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Abstract

This paper considers the filtering problem for a class of lin-
ear hybrid systems with nonlinear uncertainties and Marko-
vian jump parameters. The unknown nonlinearities in the
system are time-varying and norm-bounded. First, we show
the equivaence of the norm bounded linear and nonlinear
uncertainty sets. Then, instead of the original hybrid linear
system with nonlinear uncertainties, we consider the same
system with linear uncertainties. By using a Riccati equa-
tion approach for this new system, arobust filter is designed
using two sets of coupled Riccati-like equations such that
the estimation error is guaranteed to have an upper bound.

1 Problem Formulation

Consider the following class of dynamical systems Sy 1.

1)

Sep {a‘e(t) = A(m)a(t) + St 2(t)m) + w(t,no).
o Lu) = Clz(t) +g(t,2(1),me) + v(t)
where z(t) € R™ isthe system dtate, y(¢t) € R” is the

measurement, w(t,n;) € R™ and v(t) € R" are the pro-
cess and measurement noises which are assumed to be zero-
mean Gaussian with covariance matrices W (7)) and V' (7;)
respectively that are independent from each other. The sys-
tem mode {n;, t > 0} is a time homogeneous Markov
process with right-continuous trajectories and taking val-
uesinafiniteset T' = {1,2,---,m} with stationary tran-
sition probabilities Pr (45 = j|n: = ¢) that are equa to
Aijh 4+ o(h) for i # j and (1 4+ Aj;h + o(h)) for i = j
where h > 0, limjo 222 = 0. \;; > 0 is the transi-
tion rate from mode ¢ at time ¢ to mode j at time ¢t + h,
and \;; = — Z;.”:L#Z. Aij. Initia conditions are given by
2(0) = g, nmo = i forsomexy and ¢ € T'. Thevector valued
functions f(¢, z(t),n:) and g(¢, z(t), n:), for any n, € T,
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are unknown and they represent time-varying parametric un-
certainties. These uncertainties satisfy || f(¢, z(2), n:)|| <
a(m)ll=(@)]) and |lg(t, x(t), )l < eln)lz(t)]| for al
z(t) € R™ where a(n;) and ¢(5;) are known constant non-
negative numbers for each moden, = ¢ € I.

In this paper, we consider the problem of state estimation
for linear systems with Markovian jJump parameters subject
to real time-varying nonlinear uncertainties. The next sec-
tion shows the equivalence of the two sets of norm bounded
linear and nonlinear uncertainties. Using this equivaence
result, we design a guaranteed cost robust filter in Section 3
for the problem considered in this paper, viathe solutionsof
two sets of coupled Riccati equations.

2 Equivalenceof Linear and Nonlinear Uncertainty
Sets

Define the following admissible nonlinear and linear uncer-
tainty sets

Qx(ta l‘(t), 77t) =

£t x(t), )|l < alm)llz(®)I[}
Qt,x(t),m) = {gt,x(t),m) :
llg(t,z (@), m)ll < e(n)llz(D]},
Qot,x(t),m) = {a(n) M(t,n) z(t)
Mt n) € R, p(M(t,m)) < 1},

>

Qy(t,z (1), m) {e(me) N(t,me) e(t

N(t,n) € R*™™, (t n)) < 1}.

Utilizing a similar technique used in [1], we establish the
following relationships between these linear and nonlinear
uncertainty sets.

Lemmal

Now, let us define the system S, below
St :{ a(t) = (Alm) +a(n) Mt ne)) x(t) + w(t,
y(t) (C(ne) + el )N (2, me)) w(t) + v(t)
2
The unknown matrices M (¢,n;) and N(t,n:) repre-
sent time-varying parametric uncertainties and satisfy

77t),



Vi \L,I/t)l\d\b,l/t) ~ 4 did iV \L,I/t)lV\L,I/t) ~ 41Ul

al ¢, z(t) and 5, € T. We aso assume that there

exist known matrices M;, N;, F; such that Hg((f” =

{J‘?l(”} F;(t)E;(t) where F(t) isan unknown matrix sat-

Ni(t)
isfying F7' (1) F;(t) < I fordl tandi € T.

For the robust filtering problem investigated in this paper,
Lemma 1 suggeststhat instead of the system Sz in (1) with
the nonlinear uncertaintiesfrom the sets €2, and €2,,, one can
consider the system Sy with only linear uncertainties from
sets ), and Q. Lemma 1 also suggeststhat the robust filter
designed for the linear system Sy subject to linear uncer-
tainties would work for Syz.. Therefore, our attention will
be focused on designing a robust filter for the system Sy, .

3 Robust Filtering

Let x(t, x0, 7o) denote the trgjectory of the state «(¢) from
theinitial state o with an initial system mode 7,. In order
to solvethe robust state estimation problem, we assume that
the nominal system Sy in (1) (setting f (¢, x(t), n:) = 0) is
stochastically stable, i.e. [;° E {|[x(t, zo, no)||*} dt < oo
when w(t) = 0. From [2], itisknown that Sy isstochasti-
caly stableif and only if there existsa set of positivedefinite
matrices F; gatlsfylngAZTPz—i—PZAl—i—ZT:l /\iij+Vi =0
for any given set of positive definite matrices V; for: € T'.

Given a hybrid system S with a state vector z(¢) and a sys-
tem mode 5, = ¢ € I', an estimator F with the state equa-
tions F : 2(t) = Gi&(t) + Kiy(t),i € T,2(0) = =g, IS
said to be a guaranteed cost state estimator for thissystem S
if there exists a constant symmetric matrix P > 0 such that
E{(z—z)(z —2)T} < P. The following theorem gives
the parameters of a stochastically stable estimator such that
the error covariance of state x(¢) and its estimate z(¢) is
bounded for all admissible uncertainties.

Theorem 1 Let the system S; in (2) be stochastically
quadratically stable.  Then, the estimator F given
by F #(t) = Giz(t) + Ky(t) is a stochas
tic stable quadratic state estimator with guaranteed cost
E {(x — i‘)T(x — i‘)} < tr(Q) whereG; = A;—K;C;, and
K; = (QiCT + Lawe: (I+ 2,P7Y) MNT ) Ry Here
() isdefined by @ = @; where j _arg max tr(Qi). The
matrices P;, ); and 7; are found from the following equa-
tions such that P; and { ) } are positive definite.

A; P+ P»ATP» + eiP»ETE»P»

(W—|— MMT +Z/\Z]P = 0, (3)
j=1
AiQi + Qz’f‘L’T + W P7H Qi + Z])
Qi + Z) P Wi 4 ei(Z: BF E:Qi + Qi EF B, 2T)

T g Mg\egdy W Wl 4 ) VY
i

26, 4 BT B 20+ N (7Pt 2T + 2P 2T
j=1

_ (QZCZT + éaici(f—i— Z; P Y M; N; ) Rt

T
_ 1 o
X (QZCZ»T—i—;aici(l—i—Zinl)MiNiT) =0,

(4)

_ 1 o
A = A+ (m + —a?MiMiT) Pt 4 e Z,EN'E;
=

—|—Z/\Z'ijPZ»_1, CZ

1 o
= (C;+ —aiCiNZ'MZ»TPZ',
N g

J

7

_ 1 .- _ _
Ri = R+ —c¢IN,NF', W, =
=

The first equation (3) can be solved using linear matrix
inequality (LMI) techniques detailed in [3]. Several ap-
proaches can be applied to solve the equation in (4) since
it is more complicated. For example, Z; can be chosen to
be the zero matrix to simplify this equation, but specia care
has to be taken to make sure that the matrix A; is stable for
ali e I'. If thisisnot the case, different values of ¢; can be
chosen so that A; becomes stable. Also, higher dimensional
LMIsmay be used to solve (4).

4 Conclusion

This paper investigated stability and filtering problemsfor a
class of linear continuous-time systems with nonlinear un-
certainties and Markovian jumping parameters. It has been
shown that the sets of linear and nonlinear uncertainties
are equivalent, hence these problems have been tackled via
equivaent linear hybrid systems with linear uncertainties. It
has been shown that the robust filtering problem is solvable
if two sets of coupled algebraic Riccati-like equations have
symmetric positive definite solutions. We derived a suffi-
cient condition to solve these coupled Riccati-like equations
such that the underlying system is stochastically stable. Fi-
nally, we obtained the parameters of a stochastic quadratic
estimator which guarantees both the stability and bounded-
ness of the estimation error dynamics.
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