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Abstract

This paper considers the filtering problem for a class of lin-
ear hybrid systems with nonlinear uncertainties and Marko-
vian jump parameters. The unknown nonlinearities in the
system are time-varying and norm-bounded. First, we show
the equivalence of the norm bounded linear and nonlinear
uncertainty sets. Then, instead of the original hybrid linear
system with nonlinear uncertainties, we consider the same
system with linear uncertainties. By using a Riccati equa-
tion approach for this new system, a robust filter is designed
using two sets of coupled Riccati-like equations such that
the estimation error is guaranteed to have an upper bound.

1 Problem Formulation

Consider the following class of dynamical systems SNL

SNL :

�
_x(t) = A(�t)x(t) + f(t; x(t); �t) + w(t; �t);
y(t) = C(�t)x(t) + g(t; x(t); �t) + v(t)

(1)

where x(t) 2 R
n is the system state, y(t) 2 R

r is the
measurement, w(t; �t) 2 R

n and v(t) 2 R
r are the pro-

cess and measurement noises which are assumed to be zero-
mean Gaussian with covariance matrices W (�t) and V (�t)
respectively that are independent from each other. The sys-
tem mode f�t; t � 0g is a time homogeneous Markov
process with right-continuous trajectories and taking val-
ues in a finite set � = f1; 2; � � � ;mg with stationary tran-
sition probabilities Pr (�t+h = jj�t = i) that are equal to
�ijh + o(h) for i 6= j and (1 + �iih + o(h)) for i = j

where h > 0, limh!0
o(h)
h

= 0. �ij � 0 is the transi-
tion rate from mode i at time t to mode j at time t + h,
and �ii = �

Pm

j=1;j 6=i �ij. Initial conditions are given by
x(0) = x0; �0 = i for some x0 and i 2 �. The vector valued
functions f(t; x(t); �t) and g(t; x(t); �t), for any �t 2 �,
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are unknown and they represent time-varying parametric un-
certainties. These uncertainties satisfy kf(t; x(t); �t)k �
a(�t)kx(t)k and kg(t; x(t); �t)k � c(�t)kx(t)k for all
x(t) 2 R

n where a(�t) and c(�t) are known constant non-
negative numbers for each mode �t = i 2 �.

In this paper, we consider the problem of state estimation
for linear systems with Markovian jump parameters subject
to real time-varying nonlinear uncertainties. The next sec-
tion shows the equivalence of the two sets of norm bounded
linear and nonlinear uncertainties. Using this equivalence
result, we design a guaranteed cost robust filter in Section 3
for the problem considered in this paper, via the solutions of
two sets of coupled Riccati equations.

2 Equivalence of Linear and Nonlinear Uncertainty
Sets

Define the following admissible nonlinear and linear uncer-
tainty sets


x(t; x(t); �t) = f f(t; x(t); �t) :

kf(t; x(t); �t)k � a(�t)kx(t)kg ;


y(t; x(t); �t) = f g(t; x(t); �t) :

kg(t; x(t); �t)k � c(�t)kx(t)kg ;


x(t; x(t); �t)
�
= f a(�t)M (t; �t) x(t) :

M (t; �t) 2 R
n�n; �(M (t; �t)) � 1

	
;


y(t; x(t); �t)
�
= f c(�t)N (t; �t) x(t) :

N (t; �t) 2 R
n�n; �(N (t; �t)) � 1

	
:

Utilizing a similar technique used in [1], we establish the
following relationships between these linear and nonlinear
uncertainty sets.

Lemma 1


x(t; x(t); �t) = 
x(t; x(t); �t)


y(t; x(t); �t) = 
y(t; x(t); �t):

Now, let us define the system SL below

SL :

�
_x(t) = (A(�t) + a(�t)M (t; �t))x(t) + w(t; �t);
y(t) = (C(�t) + c(�t)N (t; �t))x(t) + v(t)

(2)

The unknown matrices M (t; �t) and N (t; �t) repre-
sent time-varying parametric uncertainties and satisfy



MT (t; �t)M (t; �t) � I and NT (t; �t)N (t; �t) � I for
all t; x(t) and �t 2 �. We also assume that there

exist known matrices �Mi; �Ni; Ei such that
h
Mi(t)
Ni(t)

i
=h

�Mi(t)
�Ni(t)

i
Fi(t)Ei(t) where Fi(t) is an unknown matrix sat-

isfying FT
i (t)Fi(t) � I for all t and i 2 �.

For the robust filtering problem investigated in this paper,
Lemma 1 suggests that instead of the system SNL in (1) with
the nonlinear uncertainties from the sets 
x and 
y, one can
consider the system SL with only linear uncertainties from
sets 
x and 
y. Lemma 1 also suggests that the robust filter
designed for the linear system SL subject to linear uncer-
tainties would work for SNL. Therefore, our attention will
be focused on designing a robust filter for the system SL.

3 Robust Filtering

Let x(t; x0; �0) denote the trajectory of the state x(t) from
the initial state x0 with an initial system mode �0. In order
to solve the robust state estimation problem, we assume that
the nominal system SNL in (1) (setting f(t; x(t); �t) � 0) is
stochastically stable, i.e.

R1
0 E

�
kx(t; x0; �0)k2

	
dt < 1

when w(t) � 0. From [2], it is known that SNL is stochasti-
cally stable if and only if there exists a set of positive definite
matrices Pi satisfyingAT

i Pi+PiAi+
Pm

j=1 �ijPj+Vi = 0
for any given set of positive definite matrices Vi for i 2 �.

Given a hybrid system S with a state vector x(t) and a sys-
tem mode �t = i 2 �, an estimator F with the state equa-
tions F : _̂x(t) = Gix̂(t) + Kiy(t); i 2 �; x̂(0) = x0, is
said to be a guaranteed cost state estimator for this system S
if there exists a constant symmetric matrix P � 0 such that
E
�
(x� x̂)(x� x̂)T

	
� P . The following theorem gives

the parameters of a stochastically stable estimator such that
the error covariance of state x(t) and its estimate x̂(t) is
bounded for all admissible uncertainties.

Theorem 1 Let the system SL in (2) be stochastically
quadratically stable. Then, the estimator F given
by F : _̂x(t) = Gix̂(t) + Kiy(t) is a stochas-
tic stable quadratic state estimator with guaranteed cost
E
�
(x� x̂)T (x� x̂)

	
� tr(Q) whereGi = �Ai�Ki

�Ci, and

Ki =
�
Qi

�CT
i + 1

"i
aici

�
I + ZiP

�1
i

�
�Mi

�NT
i

�
�R�1i . Here

Q is defined by Q = Qj where j =argmax
i2�

tr(Qi). The

matrices Pi, Qi and Zi are found from the following equa-

tions such that Pi and
h
Pi Z

T

i

Zi Qi

i
are positive definite.

AiPi + PiA
T
i Pi + "iPiE

T
i EiPi

+(Wi +
a2i
"i

�Mi
�MT
i ) +

mX
j=1

�ijPj = 0; (3)

�AiQi + Qi
�AT
i + �WiP

�1
i (Qi + ZT

i )

+(Qi + Zi)P
�1
i

�Wi + "i(ZiE
T
i EiQi + QiE

T
i EiZ

T
i )

+
X
j

�ij(ZjP
1

i Qi + QiP
1

i ZT
j ) +Wi

+2"iZiE
T
i EiZ

T
i +

mX
j=1

�ij(ZjP
�1
i ZT

i + ZiP
�1
i ZT

j )

�

�
Qi

�CT
i +

1

"i
aici(I + ZiP

�1
i ) �Mi

�NT
i

�
�R�1i

�

�
Qi

�CT
i +

1

"i
aici(I + ZiP

�1
i ) �Mi

�NT
i

�T
= 0; (4)

�Ai = Ai +

�
Wi +

1

"i
a2i

�Mi
�MT
i

�
P�1i + "iZiE

T
i Ei

+
X
j

�ijZjP
�1
i ; �Ci = Ci +

1

"i
aici �Ni

�MT
i Pi;

�Ri = R +
1

"i
c2i

�Ni
�NT
i ;

�Wi = Wi +
1

"i
aici �Mi

�MT
i :

The first equation (3) can be solved using linear matrix
inequality (LMI) techniques detailed in [3]. Several ap-
proaches can be applied to solve the equation in (4) since
it is more complicated. For example, Zi can be chosen to
be the zero matrix to simplify this equation, but special care
has to be taken to make sure that the matrix �Ai is stable for
all i 2 �. If this is not the case, different values of "i can be
chosen so that �Ai becomes stable. Also, higher dimensional
LMIs may be used to solve (4).

4 Conclusion

This paper investigated stability and filtering problems for a
class of linear continuous-time systems with nonlinear un-
certainties and Markovian jumping parameters. It has been
shown that the sets of linear and nonlinear uncertainties
are equivalent, hence these problems have been tackled via
equivalent linear hybrid systems with linear uncertainties. It
has been shown that the robust filtering problem is solvable
if two sets of coupled algebraic Riccati-like equations have
symmetric positive definite solutions. We derived a suffi-
cient condition to solve these coupled Riccati-like equations
such that the underlying system is stochastically stable. Fi-
nally, we obtained the parameters of a stochastic quadratic
estimator which guarantees both the stability and bounded-
ness of the estimation error dynamics.
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