,

it follows that [P, C] ∈ DL∞
T

and b(P, C) > β ⇔ [Hsc, P] ∈
DL∞

T
and ‖F�(Hsc, P)‖∞ < 1.

Now suppose that the controller C ∈ R has stabilisable and de-
tectable realisation (A,B, C, 0), and let X = X ∗ ≥ 0 be the stabil-
ising solution to the Generalised Control Algebraic Riccati Equation
(GCARE)

A∗X + XA− XBB∗X + C∗C = 0, (12)

and let Z = Z∗ ≥ 0 be the stabilising solution to the Generalised
Filtering Algebraic Riccati Equation (GFARE)7

AZ +ZA∗ − ZC∗CZ + BB∗ = 0. (13)

Then following steps similar to those used in [15, Sec. VI], it can be
shown that when γ >

√
1+ rad(XZ)=: 1/bopt(C),

Hsc = M � M̃ � R, (14)

where, M ∈ RH∞
C+ is inner with M21, M−1

21 ∈ RH∞
C+ , M̃ ∈

RH∞
C+ is co-inner with M̃12, M̃−1

12 ∈ RH∞
C+ , and R is invertible in

R with R−1
12 , R−1

21 ∈ RH∞
C+ . Details of this factorisation are given

in Appendix A. Exploiting the properties of M , M̃ and R men-
tioned above, it is possible to interpret the factorisation (14) within
the chain-scattering formalism (see Figure 2(b).) To this end, define

Mch :=
(

M12 − M11 M−1
21 M22 M11M−1

21
−M−1

21 M22 M−1
21

)
∈ R,

M̃ch :=
(

M̃−1
12 −M̃−1

12 M̃11

M̃22 M̃−1
12 M̃21 − M̃22 M̃−1

12 M̃11

)
∈ R

Rch :=
(

R12 − R11 R−1
21 R22 R11 R−1

21
−R−1

21 R22 R−1
21

)
∈ R,

noting that

R−1
ch :=

(
R−1

12 −R−1
12 R11

R22 R−1
12 R21 − R22 R−1

12 R11

)
∈ R.

Since M−1
21 ∈ RH∞

C+ , M̃12 ∈ RH∞
C+ , R−1

21 ∈ RH∞
C+ and

R−1
12 ∈ RH∞

C+ , it follows that Mch ∈ RH∞
C+ , M̃ch ∈ RH∞

C+ and

Rch, R−1
ch ∈ RH∞

C+ . Furthermore, using the fact that M is inner

and that M̃ is co-inner, it follows that

M∗ch(ϕ)J1Mch(ϕ) = J2 and M̃ch(ϕ)J2M̃∗ch(ϕ) = J3 (15)

for all ϕ ∈ jR, where J1, J2 and J3 are signature matrices of

the form
(

I 0
0 −I

)
, with appropriate partitioning conformal to that

of Mch and M̃ch. Note that Jn Jn = I , for each n = 1, 2, 3. In
summary, Mch is J -inner, M̃ch is J -co-inner and Rch is outer.

Now, given any signals y, u ∈ L2
jR, define

( s
t
) := Rch

( y
u
)
. Since

multiplication by M̃ch is surjective (cf. (15)), there exist signals

ź, ẃ ∈ L2
jR such that

( s
t
) = M̃ch

(
ź
ẃ

)
. Furthermore, the corre-

sponding signals
( z

w

) := Mch

(
ź
ẃ

)
∈ L2

jR satisfy

( z
u
) = Hsc

(w
y
)
. (16)

7The required stabilising solutions X and Z exist since (A,B,C) is sta-
bilisable and detectable [10, Corol. 13.8]

This chain-scattering characterisation of the signals in (16), in con-
junction with the properties of Mch, M̃ch and Rch, gives rise to the
following result, which characterises (in terms of a necessary con-
dition) all transfer functions P ∈ D that satisfy [P, C] ∈ DL∞

T
and

b(P, C) := infϕ∈T ρ(P(ϕ), C(ϕ)) > β

Theorem 5.1 Given a controller C ∈ R and a number β <

bopt(C), let R ∈ R be defined as in (19) with γ = 1
β

. Moreover,

let P ∈ D be such that [P, C] ∈ DL∞
T

with b(P, C) > β. Then for

any
( y

u
) ∈ gr(LP ) ⊂ L2

T
,

〈Rch
( y

u
)
(ϕ), J3Rch

( y
u
)
(ϕ)〉 < 0 for all ϕ ∈ T, (17)

where J3 is a signature matrix of the form
(

I 0
0 −I

)
partitioned con-

formably with Rch.8

Proof: For ( y
u ) ∈ gr(LP ), let

( s
t
) = Rch

( y
u
)

and
(

ź
ẃ

)
=

J2M̃∗ch J3
( s

t
)

so that

〈
(

ź
ẃ

)
(ϕ), J2

(
ź
ẃ

)
(ϕ)〉 = 〈J2M̃∗ch J3

( s
t
)
(ϕ), M̃∗ch J3

( s
t
)
(ϕ)〉

= 〈( s
t
)
(ϕ), J3

( s
t
)
(ϕ)〉 for all ϕ ∈ T.

Then note that
( z
w

)=Mch

(
ź
ẃ

)
satisfies

( z
u
)=Hsc

(w
y
)

(cf. (16)),

and hence, using (15), that

〈Rch
( y

u
)
(ϕ), J3Rch

( y
u
)
(ϕ)〉 = 〈

(
ź
ẃ

)
(ϕ), M∗ch J1Mch

(
ź
ẃ

)
(ϕ)〉

= 〈Mch

(
ź
ẃ

)
(ϕ), J1Mch

(
ź
ẃ

)
(ϕ)〉 = 〈( z

w

)
(ϕ), J1

( z
w

)
(ϕ)〉 < 0,

since b(P, C) > β ⇒ ‖F�(Hsc, P)‖∞ < 1⇒ ‖z‖ < ‖w‖.
Remark 5.2 If P ∈ R is such that F�(Hsc, P) ∈ RH∞

C+ and

b(P, C) > β, then Q :=F�(R, P) ∈ RH∞
C+ and ‖Q‖∞ < 1

[14, 15]. The LFT here is well-posed since the D22-term in any
realisation of R is zero. However, for arbitrary P ∈ D , it is not
always possible to guarantee well-posedness of F�(R, P) (in D .)

6 SD approximation in κ(·, ·)
The purpose of this section is to present the main result of the paper,
which follows directly from Corollary 4.4 and Theorem 5.1. This
leads to a procedure for SD approximation (in κ) of a given C ∈ R.

Theorem 6.1 Given C ∈ R, with stabilisable and detectable reali-
sation (A,B, C, 0), and β < bopt(C), define R ∈ R as in (19) with

γ = 1
β . If C1 ∈ D satisfies

〈Rch
( y

u
)
(ϕ), J3Rch

( y
u
)
(ϕ)〉 ≥ 0 for all ϕ ∈ T (18)

and all
( u

y
) ∈ gr(LC1), then supϕ∈T κ(C(ϕ), C1(ϕ)) ≤ β.

Proof: Suppose that supϕ∈T κ(C(ϕ), C1(ϕ)) > β, so that by Corol-

lary 4.4,9 there exist a P ∈ D such that b(P, C) > β, and a fre-
quency ϕ0 ∈ T, such that k1(ϕ0) = g(ϕ0) for some k1 ∈ gr(LC1)

and g ∈ ( 0 I
I 0

)
gr(LP ). Now note, by Theorem 5.1, that

〈Rch
( 0 I

I 0

)
g(ϕ0), J3Rch

( 0 I
I 0

)
g(ϕ0)〉L2

H

< 0,

8Recall that upright roman font denotes “time-lifted” equivalent in D .
9Note that the conditions of the corollary hold since a normalised right

graph symbol for C(∈ D) satisfying K∗ ∈ DL∞
T

exists. To see this note
that a realisation for K with invertible A-term can always be obtained by
“time-lifting” a realisation of a normalised right graph symbol for C(∈ R).



since b(P, C) > β. But from (18)

〈Rch
( 0 I

I 0

)
g(ϕ0), J3Rch

( 0 I
I 0

)
g(ϕ0)〉

= 〈Rch
( 0 I

I 0

)
k1(ϕ0), J3Rch

( 0 I
I 0

)
k1(ϕ0)〉 ≥ 0,

which contradicts the previous inequality.
Now, given C ∈ R and a pre-filtered, periodic SD controller,

with corresponding transfer function Csd ∈ D ,10 suppose that the
LFT configuration [R−1, Csd] ∈ DH∞

D
with ‖�‖∞ ≤ 1, where

� :=F�(R
−1, Csd) and R is defined as in Theorem 6.1. Then for

every
( u

y
) ∈ gr(LCsd),

〈Rch
( y

u
)
(ϕ), J3Rch

( y
u
)
(ϕ)〉L2

H

≥ 0 for all ϕ ∈ T,

and thus supϕ∈T κ(C(ϕ), Csd(ϕ)) ≤ β, by Theorem 6.1. Also,
given any P ∈ R which satisfies [P, C] ∈ DH∞

D
and b(P, C) > β,

Q :=F�(R, P) ∈ DH∞
D

and ‖Q‖∞ < 1 (cf. Remark 5.2.) As such
it follows by standard small-gain arguments that [Q,�] ∈ DH∞

D
(see Figure 3.) Correspondingly, since Rch is a unit in DH∞

D
,

❝

❝

✛ ✛

✲✲

✛✛

✲ ✲

❄

✻

� Q

R−1
chCsd Rch P

Figure 3: Chain-scattered [�, Q]
[P, Csd] ∈ DH∞

D
(i.e. can just move Rch across the disturbances in

Figure 3.) In conjunction with the bounds (11), this suggests the fol-
lowing SD approximation procedure for a given controller C ∈ R:

Procedure 1 Find the smallest β < bopt(C), such that (for a fixed
sampling period and pre-filter) there exists a pre-filtered SD con-
troller satisfying [R−1, Csd] ∈ DH∞

D
and ‖F�(R

−1, Csd)‖∞ ≤ 1,
where R (depending on C and β only) is defined in (19) with
γ := 1

β , and Csd ∈ D denotes the transfer function of the SD ap-
proximation to be synthesised. This can be achieved via standard
H∞ SD synthesis methods [8, 16, 17].

Remark 6.2 Given a plant P ∈ R and a controller C ∈ R sup-
pose that [P, C] ∈ RH∞

C+ . An SD approximation obtained via the

procedure above would only be useful if the corresponding smallest
β achieved is much less than b(P, C) (cf. (11).) If this is not the
case, then the pre-filter or sampling period chosen at the beginning
of the procedure must be re-designed.

A Factorisation of Hsc

In this section details of the factorisation (14) are presented. Define:

M :=




A + BF∞
(

0 1
γ B

) √
γ 2−1
γ B( C

F∞
) (

0 0
0 1

γ I

) 
 0√

γ 2−1
γ I




(
0
0

) 
I 0

0

√
γ 2−1
γ I




(
0
− 1

γ I

)




,

10See end of Section 2 for details of how to construct this for a time-
domain representation.

with F∞ := − B∗X ;

M̃ :=




Atmp + γLtmpC
(
−Ltmp

1√
γ 2−1

B
)

γ√
γ 2−1

YtmpF∗∞
−γ√
γ 2−1

F∞
(
0 0

)
I

γC (−I 0
)

0


,

with

Atmp :=A − 1

γ 2 − 1
BF∞, Ltmp := − γYtmpC∗,

Ytmp = Y∞(I −XY∞)−1 ≥ 0, Y∞ := 1

γ 2 − 1
Z;

and

R :=




AR −Ltmp B2R−γ√
γ 2−1

F∞ 0 1√
γ 2−1

I

γC I 0


, (19)

with

AR:=Atmp+ γ 2

γ 2 − 1
YtmpF∗∞F∞, B2R := γ

γ 2−1
B− γ

γ 2−1
YtmpF∗∞.

It follows readily that, Hsc = M � M̃ � R, M ∈ RH∞
C+ is inner with

M21, M−1
21 ∈ RH∞

C+ , M̃ ∈ RH∞
C+ is co-inner with M̃12, M̃−1

12 ∈ RH∞
C+ ,

and R is invertible in R with R−1
12 , R−1

21 ∈ RH∞
C+ . See [14] for details.
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