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Abstract

A marking-based Petri net supervisor restricts a Petri
net’s behavior by disabling controllable transitions.
Monitors [3] are control places that enforce generalized
mutual exclusion constraints. A long standing question
concerns the relationship between marking-based su-
pervisors and monitors. There are necessary and suffi-
cient conditions for the existence of maximally permis-
sive marking based supervisors enforcing liveness [17],
but associated monitor solutions may not be maximally
permissive. This paper proves that for a bounded Petri
net, a maximally permissive liveness enforcing mark-
ing based supervisor can always be transformed into a
monitor supervisor. Specific conditions are identified
that characterize when the resulting monitor supervi-
sor will or will not be maximally permissive. Several
examples are used to illustrate these results.

1 Introduction

An ordinary Petri net is live if it is possible to reach
any transition from any reachable marking. At each
reachable marking, a marking-based supervisor disables
the firing of a selected set of controllable transitions.
The marking based supervisor is said to be liveness-
enforcing, if its supervisory policy ensures that the con-
trolled Petri net is live. If a liveness-enforcing supervi-
sor exists, then we know that there also exists a max-
imally permissive supervisor. Necessary and sufficient
conditions for the existence of marking-based liveness-
enforcing supervisors have been established [17, 7]. The
determination of such supervisors, however, can be
computationally expensive since it invariably involves
a search of the Petri net’s state space.
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Monitors [3] represent another important class of Petri
net supervisor. A monitor is a collection of control
places that enforce generalized mutual exclusion con-
straints (GMEC) on the network’s marking vector.
Monitor implementations of supervisors are often con-
sidered highly desirable, because the supervisor and
plant are both Petri nets, thereby providing a single
unified modeling paradigm for controller and plant.
In recent years, moreover, extremely efficient meth-
ods for computing monitors enforcing linear inequal-
ity constraints on the network’s marking vector have
appeared [13, 14]. There has been some progress in ob-
taining monitor supervisors [8] enforcing deadlock free-
dom. In spite of this progress, however, it is difficult
to ensure that a monitor supervisor enforcing deadlock
freedom exists and if it does exist, it may not be max-
imally permissive.

A key issue addressed in this paper is the relationship
between monitors and marking based supervisors en-
forcing liveness. In particular, this paper identifies nec-
essary and sufficient conditions under which a monitor
implements the maximally permissive liveness enforc-
ing supervisory policy when there is no cyclic lock in
the net system. The results are based on recent results
[6, 7] in which a partial order method known as network
unfolding is used to characterize liveness-enforcing su-
pervisory policies for ordinary Petri nets.

The remainder of this paper is organized as follows.
Section 2 reviews definitions and concepts related to
the supervisory control of Petri nets. Section 3 sum-
marizes recent results [6, 7] on liveness-enforcing su-
pervision of ordinary Petri nets. Section 4 presents
the main results that transform maximally permissive
liveness-enforcing marking based supervisors to mon-
itors. Finally, section 5 concludes with directions for
future research.
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2 Supervisory Control of Petri Nets

This section reviews the definition of ordinary Petri
nets and states the supervisory control problem. For
more details on Petri nets, refer to [16, 15, 1]. For
more details on supervisory control refer to [4, 10, 11].

2.1 Petri nets
An ordinary Petri net N is represented by the 3-tuple,
(S, T, F ) where S is the set of places, T is the set of
transitions, F ⊂ (S×T )∪ (T ×S) is a set of input arcs
(from places to transitions) and output arcs (from tran-
sitions to places). The current “state” of the Petri net
is represented by the marking of the net. The marking
µ : S → Z+ is a map from each place s ∈ S onto a
non-negative integer µ(s).

The dynamics of a Petri net are described by how the
net’s marking evolves in response to the firing of tran-
sitions. A transition t ∈ T is said to be enabled if and
only if every place in its preset is marked. An enabled
transition may fire. If the enabled transition t fires,
then the marking of the Petri net is changed by remov-
ing one token from every place in t’s preset (•t) and
adding one token to every place to t’s postset (t•).
We define a net system Σ as the pair (N , µ0) whereN =
(S, T, F ) is an ordinary Petri net and µ0 is its initial
marking. We define R(Σ) as the set of all markings
reachable from µ0. We say that the net system is n-
safe or bounded if there exists a finite number N such
that µ(s) ≤ N for all s ∈ S and all µ ∈ R(Σ). The
results in this paper pertain to n-safe Petri nets.

Let N = (S, T, F ) be an acyclic net and x1, x2 ∈ S ∪T
be two nodes of N . We say node x1 precedes node
x2 (denoted as x1 < x2) if there is a path in the net
that goes from x1 to x2. We say x1, x2 are in conflict
(denoted as x1#x2) if there exist distinct transitions t1
and t2 such that t1 < x1, t2 < x2, and •t1 ∩ •t2 6= ∅.
We say x1, x2 are concurrent (denoted as x1||x2) if these
nodes are not in precedence and not in conflict.

A net system is said to be live if for any reachable
marking µ and any t ∈ T there exists a marking µt
reachable from µ and µt enables t.

2.2 Supervisory Control of Petri Nets
We define a net supervisor as a mapping S : R(Σ) ×
T → {0, 1}, where R(Σ) is the set of all reachable mark-
ings for the net system Σ. A transition t is said to be
control-enabled (control-disabled) at a marking µ, if
S(µ, t) = 1 (S(µ, t) = 0). A supervised net system Σ|S
is a net system in which only control-enabled transi-
tions can fire.

Consider a net system Σ with accepted language L(Σ).
We identify a set Rf (Σ) of forbidden markings which is

a subset of R(Σ). The language accepted by a super-
vised net system L(Σ|S) is said to be legal if there is
no occurrence sequence σ ∈ L(Σ|S) such that µ0 σ→ µf
where µf ∈ Rf (Σ). For a given set of forbidden mark-
ings Rf (Σ), there may be many legal controllable sub-
languages. The largest such language that contains
all other legal controllable sublanguages is called the
supremal controllable sublanguage. We say S is maxi-
mally permissive, if Σ|S accepts the supremal control-
lable language of Rf (Σ). The objective in supervisory
control synthesis is to find the admissible maximally
permissive supervisor S.
Consider a net system Σ with Petri net N = (S, T, F ).
A monitor supervised system is an augmented net sys-
tem Σm in which N = (S ∪ Sm, T, F ∪ Fm). The ad-
ditional places Sm are called monitors which are con-
nected to the rest of the net system transitions in T
through the additional arcs in Fm. Monitors act as
semaphores or mutexes that can help enforce general-
ized mutual exclusion constraints on the original net
system [3]. Monitored net systems represent a spe-
cial class of Petri-net based supervised system which
have been well studied in recent years [3, 13, 14, 8].
A large portion of their popularity rests with the fact
[13] that monitors enforcing inequality constraints on
the marking vector can be readily determined using a
simple matrix computation. For net systems in which
all transitions are controllable, the resulting monitor is
maximally permissive. If the controllable transitions
are a proper subset of T , however, the resulting mon-
itor is not necessarily maximally permissive [14, 8].
The principle results of this paper allow us to trans-
form maximally permissive liveness-enforcing marking
based supervisors into monitors and we identify specific
conditions under which the resulting monitor supervi-
sor is not maximally permissive.

3 Liveness Enforcing Supervisors

This section summarizes basic results [6, 7] concerning
unfolding and its application to Petri net supervision.

3.1 Network Unfolding
Unfolding is a specific type of partial order method
that is useful in alleviating the state-explosion prob-
lems encountered in verifying system properties. An
unfolding is a map (net homomorphism) from a special
acyclic finitary Petri net known as an occurrence net
back onto the original Petri net. The map is defined in
such a way that the causal relationships between tran-
sitions is preserved, thereby allowing us to construct a
reduced reachability graph that enumerates all reach-
able marking of the original net system. In many cases,
this reduced reachability graph (i.e. the occurrence
net) can greatly reduce the complexity of the verifi-
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cation problem [12]. The potential value of unfolding
has long been recognized [2, 9, 6] as have some other
related partial order methods [5].

Specifically, an unfolding unfolds the original net sys-
tem into an acyclic occurrence net starting from the
initial marking. A net homomorphism h was devel-
oped to map places and transitions in the occurrence
net to their original versions in the original net system.
h also preserves the presets and postsets of transitions
in the original net system.

The unfolding may be infinite, since the original net
system may be cyclic. It thus make sense to develop a
finite prefix to truncate the unfolding. Let the cause of
a transition t, denoted as [t], in the occurrence net be
the set of all transitions that either precede or equal t.
The cut of [t], denoted as Cut([t]), is a set of places in
the occurrence net that can be mapped to the marking
reached after firing (the image of) all transitions in [t]
in the original net system. A transition t is called a cut-
off transition if there is a smaller cause with the same
cut as that of [t]. A finite prefix of the unfolding is
formed by removing all transitions that succeed a cut-
off transition. It was proven in [12] that the finite prefix
enumerates all the reachable markings of the original
net system.

Let βc = (Nc, hc) be the finite prefix of the unfold-
ing of (N , µ0). In Nc = (Sc, Tc, Fc), we define the
set of end transitions as T end = {t ∈ Tc | 6 ∃t′ ∈
Tc, such that t < t

′}. Let T cut denote the set of cut-off
transitions in Tc. It is obvious that T

cut ⊆ T end. For
any te ∈ T end, define a base configuration BCte as the
cause of te, i.e. BCt

e

= [te].

As an example, consider the net system in figure 1. The
right-hand net is the occurrence net associated with the
prefix βc and the left-hand net is the original net sys-
tem (N , µ0). In particular, there are three end transi-
tions {t′3, t′4, t′5}. Note that the cut of configuration [t′4]
and [t′5] enables no transition in the original net sys-
tem. The cut of configuration [t′3], however, remarks
the initial marking µ0 of N and forms a cycle.
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Figure 1: An example net and its unfolding

3.2 Liveness and Supervision
Since a suitably defined prefix of an unfolding enumer-
ates all reachable markings in the net system, the prefix

can be used to characterize properties of the net sys-
tem. In [6], unfoldings were used to verify whether or
not the net system was live. In [7], such unfoldings
were also used to construct liveness enforcing marking
based supervisors for ordinary Petri nets. This section
reviews these prior results.

The principle result of [6] proves that the liveness of
a bounded ordinary Petri net can be assessed by in-
vestigating the sequential and concurrent executions of
base configurations. The sequential execution of a set
of base configurations is said to be live, if either it fires
every transition in the original system, or it repeat-
edly reaches the initial marking. A base configuration
is said to be live (deadlocked), if it is contained (not
contained) in a live sequential execution of base con-
figurations. The concurrent execution of a set of base
configurations is said to be live, if it does not contain a
sequence of transitions that causes a cyclic lock where
no transition in any of these base configurations is en-
abled. It was proven in [6] that a bounded Petri net is
live if and only if every base configurations of Nc is live
and there does not exist a set of base configurations in
cyclic lock.

Deadlocked and cyclic-locked base configurations can
be viewed as local deadlocks in the net system. This
information can be used to develop maximally permis-
sive marking based supervisory policies that enforce
the net system’s liveness. The principle result in [7]
proves that the liveness of a bounded Petri net can be
enforced by control-disabling every critical transition t
that leads to a local deadlock at every critical marking
that enables t. Specifically, a transition t in the occur-
rence net Nc is called a critical transition, if [t] is not
a subset of any live base configuration but [t] − t is a
subset of some live base configuration. A transition t
is called a lock set transition if t is contained in a se-
quence of transitions causing cyclic lock. A marking µ
is called a critical marking, if it enables either a critical
transition or a lock set transition. It is shown in [7]
that the maximally permissive supervisor can be con-
structed by disabling critical or lock set transitions at
their critical markings.

A critical transition t may not be controllable, but
it is still possible to control-disable it by control dis-
abling certain transitions t′ in its cause. There may,
of course, be multiple controllable transitions in [t] to
choose from. One rule for choosing t′ is that it should
not disable any other live base configuration. We say
a critical or lock set transition t is cause controllable if
there exists such a t′ ∈ [t]. We say a deadlocked base
configuration is controllable if its critical transition is
cause controllable. A cyclic lock is said to be control-
lable if every lock set transition is cause controllable. It
was proven in [7] that for an n-safe net system (N , µ0),
there exists a maximally permissive supervisory pol-
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icy that enforces liveness if and only if every deadlock
base configuration is controllable and every cyclic lock
is controllable.

4 Main Result

This section provides two procedures that transform
maximally permissive liveness-enforcing marking based
supervisors to liveness-enforcing monitors. The first
procedure assumes that there only exist deadlocked
base configurations in the occurrence net and the sec-
ond one assumes that there only exist cyclic locks.
Combining the two procedures, we prove that a maxi-
mally permissive liveness-enforcing marking based su-
pervisor can always be transformed to a liveness-
enforcing monitor. We also provide examples to illus-
trate some cases where the liveness-enforcing monitor
is not maximally permissive.

4.1 Disabling Critical Transitions using Moni-
tors
Let tr be a critical transition in the occurrence net. Let
BCl be a live base configuration such that some tran-
sition in BCl is in conflict with tr. A transition t

o
r is

called a choice transition if tor#tr and 6 ∃t < tor, t#tr. In
other words, tor is the “front-most” transition in BC

l

that is in conflict with tr. The exact procedure that
disables critical transitions using monitors is presented
below. The intuition behind this procedure is to intro-
duce a mutual exclusion between tr and a transition
tp ∈ BCl that precedes both tr and tor.
Procedure 1. Disable critical transitions using
monitors

1. In the occurrence net Nc, find all deadlocked base
configurations and do the following.

2. Pick one uncontrolled deadlocked base configura-
tion BCd and find its critical transition tr.

3. Find a live base configuration BCl that contains
a choice transition tor.

4. In the original net, find a transition tp such that
tp ∈ •(•hc(tor)∩•hc(tr)). Pick a controllable tran-
sition td ∈ T [tr] such that 6 ∃t′ ∈ T [tr], td < t′. If
t 6= tr (tr is uncontrollable), then in the original
net, add a control place s′c and arcs (s′c, hc(td)) ,
(tp, s′c). In the original net, add a control place sc
and control arcs (sc, t

p), (sc, hc(t
d)), (hc(t

o
r), sc)

and (hc(t
d), sc). If in Nc, there is a transition

tpc ∈ •(•tor ∩ •tr)), such that hc(tpc) = tp, then
initially sc contains one token and s

′
c (if exists)

is empty, otherwise sc is initially empty and s
′
c

contains one token.

5. if there exists another choice transition tor for tr,
goto step 3.

6. if there exist other uncontrolled deadlocked base
configurations, goto step 2.

Following procedure 1, the liveness-enforcing monitors
for the example net in figure 1 are shown in figure 2
and figure 3. Figure 2 shows the maximally permissive
monitor when the critical transition t3 is controllable.
Figure 3 shows two possible liveness-enforcing monitors
when t3 is uncontrollable. It is easy to see that neither
of these two possible monitors is maximally permissive.
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Figure 2: The deadlock-controlled net
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Figure 3: The two possible monitors

Some properties of the monitor constructed using pro-
cedure 1 are proven below.

Lemma 4.1 The monitor constructed using procedure
1 eliminates all the deadlocked base configurations and
enforces all the live base configurations.

Proof: The prove is straightforward. For any
deadlocked base configuration, first consider the case
where the critical transition hc(tr) is controllable. We
only need to prove every critical transition hc(tr) is
control-disabled at every critical marking. First ob-
serve that hc(tr) cannot fire when t

p is enabled, since
tp ∈ •(•hc(tr)). Secondly, hc(tr) still cannot fire right
after the firing of tp, since sc ∈ •hc(tr) and sc is empty
after tp fires. Note also that the consecutive firing
of tphc(t

o
r) is not affected by the monitor. Based on

these observations we concludes that whenever there
is a choice between hc(tr) and hc(t

o
r), hc(tr) is always

control-disabled by the monitor and this proves that
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when the critical transition is controllable, the dead-
locked configuration is removed by the monitor.

Next, consider the case when the critical transition is
uncontrollable. Note that the addition of control place
s′c and arcs (s′c, hc(td)) , (tp, s′c) introduce a choice be-
tween tor and t

d. Following the proves above, we know
that the addition of control place sc and control arcs
(sc, t

p), (sc, hc(t
d)), (hc(t

o
r), sc) and (hc(t

d), sc) disables
hc(t

d) whenever there is a choice between hc(t
o
r) and

hc(t
d). Since td < tr, then hc(tr) is also control-

disabled whenever hc(t
d) is control-disabled. This

means that the deadlocked base configuration (hc(tr)
uncontrollable) is removed by the monitor. •

Lemma 4.2 If there does not exist cyclic lock in the
original net system, then there does not exist any
liveness-enforcing monitor supervisor that is more per-
missive than the one constructed using Procedure 1.

Proof: The prove is also straightforward. By
lemma 4.1, if hc(tr) is controllable, then the monitor
constructed using procedure 1 control-disables hc(tr)
at its critical marking. This means that the monitor
is maximally permissive when hc(tr) is controllable.
If hc(tr) is uncontrollable, then the monitor control-
disables hc(t

d), which is an “immediate” controllable
predecessor of hc(tr). Since there is no transition
t ∈ T [tr] in the occurrence net such that td < t < tr,
then there does not exist any language-preserving mon-
itor that is more permissive than the one constructed
using procedure 1. •

Lemma 4.3 If there does not exist cyclic lock in the
original net system, then the monitor constructed using
procedure 1 is maximally permissive if and only if for
any uncontrollable critical transition hc(tr), there exists
only one transition td ∈ T [tr] in the occurrence net such
that 6 ∃t ∈ T [t], td < t.

Proof: Sufficiency: If hc(tr) is uncontrollable and
there is only one such td in T [tr], then in the controlled
net, hc(t

d) is control-disabled by sc until t
p, hc(t

o
r)

are fired. If there exists a more permissive supervi-
sor that control-enables hc(t

d) before hc(t
o
r) is fired,

then tphc(tr) may fire consecutively (since once hc(t
d)

is fired hc(tr) cannot be control-disabled) and therefore
the original net system will have a deadlock.

Necessity: If there exist two such td’s, denoted as td1, t
d
2,

then we can chose either one of them to control. Since
we have this choice, then the monitor constructed using
either td1 or t

d
2 is not maximally permissive. •

4.2 Disabling Cyclic Locks using Control Places
This subsection presents a procedure that produces
control places that disable cyclic locks. The idea in

this procedure is to use control places to introduce mu-
tual exclusion between lock set transitions so that they
cannot fire consecutively. The exact procedure is pre-
sented below.

Procedure 2. Disable cyclic locks using moni-
tors

1. In the occurrence net Nc, find all combinations
of live base configurations that are in cyclic lock
and do the following until the procedure exhausts
them.

2. Pick one cyclic locked set of live base configu-
rations and find its lock set tc1, · · · , tck and also
tc1
′, · · · , tck′.

3. In the original net, add a control place sL,
pick two lock set transitions tci , t

c
j, if t

c
i (t
c
j) is

controllable, add arc (sL, hc(t
c
i )) ((sL, hc(t

c
j)))

and arc (hc(t
c
i
′), sc) ((hc(tci

′), sc)). If tci (tcj) is
uncontrollable, then find a transition tdi (t

d
j ) ∈

T [t
c
i ](T [t

c
j]) such that 6 ∃t ∈ T [tci ](T [tcj]) such that

tci (t
c
j) < t. Add arcs (sL, hc(t

d
i )) ((sL, hc(t

d
j )))

and (hc(t
c
i
′), sc) ((hc(tci

′), sc)).

4. The initial marking in control place sL is 1.

As an example, consider the net in figure 4. This fig-
ure shows a net containing three live base configura-
tions BCt4 , BCt5 , BCt6 in cyclic lock. The lock set
transitions are t1, t2, t3. In this case we have three
pairs of lock set transitions to chose from to enforce
mutual exclusion. The dotted part in figure 4 shows
the monitor that enforce the mutual exclusion between
t1, t2. This monitor supervisor is less permissive than
the maximally permissive marking based supervisor,
since the marking based supervisor permits the mark-
ing after the firing of t1, t2, (marking [010110]

T ), while
the monitor does not permit it. In fact, the set of mark-
ings reached under the maximally permissive marking
based supervisor is the union of the markings reached
under any one of the three monitors.

t 1S 1 S 2

S 3 S 4

S 5 S 6

t 4

t 2 t 5

t 3 t 6

S L

•

•

•

•

Figure 4: The tri-cyclic lock net

Lemma 4.4 The monitor constructed using procedure
2 eliminates all the cyclic locks and enforces all the live
base configurations.
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Proof: Note that in the controlled net, what sL does
is to introduce a mutual exclusion between tci and t

c
j . If

tci is fired, t
c
j can not fire until t

c
i
′ is fired since sL is not

marked again until tci
′ is fired. This means we cannot

fire all the lock set transitions consecutively and this
avoids the occurrence of the cyclic lock. •
The following two theorems summarize the main result.

Theorem 4.1 For an n-safe ordinary Petri net, there
exists a liveness-enforcing monitor if and only if there
exists a maximally permissive marking-based liveness-
enforcing supervisory.

Proof: Sufficiency: Directly follows from lemma 4.1
and lemma 4.4, since all the control places introduced
only disable deadlocks and cyclic locks and do not affect
the live base configurations.

Necessity: Trivial, since a maximally permissive mark-
ing based liveness-enforcing supervisor includes any
liveness-enforcing monitor. •

Theorem 4.2 For an n-safe ordinary Petri net, a live-
enforcing monitor may not be maximally permissive.

Proof: Directly follows from lemma 4.3 and the ex-
amples in figure 3 and figure 4. •

5 Conclusion

This paper discusses the transformation of maximally
permissive liveness-enforcing marking based supervi-
sors to monitors. Determining necessary and sufficient
conditions for the existence of maximally permissive
monitors that disable cyclic locks is among the topics
of future research work.
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