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Abstract

Motivated by the problem of the asymptotic behavior
of temporal-di�erence learning algorithms with non-
linear function approximation, the local almost sure
asymptotic properties of stochastic approximation algo-
rithms are analyzed for violated Kushner-Clark condi-
tions. First, the algorithms with additive noise are an-
alyzed for the case where the noise is state-dependent.
The obtained results are then applied to the analy-
sis of the algorithms with non-additive noise. Using
these general results, the analysis of temporal-di�erence
learning algorithms is carried out for the case of a gen-
eral non-linear function approximation and under the
assumptions allowing the underlying Markov chain to
be positive Harris. The general results are also illus-
trated by an example where the noise is non-additive,
correlated and satis�es strong mixing conditions.

1 Introduction

The asymptotic properties of stochastic approximation
algorithms (almost sure, mean-square and weak con-
vergence, asymptotic normality and convergence rate)
have extensively been considered in a great number of
papers (see [2], [11, Part I] and references cited therein).
Among them, the almost sure convergence has probably
gained the most of attention and research e�orts. The
most of existing results on the almost sure convergence
of stochastic approximation algorithms have been ob-
tained under noise conditions which can be considered
as a special case of the Kushner-Clark condition (see
[9]). On the other hand, if the Kushner-Clark condition
is not satis�ed, very few is known about their almost
sure asymptotic properties. To the best of the present
author's knowledge, these properties have been consid-
ered under violated Kushner-Clark conditions only in
[4] and [5]. However, the analysis presented in these
papers has been carried out under restrictive noise and
stability conditions, while the obtained results are not
applicable to strongly non-linear stochastic approxima-
tion algorithms such as those appearing in the area of

reinforcement learning.

Temporal-di�erence learning algorithms are one of the
most important classes of reinforcement learning al-
gorithms and can be considered as a special case of
stochastic approximation (see [3] and [13]). Their con-
vergence has been analyzed in a great number of pa-
pers (see [3], citesutton and references cited therein).
However, the existing results are constrained to the lin-
ear function approximation case. On the other hand,
as opposed to the linear function approximation case,
a suitable Lyapunov function is hard (if possible at
all) to be constructed for general temporal-di�erence
learning algorithms with non-linear function approxi-
mation. Therefore, the existing results on the almost
sure asymptotic properties of stochastic approximation
(such as those of [2], [4], [5], [9] and [11, Part I]) cannot
be applied to their analysis.

Motivated by the problem of the asymptotic behavior
of temporal-di�erence learning algorithms with non-
linear function approximation, the local almost sure
asymptotic properties of stochastic approximation al-
gorithms are analyzed for violated Kushner-Clark con-
ditions. First, the algorithms with additive noise are
analyzed for the case where the noise is state-dependent
(Section 2). The obtained results are then applied to
the analysis of the algorithms with non-additive noise
(Section 3). Using these general results, the analysis of
temporal-di�erence learning algorithms is carried out
for the case of a general non-linear function approxi-
mation and under the assumptions allowing the under-
lying Markov chain to be positive Harris (Section 4).
The general results are also illustrated by an example
where the noise is non-additive, correlated and satis�es
strong mixing conditions (Section 3).

2 Algorithms with Additive Noise

Stochastic approximation algorithms with additive
noise analyzed in this section are de�ned by the fol-



lowing di�erence equation:

�"n+1 = �"n + 
n+1h(�
"
n) + 
n+1�

"
n+1; n � 0: (1)

h : Rd ! Rd is a Borel-measurable and locally bounded
function (i.e., sup�2Q kh(�)k < 1 for any compact set

Q � Rd), while f
ngn�1 is a sequence of positive re-
als. �"0 is an Rd-valued random variable de�ned on a
probability space (
;F ;P), while f�"ngn�1 is an Rd-
valued random process de�ned on the same probability
space. f�"ngn�1 is state-dependent, i.e., �"n+1 depends
on �"0; : : : ; �

"
n (e.g., �"n+1 = �"n+1(�

"
0; : : : ; �

"
n; !)), where

�"n : Rnd�
! Rd is Bnd�F-measurable). f�"ngn�1 is
referred to as the additive noise. " is a non-negative pa-
rameter which characterizes the deviation of the asymp-
totic properties of the additive noise from the Kushner-
Clark condition. Throughout this section the following
convention is used: " appears in the superscript of any
entity depending on ".

The following notation is used throughout the paper.
R+ and R+

0 are sets of positive and non-negative reals
(respectively), while k � k denotes the Euclidean vector
and Frobenius matrix norm, as well as the total varia-
tion of a signed measure. For � 2 R+, V (�; �) and �V (�; �)
stand for the open and closed �-vicinity (respectively)
induced by the Euclidean norm, while d(�; �) is the dis-
tance induced by the same norm. Qd is the family of
compact sets from Rd, while Qd

C is the family of sets
from Rd being both convex and compact. C1

L denotes
the family of di�erentiable functions mapping Rd into
R and having locally Lipschitz continuous �rst-order
derivatives.

Let E� = f� 2 Rd : h(�) = 0g and �E� = clE�, while
Q� is the family of compact subsets of �Ec

�. For � 2

R+, let �(n; �) = supfj � n :
Pj�1

i=n 
i+1 � �g, n �
0. The algorithm (1) is analyzed under the following
assumptions:

A1 limn!1 
n = 0,
P1

n=1 
n =1.

A2 For all Q 2 Qd, there exists a constant CQ 2 R+

such that the following relation holds for all " 2 R+
0 and

� 2 R+:

lim
n!1

sup
n�j<�(n;�)







jX

i=n


i+1�
"
i+1






 If�"Q>jg � CQ"� w:p:1;

(2)
where �"Q = inf(fn � 0 : �"n 62 Qg [ f1g).

A3 There exists v 2 C1
L such that:

(i) sup�2Q _v(�) < 0, 8Q 2 Q�, where _v(�) =

rT v(�)h(�), � 2 Rd,

(ii) the Lebesgue measure of v( �E�) \ v( �E
c
�) is zero.

A1 is a standard assumption for the analysis of stochas-
tic approximation algorithms (see e.g., [2], [11, Part I]).

A2 is a noise condition. It is satis�ed if �"n = ~�"n+�̂
"
n, n �

1, where f~�"ngn�1 and f�̂"ngn�1 are Rd-valued random
processes de�ned on (
;F ;P) and satisfying

lim
n!1

sup
n�j<�(n;�)







jX

i=n


i+1 ~�
"
i+1






 If�"Q>jg = 0 w:p:1;

lim
n!1

k�̂"n+1kIf�"Q>ng � CQ" w:p:1;

for all � 2 R+, Q 2 Qd. Moreover, A2 is applicable
to the analysis of stochastic approximation algorithms
with non-additive noise, which is the subject of the next
section. For " = 0, A2 yields

lim
n!1

sup
n�j<�(n;�)







jX

i=n


i+1�
0
i+1






 If�0Q>jg = 0 w:p:1; (3)

for all � 2 R+, Q 2 Qd. The above relation is the
Kushner-Clark condition slightly modi�ed by the intro-
duction of the stopping time �0Q. The Kushner-Clark
condition is the weakest noise condition still allowing
the almost sure convergence of stochastic approxima-
tion algorithms to be shown. Moreover, under some
additional conditions on h(�) (requiring h(�) to be con-
tinuous and d�=dt = h(�) to have a globally asymptot-
ically stable equilibrium), the Kushner-Clark condition
is necessary and su�cient for their almost sure conver-
gence (see e.g., [16]). If A1, A3 and (3) hold, then it can
be demonstrated that limn!1 d(�0n; E�) = 0 w.p.1 on
fsup0�n k�

0
nk < 1g (see Corollary 1). For " > 0, the

Kushner-Clark condition is violated, and consequently,
limn!1 d(�"n; E�) = 0 does not necessarily hold w.p.1
on fsup0�n k�

"
nk <1g. The parameter " characterizes

the degree of the violation of the Kushner-Clark con-
dition, and the aim of the analysis carried out in this
section is determining how " in
uences the deviation
of the asymptotic behavior of f�"ngn�0 from the con-
vergence towards E�, i.e., the aim is to determine an
almost sure upper bound for limn!1 d(�"n; E�) and to
�nd how this bound depends on ".

A3 corresponds to the stability properties of h(�), i.e.,
of d�=dt = h(�) (provided that h(�) is continuous). The
condition (i) of A3 requires h(�) to have a global Lya-
punov function. If h(�) is continuous, it reduces to the
requirement that _v(�) < 0, 8� 2 Ec

�. In the context
of the Lyapunov stability, this requirement represents
the weakest condition under which the Lagrange stable
solutions of d�=dt = h(�) tend to E� (see e.g., [10, In-
variance Principle]). The condition (ii) of A3 does not
have an interpretation in the context of the Lyapunov
stability and is speci�c for the analysis of stochastic
approximation algorithms. It ensures that any closed
continuous path starting and ending at the interior of



Ec
� has a subpath also belonging to Ec

� along which v(�)
decreases.

In comparison with the assumptions adopted in [4] and
[5], A1 { A3 are more general and covers a wider class
of stochastic approximation algorithms. The noise con-
ditions of [4] and [5] require f�"ngn�1 to be exogenous
(i.e., not to depend on f�"ngn�0). The stability condi-
tions of [4] and [5] require h(�) to be continuous and
d�=dt = h(�) to have a globally asymptotically stable
equilibrium. Apparently, this is the simplest special
case of A3. Moreover, in the context of the Lyapunov
stability, A3 is more general than the stability condi-
tions required by the existing results on the convergence
of stochastic approximation algorithms | compare A3
with the corresponding assumptions of [2], [9] and [11],
as well as with those of [1], [6], [7] and [8]. It is also
important to emphasize that A3 covers several classes
of strongly non-linear stochastic approximation algo-
rithms to which the existing robustness and conver-
gence results cannot be applied (see Section 4). Fur-
thermore, in the context of the Lyapunov stability, A3
seems to be the weakest condition which still allows
obtaining almost sure asymptotic results.

Theorem 1 Let A1 { A3 hold. Then, for all Q 2 Qd,
there exists a non-decreasing function �Q : R+

0 ! R+
0

such that lims!0+ �Q(s) = �Q(0) = 0 and such that
limn!1 d(�"n; E�) � �Q(") w.p.1 on

T
0�nf�

"
n 2 Qg for

all " 2 R+
0 .

The proof is given in [14].

Corollary 1 Let A1 { A3 hold. Then,
limn!1 d(�0n; E�) = 0 w.p.1 on fsup0�n k�

0
nk <1g.

3 Algorithms with Non-Additive Noise

Stochastic approximation algorithms with non-additive
noise analyzed in this section are de�ned by the follow-
ing di�erence equation:

�"n+1 = �"n + 
n+1Hn+1(�
"
n;

~X"
n+1)

+
n+1�
"
n+1(

~�"n;
~X"
n+1); n � 0: (4)

Hn : Rd � Rnd0

! Rd and �"n : Rnd � Rnd0

! Rd

are Borel-measurable functions. �"0 and f
ngn�1 have
the same meaning as in Section 2. fX"

ngn�0 is an

Rd0

-valued random process de�ned on (
;F ;P), while
~�"n = (�"0; : : : ; �

"
n) and ~X"

n = (X"
0 ; : : : ; X

"
n), n � 0.

fX"
ngn�0 is referred to as the non-additive noise. Sim-

ilarly as in Section 2, " is a non-negative parameter
which characterizes the deviation of the asymptotic
properties of the non-additive noise from those ensur-
ing almost sure convergence. Throughout this section,

the following convention is used: " appears in the su-
perscript of any entity depending on ".

The algorithm (4) is analyzed under the assumptions
A1, A3 (given in Section 2) and B1 { B3 (given below).

B1 h : Rd ! Rd is a locally Lipschitz continuous
function. For all Q 2 Qd, there exists a constant
C 0Q 2 R+ such that the following relation holds for all

" 2 R+
0 , � 2 R

+, � 2 Q:

lim
n!1

sup
n�j<�(n;�)







jX

i=n


i+1(Hi+1(�; ~X
"
i+1)� h(�))







� C 0Q"� w:p:1:

B2 For all Q 2 Qd, there exist Borel-measurable func-
tions  Qn : Rnd0

! R+
0 , n � 1, such that

kHn(�; x)k �  Qn (x); 8� 2 Q; 8x 2 Rnd0

; n � 1;

kHn(�; x) �Hn(�
0; x)k �  Qn (x)k� � �0k;

8�; �0 2 Q; 8x 2 Rnd0

; n � 1;

lim
t!0+

lim
n!1

�(n;t)�1X
i=n


i+1 
Q
i+1(

~X"
i+1) = 0 w:p:1:

B3 For all Q 2 Qd, there exists a constant C 00Q 2 R+

such that the following relation holds for all " 2 R+
0 ,

� 2 R+:

lim
n!1

�(n;�)�1X
i=n


i+1k�
"
i+1(

~�"i ; ~X
"
i+1)kIf�"Q>ig

� C 00Q"� w:p:1;

where �"Q = inf(fn � 0 : �"n 62 Qg [ f1g).

For " = 0, B1 and B3 yield

lim
n!1

sup
n�j<�(n;�)







jX

i=n


i+1(Hi+1(�; ~X
0
i+1)� h(�))







= 0 w:p:1; 8� 2 R+; 8� 2 Rd; (5)

lim
n!1

�(n;�)�1X
i=n


i+1k�
0
i+1(

~�0i ;
~X0
i+1)kIf�0

Q
>ig

= 0 w:p:1; 8� 2 R+: (6)

Assumptions similar to B2, (5) and (6) have been used
in [9] and [12]. However, only the convergence has been
considered therein. Moreover, the stability conditions
adopted in [9] and [12] are much more restrictive than



A3 | they require d�=dt = h(�) to have an asymptot-
ically stable equilibrium. If A3, B2, (5) and (6) hold,
then it can be demonstrated that limn!1 d(�0n; E�) = 0
w.p.1 on fsup0�n k�

0
nk < 1g (see Corollary 2). If

" > 0, (5) and (6) are not satis�ed any more, and
limn!1 d(�0n; E�) = 0 does not hold necessarily w.p.1
on fsup0�n k�

0
nk <1g. The parameter " characterizes

the degree of the violation of (5) and (6), and the aim
of the analysis carried out in this section is determin-
ing how " in
uences the deviation of the asymptotic
behavior of f�"ngn�0 from the convergence towards E�.

Theorem 2 Let A1, A3 and B1 { B3 hold. Then,
for all Q 2 Qd, there exists a non-decreasing function
�Q : R+

0 ! R+
0 such that lims!0+ �Q(s) = �Q(0) = 0

and such that limn!1 d(�"n; E�) � �Q(") w.p.1 onT
0�nf�

"
n 2 Qg for all " 2 R+

0 .

The proof is given in [14].

Corollary 2 Let A1, A3 and B1 { B3 hold. Then,
limn!1 d(�0n; E�) = 0 w.p.1 on fsup0�n k�

0
nk <1g.

Now, the results of Theorem 2 are illustrated by an ex-
ample where the non-additive noise is correlated and
satis�es strong mixing conditions. The following sub-
class of the algorithms (4) is analyzed in the rest of the
section:

�"n+1 = �"n + 
n+1H(�"n; X
"
n+1); n � 0: (7)

H : Rd � Rd0

! Rd is a Borel-measurable function,
while �"0, f
ngn�1 and fX

"
ngn�0 have the same meaning

as in the case of the algorithm (4).

The algorithm (7) is analyzed for the case where
fX"

ngn�0 satis�es strong mixing conditions. Let �"n(�)
be the probability measure of X"

n, n � 0, while F"
0 =

�f�"0; X
"
0 ; : : : ; X

"
n; g, n � 0. The analysis is carried out

under assumption A1 (given in Section 2) and C1 { C4
(given below).

C1 0 < limn!1 n
n <1.

C2 For all Q 2 Qd, there exists a Borel-measurable
function  Q : Rd0

! R+
0 satisfying

kH(�; x)k �  Q(x); 8� 2 Q; 8x 2 Rd0

;

kH(�; x)�H(�0; x)k �  Q(x)k� � �0k;

8�; �0 2 Q; 8x 2 Rd0

:

C3 There exist constants p, r 2 (1;1), q 2
(p;1) and a sequence f�ngn�1 of positive reals sat-
isfying pq�1 + r�1 = 1,

P1
n=1 �

p
nn

�1 log4q n < 1,
sup0�n

R
 2rQ (x)�"n(dx) <1, 8Q 2 Qd, and

EjP(X"
j 2 BjF

"
n)� �"j(B)j � �j�n;

8" 2 R+
0 ; 8B 2 Bd

0

; 0 � n < j

(k�"n��k denotes the total variation of the signed mea-
sure �"n � �).

C4 There exists a probability measure �(�) on
(Rd0

;Bd
0

) such that limn!1 k�"n � �k � ", 8" 2 R+
0 .

Theorem 3 Let C1 { C4 hold and let A3 be satis�ed
with h(�) =

R
H(�; x)�(dx), � 2 Rd. Then, for all Q 2

Qd, there exists a non-decreasing function �Q : R+
0 !

R+
0 such that lims!0+ �Q(s) = �Q(0) = 0 and such that

limn!1 d(�"n; E�) � �Q(") w.p.1 on
T
0�nf�

"
n 2 Qg for

all " 2 R+
0 .

The proof is given in [14].

Corollary 3 Let A3 and C1 { C4 hold. Then,
limn!1 d(�0n; E�) = 0 w.p.1 on fsup0�n k�

0
nk <1g.

4 Temporal-Di�erence Learning

Using the results of Theorem 2, temporal-di�erence
learning algorithms with non-linear function approxi-
mation are analyzed in this section. These algorithms
are de�ned by the following di�erence equations:

��n+1 = ��n + 
n+1�
�
n+1"

�
n+1; n � 0; (8)

��n+1 = g(Xn; Xn+1) + �f(��n; Xn+1)

�f(��n; Xn); n � 0; (9)

"�n+1 =

nX
i=0

(��)n�ir�f(�
�
i ; Xi); n � 0: (10)

f : Rd � Rd0

! R and g : Rd0

� Rd0

! R are Borel-
measurable functions, while f(�; x), x 2 Rd0

, is di�er-
entiable. � 2 (0; 1) is a constant, while � 2 [0; 1] is the
algorithm parameter. f
ngn�0 has the same meaning
as in Section 3. ��0 is an Rd-valued random variable de-
�ned on the probability space (
;F ;P), while fXngn�0
is an Rd0

-valued random process de�ned on the same
probability space. Throughout this section the follow-
ing convention is used: � appears in the superscript of
any entity depending on �.

The algorithm (8) { (10) is analyzed for the case
where fXngn�0 is a homogeneous Markov chain hav-
ing a unique invariant probability measure. Let P (x; �),



x 2 Rd0

, and �(�) be the transition and invariant proba-
bility measure of fXngn�0 (respectively), while f�(x) =

E (
P1

n=0 �
ng(Xn; Xn+1)jX0 = x), x 2 Rd0

, is a dis-
counted cost-to-go function associated to fXngn�0. For

� 2 Rd and x 2 Rd0

, let J(�; x) = 2�1(f�(x)� f(�; x))
2

and J�(�) =
R
J(�; x)�(dx), while E� = f� 2 Rd :

rJ�(�) = 0g (provided that f�(�) and rJ�(�) are well-
de�ned and �nite). The algorithm (8) { (10) aims at
determining � 2 Rd such that f(�; �) �ts f�(�). If � = 1,
then the algorithm (8) { (10) determines � 2 Rd such
that f(�; �) approximates f�(�) optimally in the L2(�)-
sense, i.e., it minimizes J�(�) (see Corollary 3).

Let " = 1� �. For � 2 Rd, #i 2 R
d, xi 2 R

d0

, 0 � i �
n+1, n � 0, and # = (#0; : : : ; #n), x = (x0; : : : ; xn+1),
let

H"
n+1(�; x) = (g(xn; xn+1) + �f(�; xn+1)� f(�; xn))

�

nX
i=0

�n�ir�f(�; xi); (11)

�"n+1(#; x) = (g(xn; xn+1) + �f(#n; xn+1)� f(#n; xn))

�

nX
i=0

�n�i(�n�ir�f(#i; xi)�r�f(#n; xi)):

(12)

Then, it can easily be veri�ed that the algorithm (8) {
(10) is of the same form as the algorithm (4).

For x 2 Rd0

and B 2 Bd
0

, let ~g(x) =R
g(x; x0)P (x; dx0), while P0(x;B) = IB(x) and

Pn+1(x;B) =
R
P (x0; B)Pn(x; dx

0), n � 0. Let In =
f1; : : : ; dgn, n � 1. For � 2 Rd and a = (a1; : : : ; an) 2
In, n � 1, let Da

� denote @n=@ta1 � � � @tan , where ti is
the i-th component of �. The algorithm (8) { (10) is
analyzed under the assumptions C1 (given in Section
3) and D1 { D3 (given below).

D1 There exist a Borel-measurable function ' :
Rd0

! R+
0 and a constant A 2 [1;1) such thatR

'2(x)�(dx) <1 and

Z
g2(x; x0)P (x; dx0) � '2(x); 8x 2 Rd0

;

1X
n=0

�n(Pn'
2)(x) <1; 8y 2 Rd0

:

D2 f(�; x), x 2 Rd0

, is (d + 1)-times di�erentiable.
For all Q 2 Qd, there exist a Borel-measurable function
'Q : Rd0

! R+
0 and a constant AQ 2 [1;1) such thatR

'2Q(x)�(dx) <1 and

jf(�; x)j � 'Q(x); 8� 2 Q; 8x 2 Rd0

;

sup
a2In

jDa
�f(�; x)j � 'Q(x);

8� 2 Q; 8x 2 Rd0

; 1 � n � d+ 1;

1X
n=0

�n(Pn'
2
Q)(x) <1; 8x 2 Rd0

:

D3 For all � 2 Rd,

lim
n!1

n�1
nX
i=1

g(Xi+j ; Xi+j+1)r�f(�;Xi)

=

Z
(Pj~g)(x)r�f(�; x)�(dx) w:p:1; j � 0;

lim
n!1

n�1
nX
i=1

f(�;Xi+j)r�f(�;Xi)

=

Z
(Pjf)(�; x)r�f(�; x)�(dx) w:p:1; j � 0:

Assumptions D1 and D2 hold if f(�; �), r�f(�; �) and
Da
�f(�; �), a 2 In, 1 � n � d+1, are locally bounded and

if there exists a constant K 2 R+ such that kXnk � K
w.p.1, n � 0. From the application point of view, this is
probably the most important case. On the other hand,
it can be shown that D3 is satis�ed if D1 and D2 hold
and if fXngn�0 is positive Harris (see [14]).

The convergence of temporal-di�erence learning algo-
rithms has been analyzed in a great number of papers
(see [3], [13] and references cited therein). Among the
existing results, those of [15] are probably the strongest.
It can easily be shown that the assumptions adopted
in [15] are just a special case of D1 { D3. Moreover,
the assumptions of [15] practically cover only the case
where fXngn�0 is geometrically ergodic and are not
satis�ed if fXngn�0 is positive Harris. Furthermore,
the analysis presented in [15] is constrained to the lin-
ear function approximation case, i.e., to the case where
f(�; x) = �T�(x), 8� 2 Rd, 8x 2 Rd0

, and where
� : Rd0

! Rd is a Borel-measurable function. On the
other hand, the analysis given in this section is car-
ried out for the general case � 2 (0; 1] and under the
assumptions requiring the approximator f(�; �) only to
be su�ciently smooth with respect to the �rst argu-
ment. It is particularly important to emphasize that
as opposed to the linear function approximation case,
a suitable Lyapunov function is hard (if possible at all)
to be constructed for the case of � 2 (0; 1) and gen-
eral non-linear approximator. Therefore, the existing
results on the asymptotic properties of stochastic ap-
proximation cannot be applied to this case. However,
using Theorem 2, the following results on the almost
sure asymptotic properties of the algorithm (8) { (10)
are obtained:



Theorem 4 Let C1 and D1 { D3 hold. Then, for
all Q 2 Qd, there exists a non-decreasing function
�Q : [0; 1]! R+

0 such that lims!0+ �Q(s) = �Q(0) = 0
and such that limn!1 d(��n; E�) � �Q(1� �) w.p.1 onT
0�nf�

�
n 2 Qg for all � 2 [0; 1].

The proof is given in [14].

Corollary 4 Let C1 and D1 { D3 hold. Then,
limn!1 d(�1n; E�) = 0 w.p.1 on fsup0�n k�

1
nk <1g.

5 Conclusion

Motivated by the problem of the asymptotic behavior of
temporal-di�erence learning algorithms with non-linear
function approximation, the local almost sure asymp-
totic properties of stochastic approximation algorithms
have been analyzed for violated Kushner-Clark condi-
tions in this paper. First, the algorithms with addi-
tive noise have been analyzed for the case where the
noise is state-dependent (Section 2). The obtained re-
sults have then been applied to the analysis of the al-
gorithms with non-additive noise (Section 3). On the
basis of these general results, the temporal-di�erence
learning algorithms have been analyzed for the case of
a general non-linear function approximation (Section
4). The general results have also been illustrated by an
example where the noise is non-additive, correlated and
satis�es strong mixing conditions (Section 3).

The results of this paper can be considered as an ex-
tension and generalization of the results of [1], [4] {
[8] and [15]. The results of Sections 2 and 3 have been
obtained under stability conditions which are more gen-
eral than those of [1] and [4] { [8], while the noise con-
dition adopted in these sections are an extension of the
noise conditions of [4] and [5]. Moreover, the results
of Sections 2 and 3 have successfully been applied to
the analysis of temporal-di�erence learning algorithms
with non-linear function approximation. On the other
hand, due to the fact that there does not exist a suit-
able Lyapunov function for these learning algorithms
in a general case, the previously available results on
the asymptotic properties of stochastic approximation
are not applicable to their analysis. Furthermore, the
previously available convergence results on temporal-
di�erence learning are constrained to the case where
the approximator is linear and where the underlying
Markov chain is geometrically ergodic, while the as-
sumptions of Section 4 require the approximator only to
be su�ciently smooth and allows the underlying chain
to be positive Harris.
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