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Abstract

We introduce an on-line algorithm for finding local
maxima of the average reward in a Partially Observ-
able Markov Decision Process (POMDP) controlled by
a parameterized policy. Optimization is over the pa-
rameters of the policy.

The algorithm’s chief advantages are that it requires
only a single sample path of the POMDP, it uses only
one free parameter 8 € [0,1), which has a natural in-
terpretation in terms of a bias-variance trade-off, and
it requires no knowledge of the underlying state. In ad-
dition, the algorithm can be applied to infinite state,
control and observation spaces.

We prove almost-sure convergence of our algorithm,
and show how the correct setting of £ is related to
the mixing time of the Markov chain induced by the
POMDP.

1 Introduction

Dynamic Programming is the method of choice for solv-
ing problems of decision making under uncertainty [5].
However, the application of Dynamic Programming be-
comes problematic in large or infinite state-spaces; in
situations where the system dynamics are unknown; or
when the state is only partially observed. In such cases
one looks for approximate techniques that rely on sim-
ulation, rather than an explicit model, and parametric
representations of either the value-function or the pol-
icy, rather than exact representations.

Simulation-based methods that rely on a parametric
form of the value function tend to go by the name “Re-
inforcement Learning,” and have been extensively stud-
ied in the Machine Learning literature [6, 22]. This ap-
proach has yielded some remarkable empirical successes
in a number of different domains, including learning to
play checkers [19], backgammon [23, 24], and chess [4],
job-shop scheduling [27] and dynamic channel alloca-
tion [20].
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Despite this success, most algorithms for training ap-
proximate value functions suffer from the same flaw:
the performance of the greedy policy derived from the
approximate value-function is not guaranteed to im-
prove on each iteration, and in fact can be worse than
the old policy by an amount equal to the mazimum
approximation error over all states. This can happen
even when the parametric class contains a value func-
tion whose corresponding greedy policy is optimal. We
illustrate this with an example in Section 2.

An alternative approach that circumvents this
problem—the approach we pursue here—is to consider
a class of policies parameterized by § € RF | compute
the gradient of the average reward with respect to
#, and then improve the policy by adjusting the
parameters in the gradient direction. Unfortunately,
for large-scale problems or problems where the system
dynamics is unknown, the gradient will not be com-
putable in closed form. Thus the challenging aspect
of this approach is to find an algorithm for estimating
the gradient via simulation.

This approach has a long history. Score function meth-
ods for estimating performance gradients in i.i.d. pro-
cesses were first proposed in the sixties [1, 18] and were
extended to regenerative processes (including MDPs)
in [10, 11, 12, 16, 17], and independently for episodic
POMDPs in [26], which introduced the REINFORCE al-
gorithm. These algorithms are applicable when there is
an identified recurrent state i*, and the algorithm re-
turns a gradient estimate each time ¢* is entered. For-
mulae for the performance gradient of an MDP that
rely on the existence of a recurrent state have also been
given in [7, 8, 9], and for POMDPs in [21]. Williams’ al-
gorithm was generalized to the infinite-horizon setting
in [13] and to more general reward structures in [15].

Policy-gradient algorithms for which convergence re-
sults have been proved all rely on the existence of an
identifiable recurrent state. Although the assumptions
we make in this paper about the POMDP ensure that
every state is recurrent, we would expect that as the
size of the state space increases, there will be a corre-
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Figure 1: Two-state Markov Decsision Process

sponding increase in the expected time between visits
to the identified recurrent state. Furthermore, the time
between visits depends on the parameters, and states
that are frequently visited for the initial value of the
parameters may become very rare as performance im-
proves. In addition, in an arbitrary POMDP it may be
difficult to estimate the underlying states, and there-
fore to determine when the gradient estimate should be
updated.

In view of these considerations, the main contribution
of this paper is an on-line algorithm for optimizing
the performance of parameterized policies for general
POMDPs that does not rely on the existence of a sin-
gle recurrent state. Instead, the algorithm follows an
approzimate gradient direction where the accuracy of
approximation is controlled by a parameter 5 € [0,1).
We show that the approximation is close to the true
gradient provided 1/(1 — 3) is close to the mizing time
of the Markov chain induced by the POMDP. However,
[ cannot be set arbitrarily close to 1 because the vari-
ance of the algorithm also depends on 1/(1 — 3). We
prove almost-sure convergence of our algorithm.

2 An approximate value-function example

We illustrate the problems associated with approximate
value-function methods in a two-state Markov decision
process (Figure 1). Suppose there are two controls
u1,us With corresponding transition probability matri-
ces P(u1), P(us). We assume the actions have the same
effect in each state, namely, if u; is chosen then the sys-
tem makes a transition to state 1 with probability 1/3
and to state 2 with probability 2/3, regardless of the
current state, while if uy is chosen then the transition
probabilities are reversed. Since state 2 has a reward
of 1, while state 1 has a reward of 0, the optimal pol-
icy is to always select action u;. Under this policy the
stationary distribution is [my, 2] = [1/3,2/3], while the
infinite-horizon discounted value of state ¢ is

Ja(i) = E (Zatr(xt) Xo = z) :

t=0
where a € [0,1) is the discount factor, so that J,(1) =

sty Ja(2) = 1+ 5725

Now, suppose we are trying to learn an approximate

value function J for this MDP, i.e. , J(i) = w(i) for
each state ¢ = 1,2 and some scalar feature ¢ (¢ must
have dimensionality 1 to ensure that J really is approz-
imate). For J to generate an optimal greedy policy, it
must value state 2 above state 1. For the purposes of
this illustration we choose ¢(1) = 2,¢(2) = 1, so that
for J(2) > J(1), we require w < 0.

Temporal Difference learning (or TD(\)) is one of the
most popular techniques for training approximate value
functions [22]. It has been shown that for linear func-
tions, TD(1) converges to a weight w* minimizing the
expected squared loss under the stationary distribution
[25]:

w* = argmin,, Y m [we(i) — Jo(i)] . (1)

i=1

Thus, if the optimal policy is being observed, we can
substitute the previous expressions for my, 79, ¢ and J,
and solve for w*. Setting a = % yields w* = 7/9,
the wrong sign (the wrong sign results for any value of
a € [0,1). So we have a situation where the optimal
policy is implementable as a greedy policy based on
an approximate value function in the class (just choose
any w < 0), yet TD(1) observing the optimal policy
will converge to a value function whose corresponding
greedy policy implements the suboptimal policy.

3 Parameterized POMDPs and average reward

For ease of exposition we consider finite POMDPs.
Specifically, assume that there are n states § =
{1,...,n}, N controls Y = {1,...,N} and M obser-
vations Y = {1,..., M }. For each state i € S there is a
corresponding reward r(i) (control-dependent rewards
are an easy extension of the present results). Each
u € U determines a stochastic matrix P(u) = [ps;(w)]
where p;;(u) is the probability of making a transition
from state ¢ to state j give control u. For each state
1 € S, an observation y € ) is generated independently
according to a probability distribution v(7) over obser-
vations in ). We denote the probability of observation
y by vy(i). A randomized policy is simply a function p
mapping observations y € ) into probability distribu-
tions over the controls ¢/. That is, for each observation
y, p(y) is a distribution over the controls in ¢/. Denote
the probability under u of control u given observation y
by w.(y). Note that by concatenating observations we
can make p depend on observation histories, not simply
the current observation.

To each randomized policy u(-) and observation distri-
bution v(-), there corresponds a Markov chain in which
state transitions are generated by first selecting an ob-
servation y in state ¢ according to the distribution v(7),
then selecting a control u according to the distribu-



tion wp(y), and then generating a transition to state
J according to the probability p;;(u). To parameter-
ize these chains we parameterize the policies, so that
1 now becomes a function u(#,y) of a set of parame-
ters § € RE as well as the observation y. The Markov
chain corresponding to € has state transition matrix

P(0) = [pi; ()] given by
Pij (0) = By (i) Bunp(o,y)Pis (u)- (2)
We make the following assumptions on P(), the re-

wards r(i), and the policies u(:,8):

Assumption 1 Fach P(6) has a unique stationary
distribution 7(0) := [7(0,1),...,7(0,n)]" satisfying the
balance equations

' (0)P(8) = 7'(9) (3)
(throughout 7' denotes the transpose of ).

Assumption 2 The magnitudes of the rewards, |r(i)|,
are uniformly bounded by R < oo for all states i.

Assumption 3 The derivatives,

Opu(0,y)
00,
exist for allu €U, y €Y and @ € RX . The ratios
‘Buu(ﬂy) ‘
95,

1u (0, y)
y=1...M;u=1...N;k=1...K

are uniformly bounded by B < oo for all # € RE .

Our goal is to find a # € RX maximizing the long-term
average reward:

where Egy denotes the expectation over all sequences
i0,%1, - - ., with transitions generated according to P(6).
Under our assumptions, 7(f) is independent of the
starting state i¢p and is equal to:

n

00) = 3 70,0 ()
='(O)r, (4)
where r = [r(1),...,7(n)]" (see, for example, [5]).

Under our assumptions, the gradient of (), Vn(#) ex-
ists and is given by

Vn(@) =='(0)VPO)[I - P+ e7r’(t‘))]71 r, ()

where en’(6) is the square matrix with the stationary
distribution 7'(f) in every row. If we could compute
(5), then standard gradient ascent methods could be
used to find parameters at a local maximum of V.
Unfortunately, although useful as an existence proof,
(5) is of no use in the situations of interest here: namely
unknown system dynamics or large state-spaces (the
matrix inversion rules out the latter).

4 Stochastic gradient ascent on 7(8)

The approach taken to optimization of 1(6) in this pa-
per is stochastic gradient ascent. Algorithm 1 intro-
duces OLPOMDP, an algorithm for finding a local max-
imum of n(#) from a single sample path of the POMDP.

Algorithm 1 The OLPOMDP algorithm.
1: Given:

e Parameterized class of randomized policies
{w(,") : 0 € RX} satisfying Assumption 3.

e POMDP, which, when controlled by the ran-
domized policies u(8, ), corresponds to a pa-
rameterized class of Markov chains satisfying
Assumption 1.

e 3€0,1), A >0.
e Arbitrary (unknown) starting state .

e Observation sequence yo, 1, ... generated by
the POMDP with controls ug,u;,... gener-
ated randomly according to u(6,y;).

e Reward sequence 7(ig),r(i1),... satisfying
Assumption 2, where ig, 71, . .. is the (hidden)
sequence of states of the Markov decision pro-
cess.

e Step-sizes 1,72, -- > 0 satisfying > v = 0o
and Y77 < 0.

2: Set 29 =0, 2o € RE.
3: for each observation y;, control u;, and subsequent
reward r(i¢41) do
Vp’ut (07 yt)
Moy (97 yt)
5: 6t+1 =6; + Yt (T(’it+1)2t+1 — )\Gt)
6: end for

4: Zt+1 = th +

Observe that OLPOMDP does not need access to the
underlying state and does not make use of recurrent
states. To gain some intuition about the parameter up-
dates made by the algorithm, ignore the \g; term and
consider the average of the other update term over a
suitably long sample path. We will denote this aver-



age by Vsn(6) (the motivation behind the notation will
become apparent shortly).

T

Vsn(0) = lim %Zr(it)zt. (6)

T—o0
t=1

Strictly speaking, we should include an expectation over
all paths in the right-hand side of (6). However, under
our standing assumptions, the limit converges almost
surely to the expectation.

Our first result is that Vzn(6) converges to Vn(f), in
the limit as 3 approaches 1 (see [3] for a proof). Thus,
provided g is sufficiently close to 1, the average of the
updates to the parameters 6 in OLPOMDP will be close
to the true gradient direction V7(#). In fact, we can go
further and show that the approximation error between
Vsn(6) and V(@) depends on the relationship between
B and the mizing time of the underlying Markov chain,
where this is defined as follows:

Definition 4 For any two probability distributions p,q
over states, let ||p — q|| v denote their total variation
separation:

n
lp—allrv =" Ipi — ail. (7)
i=1

For any transition probability matrix P, let pgt) denote
the i-th row of Pt. Define d(t) by,

() = max|ip” ~p|lrv. ®)

Finally, define the mixing time of P by

7 =min{t: d(t) < 1/e}. 9)

For any transition probability matrix P with unique
stationary distribution 7, the Perron-Frobenius theo-
rem states that P! — en’, where en’ is the square ma-
trix with the stationary distribution in each row. Thus
d(t) — 0 and the mixing time 7 is well defined. It can
also be shown that d(t) is a decreasing function of ¢.

Let 7(#) be the mixing time of P(#) (defined in (2)).
The following theorem relates the approximation error
between Vzn(8) and Vn(8) to 7(#). See [2] for a proof.

Theorem 5 Under Assumptions 1, 2 and 3, there ez-
ists a constant C = C(B, R,n) such that for all 0,

18Van(0) — V()| < Cr(0) (1—p5).  (10)
Thus, if 1/(1 — ) is large compared to the mixing time

7(6), Van(8) will be close to Vn(#), and so the long-term
average of the updates to the parameters in OLPOMDP

will be close to the true gradient direction. In [2] we also
showed that the variance of the estimates Zthl (i) 2t
produced after a finite number of steps T', scales as
1/(T(1 — B)?). Hence B has a natural interpretation in
terms of a bias/variance trade-off: Setting § small in
OLPOMDP ensures low variance in the long-term aver-
age of the parameter updates, but the expected direc-
tion of those updates may be a very biased estimate of
the gradient. Conversely, setting 8 close to 1 ensures a
low bias but a higher variance.

5 Convergence of Algorithm 1

Theorem 6 Ast — oo, 8; — L a.s., where L is the set
of stable equilibrium points of the differential equation

df
= = Van(0) = .

The proof uses the following result (see [14, Chapter 8]
for a result of this form).

Lemma 7 Consider updates of the form
Orv1 = O + d(0s, Z4(64)), (11)

where {Z:(0)} is an auxiliary (homogeneous) ergodic
Markov chain taking values in RP. For z,2' € RP
and § € R* let P(z,2'|0) denote the probability den-
sity of a transition from z to z'. Suppose that {Z;(9)},
P(z,2'10), d(0,z) and the step sizes v satisfy the fol-
lowing conditions:

1. Yt > 0’ Zio% = 00, and Zfio’yg < 00.

2. P(z,2'|0) is weakly continuous in (6,z); that is,
for all bounded and continuous f: RP — R,

/f(z')P(z, 2'10) dz'

is continuous in (0, z).
3. d(,z) is continuous on R¥ x RP.

4. {Z1(0)} is positive recurrent, which means for all
6 € R¥, P(z,2'|0) has a unique stationary distri-
bution (6, z).

5. d(#) is a continuous function of @, where
d(6) = /d(0,z)7r(9,z) dz.
6. For all initial distributions Zy,

d,Z;) =d#) (w.p.1).



7. 0 is uniformly bounded for all t with probability
1.

Now let L C R* denote the stable equilibrium points of
the ordinary differential equation,

ae(t) -
—t = . 12
0~ aw) (12)
Then
0 L as t—oo (wp.l) (13)
Proof: (of Theorem 6) We apply Lemma 7 with

Zy(01) = (Yo, ue, ir41, ze41, 7 (1))
d(t‘)t, Z(Gt)) = T(Z't+1)2t+1 — /\t‘)t

Clearly, Z;(0) is a Markov chain with a weakly con-
tinuous transition probability density, and d is contin-
uous. Since the Markov chain (yg,us,7:41) is ergodic,
Z1(0) has a unique stationary distribution. The expec-
tation d(f) of d under this stationary distribution is
Vn — A8, which is continuous, and the time average of
d approaches d almost surely. The result follows from
Lemma 7. ]

6 Extensions to infinite state, observation, and
control spaces

With no modification Algorithm 1 can be applied im-
mediately to POMDPs with countably or uncountably
infinite states S and observations ), and countable con-
trols . In addition, with the appropriate interpre-
tation of Vu/u, it can be applied to uncountable U.
Specifically, if U is a subset of RV then u(y,#) will be
a probability density function on U with u,(y,6) the
density at w.

7 Conclusion

We have presented a general algorithm (OLPOMDP) for
finding local maxima of the average reward in POMDPs
controlled by parameterized policies. The algorithm ap-
plies to arbitrary state, control and observation spaces.
We proved almost sure convergence of the algorithm.
The algorithm does not rely on recurrent states, but
instead takes a parameter 8 € [0,1), which is deter-
mined by the mizing time of the Markov chain induced
by the POMDP.
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