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Abstract

In this paper, a new technique for discretising linear time-invariant
(LTT) feedback controllers is proposed. The resulting sampled-data
(SD) approximation is guaranteed to lie within a pointwise gap dis-
tance, closely related to the v-gap metric, from the original LTI con-
troller. Importantly, this permits explicit characterisation of possi-
ble degradation in closed-loop performance (accounting for stability
and inter-sample behaviour.) It is shown that SD approximation, to
within a bound on the pointwise gap metric defined, can be posed
as a standard H*® SD synthesis problem, which may be solved via
existing methods.

1 Introduction

The dynamics of many engineering systems naturally evolvein con-
tinuous time. Correspondingly, control system design is typically
carried out in the continuous-time domain, resulting in control laws
with continuous-time dynamics. It is often the case, however, that
practical implementation of the control scheme will involve a com-
puter, which can only process discrete information. In view of this,
system discretisation has been studied for many years[1, 2, 3, 4, 5].

In this paper, a new technique for discretising linear time-
invariant (LTI) feedback controllers is proposed. The technique
is motivated by the rather tight robustness results of Vinnicombe
[6, 7], for LTI feedback systems in terms of the v-gap metric. It can
be shown that given two LTI systems C and C4, and a number 8,
there existsan LTI system R (dependent on C and 8 only) such that
8,(C,Cp) < B & Fy(R™,Cp) e H® and | F(R™1, C)lloo <
1, where §,(C, C1) denotes the v-gap distance between C and C;.
Thisis suggestive of a procedure for obtaining a SD approximation
Cg, Whichiscloseto C (in some sense); i.e. synthesise Cgy so that
the lower linear fractional transformation (LFT) EK(R—l, Cq) is
contractive (for some small 8.) In what follows, it is shown that
discretising in this way results in an SD approximation which lies
within a certain pointwise gap distance from the origina LTI con-
troller. This pointwise metric is closely related to the v-gap metric,
and importantly, given an LTI plant for which agiven LTI controller
is known to perform satisfactorily, it permits an explicit character-
isation of the possible degradation in closed-loop performance (ac-
counting for stability and inter-sampl e behaviour) when the LTI con-
troller isreplaced by the SD approximation.

The paper is organised as follows. First a frequency domain
framework for studying the SD approximation problem is estab-
lished. Centra to thisis the “time-lifting” isomorphism [8, 9], by
which periodic systems are equivalent to shift invariant systems.
The pointwise gap metric described above is then defined, and sev-
eral properties are established. This includes a sufficient condition
for the pointwise gap distance between two systems to be less than
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a specified number. The subsequent section is devoted to capturing
this sufficient condition for agiven LTI controller and signalsin the
graph of another (possibly periodic) system. To thisend, a“ J-inner
J-co-inner outer” factorisation (implicit in the DGKF solution to
H®® synthesis problems) of an augmented system constructed from
the given LTI controller, is employed. Finaly, the new discretisa-
tion procedure isformalised in terms of astandard H>® SD synthesis
problem.

2 Signalsand Systems

In this section a frequency-domain setting, abstracted from the stan-
dard one for finite-dimensional LTI systems [7, 10, 11], is estab-
lished for the rest of the paper. Throughout, the symbols R, Z, C,
C4+,C_,T,D, jR and H denote the real, integer and complex num-
bers, the open right-half plane, open left-half plane, unit circle and
open unit disc in the complex plane, the imaginary axis, and the
interval [0, h) c R for some h > 0, respectively.

A signa is ssimply considered to be a function mapping from
some domain of definition into a Hilbert space. Of particular in-
terest here, are the following (frequency domain) function (signal)
spaces:

LJ-ZR(ﬂ-C)::{f DR H fR(f(ja)), f(jw)) do < oo};
L2 :=(f: T — H : [ig0q (F(&?), f(e19) do < oo);
L2300 == {f :H— H : fr (f (), () dt < oo},

where (-, -) denotes the inner product (on JH.) Also of interest are
HZ. (30), the subspace of all f e LJ?R(G{) which can be contin-
ued analytically into C4 sothat [ (f(@+ jw), f(@a+ jw)) dwis
uniformly bounded for a > 0, and H]%)(ﬂ-f), the subspace of all
f e L%(J{) which can be continued analytically into D so that
Jio.2m (FC0 el?), f(rel?)) do isuniformly bounded for0 <r < 1.
For convenience the underlying Hilbert space of a signal space (e.g.
J above) is often suppressed.

Throughout systems are considered to be multiplication operators
with frequency-domain symbols (transfer functions) in either:

(i) ZP-™M —the set of functions P : jR — Z(C™, CP) (ae.) for
which there exists a realisation of the form P(¢) = C(pl —
A)71B + D, with A ¢ Z®R",R"), B ¢ ZR™M,R"), C €
ZR"RP)and D € ZRM, RP);

(i) 2P-M—theset of functions P : T — f(L%Hm, L%Hp) (ae) for
which there exists a redlisation of the form P(¢) = ¢C(l —
9718 + D, with A € Z®R"R", B ¢ 25" R,

2, : 2,
Ce Z®" L3P and D e 25" 5D,



where .2 (H1, H») denotes the space of bounded linear operators
mapping H4 into H.1 In what follows a realisation of a specific
frequency domain symbol (transfer function) is denoted by either
(A, B,C,D) or (7““—’%).

GivenaP € Z (resp. 2), let L p denote the Laurant operator de-
fined by (L pu)(p) := P(¢)u(y) for al u € dom(Lp) C LJ.ZR (resp.
L%) and ¢ € jR (resp. T), and the multiplication operator M p be
defined by (M pu)(¢) := P(@)u(p) for al u € dom(Mp) C H(2C+
(resp. H]%)) and g € jR (resp. T.) Thespaceof functions P € Z that
satisfy || Plloo := SUp,ejr #(P(9)) < oo isdenoted by the,%’L‘j>o ,
where u(X) := supjy=1 IXull for X € Z(Hq, H>o). Thiscorre-
sponds to those P € % with aredlisation (A, -, -, -) that satisfies
spec(A) N jR = @. The symbol %’H(?CO+ denotes the Hardy space of
alPe %L‘j’ﬁR that can be continued analytically into C. Thiscor-
responds to those P € # with aredlisation (A, -, -, -) that satisfies
spec(A) ¢ C_. Similarly, the space of functions P € 2 that satisfy
IPlloc := supyeT H(P(g)) < oo, isdenoted by ,@L%", and QH]%?
denotes the Hardy space of al P € @L%O that can be continued
analytically D. The space 7L (resp. ZHpY) corresponds to those
P € 2 with aredisation (A4, -, -, -) that satisfiesspec(A) N T = &
(resp. spec(A) c D.)

When P € ,%’L‘j% (resp. ZLEF), Lp is an element of

.,Sf(LjZR, LJ.ZR) (resp. £ (L%, L2)) and L p|| = ||Plloc. Moreover,
7 2 2

when P € ZHF (resp. ZHE), Mp € ZL(HZ . HZ ) (resp.

Z(HZ, H2)) and [Mp| = [Pl [12 13]. IfaP € % (resp.

9) satisfies P(¢p)*P(p) = | foral ¢ € jR (resp. T), then P is
caledrigidand L p isanisometry. If P 91?’H%°+ (resp. ZHpY) dso
holds, then P iscalled inner. On the other hand, if P € % (resp. 2)
satisfies P(p)P(p)* = | foral ¢ € jR (resp. T), then P iscalled
co-rigid and L p is a co-isometry. If P ¢ %H%i (resp. ZHR)
also holds, then P is caled co-inner. Findly, if P(p)*P(p) =
P(@)P(p)* = | fordl ¢ € jR (resp. T), then P is caled uni-
tary. Henceforth, the notation P* is used to denote the function
that satisfies P*(¢) = P(p)* for (almost) al ¢ € jR (resp. T.) If
(A, B,C, D) isaredisationof aP € Z, then (—A*, —C*, B*, D*)
is aredisation of P* ¢ #. Also, if (A, B,C,D) is a redisa
tion of P € 2, such that 0 ¢ spec(A), then P* ¢ 2 and
(A% ™1, —A%)~1ex, BX(A*) L, D* — B*(A*)~1c*) isarea-
isation of P*.

Importantly, characterising systems as multiplication operators
with frequency-domain symbols of the form described above is ad-
equate to address the SD approximation problem outlined in the in-
troduction. Most would be familiar with the equivalence (via the
Fourier transform isomorphism) between a time-domain represen-
tation of a finite-dimensional LTI state-space system and multipli-
cation by a corresponding transfer functionin . But it is also true
that atime-domain representation of afinite-dimensiona linear peri-
odically time-varying state-space system (including LTI systems) is
equivalent to multiplication by a corresponding frequency-domain
symbol in 2. Centrd to this equivalence is the the “time-lifting”
transform defined for f : R — 3 by [8, 9]

f(k):=(WTf)K):= @6 +kh) (6 eH).
Thisis an isomorphism between L2, := { f fr (F@), f(0)dt <oo}
(resp. L3™:={f e L2 : f(t) = Ofort < O}) and ¢2(13) = {f:

> (f(K), f(k)) < oo} (resp. z%"L(L%HI) ={f e £2(12) : f(k) =
0 for k < 0}), which is in tumn isomorphic to L2 (L%;) (resp.

1The spatial dimensions of 2P-™ and 2P-™ are often ommitted.

H2 (L2))) viathe Z-transform

ZH(p) =Y oMK
keZ

Now consider, for example, the finite-dimensional linear periodic
system P, governed by thedifferential equationsx = A(t)x+B(t)u;
y = C(H)x + D(t)u, with At + kh) = A(t), Bt + kh) = B(t),
C(t + kh) = C(t) and D(t + kh) = D(t) for k € Z and some
h > 0. It follows straightforwardly, that WPW ~1 isgoverned by the
system of difference equations x((k+1)h) = Ax(kh)+Bu(kh+6);
y(kh 4 6) = Cx(kh) + Du(kh + 6), where

A x(kh) > ® 4(h, 0)x(kh),
B:ukh+6) > [ ® 4(h, )B(x)u(kh + r)dr,
C : x(kh) > C(0)® 4(6, 0)x(kh),
D : ukh + 0) > D@B)u(kh + )
+ 5 c0)® 46, 1)B(r)u(kh + T)dr,

and @ 4(t,r) denotes the state transition matrix satisfying
8@ 4t 1) = AD® . 1); ®4(r,7) = |. Thisis clearly a
shift-invariant representation and hence, it follows (applying the Z-
transform) that the L2 (resp. LA")-graph (all L3 (resp. L2") input-
output pairs) of P isisomorphic (viaW and Z) to the LZ (L, )(resp.
H2 (L2,))-graph of multiplication by ¢C(1 — ¢ A)7B +D € 2.
Note that if A(t) = A(t + 1), B(t) = B(t + 1), C(t) = C(t + 1)
and D(t) = D(t+1) foral T € R, then Pisalso equivalent (viathe
Fourier transform) to mulitplication by C(¢l — A" 1B+ D € %
(on LJ.Z]R (resp. H<2C+)') Indeed, in thisway (i.e. viathe Fourier trans-
form, Z-transform and W-transform isomorphism), multiplication
by any P € % is equivalent to multiplication by aP € 2, called
the “time-lifted” equivalent. Throughout, the upright roman font is
used to denote the “time-lifted” equivalent.

Finally, consider a finite-dimensional LTI filter F, governed
by the system of differential equations X = ApXxg + Bpu;
ug = Cgxg with spec(Ap) < C_, and an h-periodic SD
system S, governed by the difference equations xg(k + 1) =
Asxs(K) + Bsug (kh); y(kh + 0) = Csxs(k) + Dsug (kh) (6 €
H). The L2 (resp. L&")-graph of the pre-filtered periodic SD sys-
tem Cgy := SF is isomorphic (viaW and Z) to the LZ (L% )(resp.
H2 (LZ))-graph of multiplication by

(s ) | (%)
C(p) = | _\BsCF__As 0 7

CRAREE

where A : x > exphAp)x, BE : u — [lexp(h —
1) Ap)Beu(r) dr, €1 : X > DsCex, and Cp : X — CsX.

3 Graph Symbolsand Feedback Systems

In the next two sections attention is directed towards systems repre-
sented by transfer functions in 2, noting that this also captures all
transfer functionsin % (see above.)

Given a function C € 2, a factorisation C = ND~1, with
N, D € _@H]‘I’f ad D1 ¢ 9, iscdled right coprime over _@H]‘I’f
if there exist functions X, Y € ZHY suchthat (X Y)(R) =1.
Similarly, a factorisation C = DN, where N, D e ZHf and
D1 e 9, iscaled left coprime over ,@HEO)? if there exist functions
XY e 7H suchthat (N B) (7)) = I. Theright and left
coprime factorisations are said to be normalised if N*N+D*D = |



and NN*+DD* = |, respectively. Importantly, such factorisations
exist forany P € & (see[14].)

Given right and left coprime factorisations C = ND-1 =
D~IN € 2, define

K:= (g) e ZHY adK:=(-D N)e ZHF.
It follows that orMc) = ranMg) = ker(Mg) C HZ and
or(Le) = ran(Lk) = ker(Ly) C L%, where gr(-) denotes the
graph (i.e. all input-output pairs.) Similarly, for amost al? frequen-
ciesp € T, ran(K (¢)) = ker(K (¢)) C Lﬁ_’ﬂerp. The functions K

and K are called right and left graph symbols, which are said to be
normalised if K*K = | and KK* = I. Inthiscase

G

K*(@)\, _ ;2m+p
R () ))_LH aany ¢ € T. More-

over, for amost al ¢ € T, ker(( K@) )) = ker(K(p)*) N
ker(K(¢)) = ran(K(p)* nran(K(e) = {0} So }f;((f)) 's

bijective for ailmost all ¢ € T, and hence, in light of (1) it follows
that

Correspondingly, ran((
K*(p)

K*(ga)) _ @

K K* >
(K@) (w))( K (o)
Infact thisistruefor al ¢ € T, since K € ZHY and K € ZHY

are continuous on T.4 Asin [6, 7], the properties (1) and (2), of
normalised graph symbals, play an important role in this paper.
Consider the standard feedback configuration, shown in Fig-
ure 1. When it exists (in an appropriate sense), the transfer func-
tion from (w1, wp) to (y, U, yp, Up) isdenoted by [P, C]. Suppose

wo w1

r c YN Yprp LY y

Figure 1: Standard Feedback Configuration

that P,C € 2, so that the normalised coprime factorisations
C=ND1!=DINadP = NpD;' = D5'Np, and cor-
responding graph symbols

N > ~ - D = ~ ~
K:= (D)’ K:= (—D N), G:= (N:)’ G:= (—Np Dp),
exist.> When (I — PC) and (I —CP) areinvertiblein Z (i.e. [P, C]
iswell-posed), the transfer function from the signals (3,2) to () is

Ty(P,C) = (IC)(l —- PO =P 1)=K(@GK)IE, (3

2with possibly the exception of finitely many points at which D(¢) (or
D(¢)) may not be boundedly invertible; i.e. at polesof C on T.

3Note that cl(ran(K(¢))) = ran(K (p)) since K (p) is left-invertible.

4Inthe C € # case, such complicated arguments are not required, since

at each frequency ('f;((")) is square and finite-dimensional, which com-
bined with (1) is enough to imply that it is unitary.

S5Note that the graph symbols G and G are “inverted” (i.e. they cor-
respond to inputs on top and outputs on the bottom.) This is simply for
notational convenience in what follows.

and the transfer function from (12 ) to (33) is

T2(P,C)=<|ID)(I—CP)_1(I —C)=GKG) K.

Note that T4 (P, C) and T>(P, C) capture al closed-loop transfer
functions commonly employed in robustness/performance analysis.
Since T1(P, C) + T2(P, C) = I, it followsthat Ty (P, C) € ZLF
(resp. ZHY) © To(P,C) € ZLF (resp. ZHpy), and as such ei-
ther is equivalent to [P, C] € ZLF (resp. ZHY.) Furthermore,
when [P, C] € %L‘J?O , it can be shown that the generic closed-loop
performance index b(P, C) := | T1(P, C) a2 = [ T2(P. C) [l (if
[P,C] ¢ %L‘J?‘]ﬁ, b(P, C) :=0.) Also, note from (3) and (4), that
[P.C] € ZLY (resp. ZHY) & (GK)™1 € ILY (resp. 7HY)
& (KG)~1 e 7L (resp. 7HY), since K and G areleftinvertible
in ZHY, and G and K areright invertiblein ZH . Moreover,

b(P,C) = 1/ sup p(K(GK)"1G(¢))
peT

inf 1/n((GK)"L(p)) = inf 7(GK(p)) <1,
eT @eT

where the second equality holds because K(¢)*K(¢) = | and
G@G(p)* = | foradl ¢ e T, and ©(X) := infy =1 [ Xu]| for
X € Z(FHq, Ho).

4 A pointwise gap metric

Before defining the pointwise gap metric, the following technical
lemmais required.

Lemmad.l When (§) € Z(Hz Hi @ Hp) is an isometry,
w(B)2 =1— 1(A)2, andif A isalso boundedly invertible,

w(BA™Y = (@) /\/1— B2 = \/1- r(A)Z/r<A).

Smilarly, if (A B) € .Z2(H1 @ Hp, H3) is a co-isometry, then
w(B)2 =1—1(A)2, andif A isalso boundedly invertible,

pAIB) = u(®) /\/1— w2 = \1- T(A)Z/T(A)'

Let P,C, K, K, G and G be as defined in the previous section.
Then defining the scalar function p(P(¢), C(p)) := 1(GK(p)), it
isimmediate that

b(P,C) = inf p(P(¢), C(p)). ©)
peT

Moreover, since G(K K *)(¢) isaco-isometry (cf. (2)) forall ¢ €
T, it follows by Lemma 4.1 that

RGK*@)? = 1-1(GK(p)? ®)
and
g V1= p(P(p),C(¢)2
GK)“1GK*
w (6K ) p(P(9).C(@) @
foral ¢ € T.

Now, giveqaCl € 2, with normalised right and left graph sym-
bols K1 and K1, define

k(C(¢), C1(9):=p(KK1(9)) = p(K1K (9))=:k (C1(p), C(p)),



where the second equality follows by Lemma 4.1, and the fact that
K*(Kyq Ki‘)(ga) is a co-isometry and ('fg) K1(p) isan isometry
(cf. (1) and (2)) for &l ¢ € T, which yields

KK (9) =K1K (9)) =1/1 — T(K*K1(9))2 = p(KK1(9)).

It can also be shown that «(C(¢), C1(¢)) = 0 if, and only if,
C(p) = Ci(p), and that «(C(p), Ca(p)) < k(C(p),Ci(p)) +
k(C1(p), Ca(9)) [6, 7]. Assuch, k (-, -) isametric pointwisein fre-
quency. Furthermore, when K*K () isinvertiblein (L3, L3,),
it follows by Lemma 4.1 that

i _ (P(@), P1(¢))
p (RK1(K*K) L)) = — . ®
( ) V1—k(P(), Pi(9))?

since ( 'f;) K1(p) isanisometry, for al ¢ € T.

Proposition 4.2 Given P,C,Cq1 € ¢, suppose that [P,C] €
gL andthat (I — PCy) isinvertiblein 2. If

sup k(C(p), C1(p)) < inf p(P(p),C(p)) (=), ©)
peT peT

then [P, C1] € L.

Proof: The proof issimilar to that of Lemma3.6in[7], and is based
on the identity

GKi= G(K K*)(f{)m, (10)
=(GK)(I +(GK)"IEK*K K1 (K*K) ™H(K*Ky),

which, with (7-9), leads to the result. For detailssee[14]. =
In addition to this appealing result, it also true that

arcsinp(P, Cq) > arcsinp(P, C) — arcsink (C, Cq), (1)
for al ¢ € T. To see this, note from (10), that
7(GKyp) > 7(GK)T(K*K1) — p(GK*)p(KKy).
Now define ¢ := arcsint (GK (¢)) and 6 := arcsin (K K1(¢)) as
anglesin [0, /2], so that from (6) and (8), it follows that cos¢ =
w(GK*(p)), cost = 1(K*K1(p)), and

1(GKy) > singcosd —cos¢sing = sin(¢ —6)

sin(arcsin T (GK) — arcsin (K K1)).

Equation (11) then follows by taking the arcsin of both sides, since
arcsin(-) is monotonically increasing on [0, r/2]. Correspondingly,
inview of (5),

arcsinb(P, Cq) >arcsinb(P, C)—arcsin (sup k(C(p), Cl((p))> .
peT

The dudity between «(-,-) and p(-, -), suggested by Proposi-
tion 4.2 and (11), is strengthened further by the following result.

Proposition 4.3 GivenC € 7 suchthat K* € L, andCy € 2,
if [P,Cq] € _@L%o for all P € 2 that satisfy [P, C] € @L%O and
b(P, C) > B, then sup,cT k(C(p), C1(p)) < B.

Proof: The proof is similar to that of Lemmas 3.12 and 3.13 in [7].
See [14] for details. =

Corollary 4.4 Given 8 < 1, C € 2 such that K* € _@L%O, and
CiLe 9,if

sup «(C(e), Ca(9)) > B,

peT
thenthereexista P € 2, suchthat [P, C] € ,@L%o and b(P,C) >
B, and a frequency ¢g € T, such that g(¢g) = Ki1(¢g) for some
ki e gr(Ley) andg e (P) ar(Lp) (i.e P issuch that GKy(po)
has non trivial kernel.)

5 Capturing the sufficient condition in Proposition 4.3

In this section a“ J-inner J-co-inner outer” factorisation is used to
characterise @l (plants) P € 2 that satisfy [P,C] € 2L and
b(P, C) > 8.8 for agiven (controller) C € %. The required factori-
sation is adapted from factorisations implicit in the DGKF solution
to H*® synthesis problems[15]. First, some more notation, concern-

Mch

Mch

Lo fh
[T RE]

Ren

(a) Genera Interconnection (b) Chain Scattering

Figure 2: Interconnection Structures

ing linear fractional configurations. Given H =: (Eg Eg) € X
(resp. 2) and Q € Z (resp. 2), consider the general intercon-
nection structure shown in Figure 2(a). The transfer function from
(w, v1, v2) to (z,y,u) in Figure 2(a) is denoted by [H, Q] (when
it exists), and in particular, the transfer function from w to z is
denoted by .Z;(H, Q). When (I — Hx»Q)™1 € % (resp. 2)
the interconnection is said to be well-posed and %,(H, Q) =
Hi1 + Hi1oP(l — Hu Q) 1Hy;. The system % (H, Q) is com-
monly called alower linear fractional transformation (LFT). Finally,

given © =: (®11 ®12) e Z (rep. 9),

©21 O
F¢(©, H11)
OxH:= ( ~
Ho1 (I — H1102) ~1021
whenever the inverses exist in # (resp. 2., where
Zu(H, Q) := Hyp + Ho1Q(I — H11Q) 1H1,. Thisis known as

the Redheffer star product.
Given acontroller with transfer function C € Z define

0 C;C
H:= o_1_ 1|
-1 c c

so that given a system with transfer function P € 2,

©12(1 —Op2H17) 72 H12>
Zu(H, ©2)

Fu(H, P) = (f)a —POY-P 1)eg

whenever (I — PC) isinvertiblein . Correspondingly, [P, C] €
LY and b(P,C) > B & [H, Pl e ZLY and |.F((H, P)lloo <

BRecall that the roman upright font is used to denote the corresponding
“time-lifted” equivalent.



o
Y= % Furthermore, setting Hsc := ({)YO' ) H (VO 1 ) € %,
v

it follows that [P, C] € @L%O and b(P,C) > B & [Hg, P] €
LR and [|.F¢(Hse, P)lloo < 1.

Now suppose that the controller C € % has stabilisable and de-
tectable redlisation (A, B, C, 0), and let X = X* > 0 be the stabil-
ising solution to the Generalised Control Algebraic Riccati Equation
(GCARE)

A*X + XA - XBB*X +C*C =0, (12
and let Z = Z* > 0 be the stabilising solution to the Generalised
Filtering Algebraic Riccati Equation (GFARE)”

AZ + ZA* — ZC*CZ + BB* =0. (13)
Then following steps similar to those used in[15, Sec. V], it can be
shown that when y > /1 +rad(X 2) =: 1/bopt(C),

Hg::M*M*R, (14)
00 g i i -1 00 N\
where, M € %’HC+ |s~|nner~W|th M21, My~ € %HC; M e
%’H(‘.’Co+ is co-inner with Mo, Mle IS %’H(‘?&, and Risinvertiblein
. -1 -1 _ oo . . —_— .
2% with R Ry € JHC+. Details of this factorisation are given

in Appendix A. Exploiting the properties of M, M and R men-
tioned above, it is possible to interpret the factorisation (14) within
the chain-scattering formalism (see Figure 2(b).) To thisend, define

Mgy = (Mlz— Ml%.MgllMZZ M11M11> c R
—My M2z Moy
41
Menh = ~M1~2_1 _M12 Mll cZ
MaaMp;+  Mop — 'V|22M12 M1g
Ry = (R12 - R11R21 R22 R11Rf1>
_R21 R22 Rog
noting that
—1
Ryl = Ri2 Ry Rl ) ea
Rzz R12 Ro1 — Raz R12 Ri1

Since My' € ZHY , Mz € ZHY , Ry e #HY and
R € HHE |tfoIIOws tht Meh € ZH , Moy € ZHF_and
Reh, Rc’h1 € %’H(‘a. Furthermore, using the fact that M is inner
and that M is co-inner, it follows that

M& (@) ItMen(9) = Jo and  Mch(9) MG (0) = J3 (15)

for al ¢ € jR, where J1, Jo and J3 are signature matrices of
the form (B 0 ) with appropriate partitioning conformal to that

of Mg and Mg, Note that nJn = |, foreachn = 1,2,3. In
summary, Mg, is J-inner, M, is J-co-inner and Ry, is outer.

Now, given any signalsy, u € LjZR, define () := Ren( (). Since
multiplication by Mgy, is surjective (cf. (15)), there exist signals
Zw e sz]R such that (§) = I\7Ich< z ) Furthermore, the corre-

sponding signals ( 2) := Mch( ) € L2 satisfy

(4) = Hee(y)- (16

"The required stabilising solutions X’ and Z exist since (A, B, C) issta-
bilisable and detectable [10, Coral. 13.8]

This chain-scattering characterisation of the signalsin (16), in con-
junction with the properties of M¢n, Mch and Rgp, givesrise to the
following result, which characterises (in terms of a necessary con-
dition) al transfer functions P € 2 that satisfy [P, C] _@L%O and
b(P, C) := infyeT p(P(0). Cl)) > B

Theorem 5.1 Given a controller C € & and a number 8 <
bopt(C), let R € Z be defined asin (19) withy = % Moreover,
let P € 2 besuchthat [P, C] e _@L%o with b(P, C) > 8. Then for

any (¥) eor(Lp) C L3,

(Ren(2) (@), J3Ren () (@) <0 forall ¢ €T, 17
where Jz isa signature matrix of the form (B 0
formably with Rgh,.8

) partitioned con-

Proof: For (}) € gr(Lp), let

le\?lzh.lg(?) so that

()@, %(2)w)

(3) = Ran(¥) and (2) =

(32ME33(F) (@), Mg 33(3) ()
(£)@), 3(§) () foralgeT.

Then note that (£ ) = Mch<
and hence, using (15), that

) satisfies (§) = Hse( Y ) (cf. (16)),

Ren(¥) @), I3Ren(¥) @) = {( 2) @), M&giMen( 2 ) 0))
= Men(2) @), IMen( 2) @) = (2)@). 92(Z) (@) <0
since b(P, ©) > f = | F(Hsx. Pl < 1= 2] < [w]l.

Remark 5.2 If P € % is such that .%y(Hsc, P) € 91?’H%°+ and
b(P,C) > B, then Q :=.%y(R, P) € ‘%)H%O+ and |Qllec < 1
[14, 15]. The LFT here is well-posed since the Dos-term in any
realisation of R is zero. However, for arbitrary P € 2, itis not
always possible to guarantee well-posedness of .%, (R, P) (in 2.)

6 SD approximationin (-, -)

The purpose of this section isto present the main result of the paper,
which follows directly from Corollary 4.4 and Theorem 5.1. This
leads to a procedure for SD approximation (in k) of agivenC € #.

Theorem 6.1 Given C € %, with stabilisable and detectable reali-
sation (A, B,C,0),and B < bopt(C), define R € # asin (19) with
y = /3 If Cq1 € 2 satisfies

(Ren(¥) (@), J3Ren(Y) () =0 foral p € T (18)
andall (y) € gr(Lc,), then sup et k(C(9), C1(p)) < B.

Proof: Suppose that sup,c k(C(g), C1(¢)) > B, sothat by Corol-
lary 4.4.° there exist a P € 2 such that b(P, C) > B, and a fre-
quency gg € T, such that k1 (¢g) = g(¢o) for someky € gr(Lc;)
andg e (9))gr(Lp). Now note, by Theorem 5.1, that

(Ren ({ 5) 990). JaRen ({ ) 9(w0)) 2 <O,

8Recall that upright roman font denotes “time-lifted” equivalent in 2.

9Note that the conditions of the corollary hold since a normalised right
graph symbol for C(e 2) satisfying K* e 2L exists. To see this note
that a redlisation for K with invertible A-term can aways be obtained by
“time-lifting” aredisation of anormalised right graph symbol for C(e %).




since b(P, C) > 8. But from (18)

(Ren (90) 9(¢0). JaRen (9 1) 9(v0)
= (Ren (91)) k1(0). JaRen (1) ka(¢0)) = O,

which contradicts the previous inequality. =

Now, given C € % and a prefiltered, periodic SD controller,
with corresponding transfer function Coy € 2,19 suppose that the
LFT configuration [R™1, Cgy] € ZH with |[®[oe < 1, where
@ :=.Z;(R™1, Cqy) and R is defined as in Theorem 6.1. Then for
every (3) € gr(LCsd)u

(Ren(&)(®), J3Ren(Y) ()2 = 0 forall g e T,

and thus supye K (C(9), Csd(9)) =< B, by Theorem 6.1. Also,
given any P € # which satisfies [P, C] € QH%’ and b(P, C) > B,
Q=% (R,P) € _@H]‘I’f and ||Q|lec < 1 (cf. Remark 5.2.) Assuch
it follows by standard small-gain arguments that [Q, ®] € @H%’
(see Figure 3.) Correspondingly, since Rgp, is a unit in ZHS,

Figure 3: Chain-scattered [, Q]

[P, Cgl € @H%’ (i.e. can just move R¢p, across the disturbances in
Figure 3.) In conjunction with the bounds (11), this suggests thefol -
lowing SD approximation procedure for a given controller C € #:

Procedure 1 Find the smallest 8 < bopt(C), such that (for afixed
sampling period and pre-filter) there exists a pre-filtered SD con-
troller satisfying [R™2, Csq] € ZHS and (.7, (R, Ce)lloo < 1,
where R (depending on C and g only) is defined in (19) with
y = % and Cgy € Z denotes the transfer function of the SD ap-
proximation to be synthesised. This can be achieved via standard
H®® SD synthesis methods [8, 16, 17].

Remark 6.2 Givenaplant P € &# and a controller C € & sup-
pose that [P, C] € %Ha. An SD approximation obtained via the

procedure above would only be useful if the corresponding smallest
B achieved is much less than b(P, C) (cf. (11).) If thisis not the
case, then the pre-filter or sampling period chosen at the beginning
of the procedure must be re-designed.

A Factorisation of Hge

In this section details of the factorisation (14) are presented. Define:

A+ BFso (o lB) :
)] 68 (&)
(©)

105ee end of Section 2 for details of how to construct this for a time-
domain representation.

with Fo := — B*X;
Atmp + )/[:tmpc ‘ (*ﬁtmp

1
B Y £3

=
Ii

77 © 0 |
y2-1
yC (-1 0 0
with
Agmp :=A — v 16.7:00, Limp = — yVmpC”,
Yimp = Vool = XVo0) F 20, Voo := Vzl_ 1%
and
AR | Lmp  Bor
Ro| =% 0 _1 19
- =Tl
yC | 0
with
, r? . Y y .
Ar=Atmp+ yz—_lytmpfoofwy Bogr == yz—_lg—ﬂytmpfoo.

It follows readily that, Hee = M« M x R, M € #HE,_is inner with
—1 ~ . . . ~ ~_1
Ma1, Mo~ € %H%‘l, M e %H(OC"+ is co-inner with M2, M5 € %H(Oci,
and Risinvertible in 2 with R, Ry," € ZHX . See[14] for detals.
+
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