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Abstract

This paper derives and analyses a recursive algorith-
m for maximum aposteriori (MAP) state estimation of
partially observed bilinear systems. The recursive al-
gorithm is based on cross-coupling two Kalman filters,
one for each component of the bilinear system.

1 Introduction

Bilinear models [3] are widely used to model nonlinear
processes in signal and image processing and communi-
cation systems modelling. Unfortunately, the optimal
filter for reconstructing conditional mean estimates of
the state of a partially observed bilinear system is in-
finite dimensional. Thus practical filtering algorithm-
s for bilinear systems are necessarily suboptimal. For
example, the extended Kalman filter (EKF) is an ap-
proximate filter that linearizes around conditional mean
state estimates at each time instant.

In recent work [1], rather than computing approxima-
tions of the conditional mean estimates, iterative finite
dimensional algorithms were presented for computing
the optimal MAP state sequence estimate for a bilinear
system. In particular, the Expectation Maximization
(EM) algorithm was used to compute these MAP state
sequence estimates. The EM algorithms in [1] for esti-
mating the state of the bilinear system, involved cross-
coupling two Kalman smoothers, each estimating one
of the two component signals of the bilinear system.

This paper presents and prove convergence of a recur-
sive version of the EM algorithm for state estimation of
bilinear systems. In analogy to the off-line EM algorith-
m presented in [1], the recursive algorithm we present
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exactly cross-couples two Kalman filters, each estimat-
ing one of the two component signals of the bilinear
system. We show that for scalar bilinear models, pro-
viding the noise variances of the state processes are a
sufficiently small value €, the estimation errors are O(e).

2 Formulation and Recursive Algorithm

The underlying model considered is a scalar discrete-
time system. For each n =0,1,..., z,, sp, yn € R are
the state, the signal, and the observation, respectively.
The quantities ¢, b, e € R satisfy ¢ # 0, [b] < 1,0 <
€ < 1. Denote the system noise, the disturbance in the
signal, and the observation noise by w,, v,, and e,,
respectively. The bilinear system is given by

Spt+1 = bsp + €vy
Tpt1 = SpTn + Wy (2.1)
Yn = CTp + €n.

Basic Assumption. The noise sequences {v,}, {w,},
and {e,} are independent martingale difference se-
quences such that {v,} is a sequence of uniformly
bounded random variables,

Ev, = Fw, = Fe, =0, and
sup Elw,|? < 0o, sup Ele,|? < oo.
n n

2.1 Motivation — MAP State Estimation
Denote the T—point sequences Sp = [s1...s7], Xp =
[1...2z7] and Y = [y;...yr] where T is a positive
integer. Consider now the following MAP sequence es-
timation problem for S7 and X7: Compute

(S7, Xr)MAP = arg max f(St,X7|Yr)  (2.2)

St,XT

where f(St, X7|YT) denotes the joint conditional prob-
ability density function of Sp and X, conditioned on



the measurements Yp. In [1], this optimization was
performed iteratively by using the a coordinate descent
algorithm involving cross-coupling two Kalman filters.

2.2 Recursive Algorithms

Motivated by the iterative coordinate descent algorithm
in [1], consider the following recursive (online) algorith-
m for state estimation: Replace the Kalman smoothers
by Kalman filters. The resulting recursive algorithm
has a clear intuitive interpretation: Knowledge of the
signal states sy results in a Kalman filter achieving op-
timal estimates of zj. Conversely, knowledge of the
states x; means a Kalman filter achieves optimal esti-
mates of sj. Simulation studies in [1] show that the
resulting algorithm performs significantly better than
the Extended Kalman filter.

Let F,, denote the sigma algebra that measures at least
{20, 50,v5,w;,e;, j <n}. With given estimate 5, of sy,,
we construct the recursive estimate of z,, by choosing a
square integrable x,, (i.e., sup,, E|z,|*> < o0) such that
Ely, — cxy|* is minimized subject to the constraints of
Zn and y,, given in (2.1). Likewise, with given Z11 and
Tn, choose a square integrable s, (i.e., sup, E|s,|* <
o0) that minimizes E|Z,11 — $,%,|? subject to s,, and
Z, given in (2.1). We then have the following algorithm

Tnt1 = g (SpTn + anc(yn — cZp)) (2.3)
Sn+4+1 = bsy, + ann(xn—i-l - Snxn)a '

where Il denotes the projection of the iterates on a
pre-selected bounded and convex region GG, and where
ay and (3, are step-size sequences.

Step Sizes. Assume either a,, = a., and 3,, = B such
that 0 < o > 0and 0 < 3. = 0ase — 0, or {a,} and
{Bn} are decreasing sequences of positive real numbers
such that a,, — 0 and 8, — 0 as n — o0, or they
are both F,, measurable random sequences satisfying
a, — 0 w.p.1 and §,, = 0 w.p.1 uniformly.

Remark 2.1. For the scalar problem, a simplest pro-
jection region is an interval. The algorithm then can
be written in an alternative form as

Tpt1 = [gnfﬂ\n + anc(yn — can)]f )

where [, u € R are some prescribed numbers serving as
the lower and upper bounds, respectively.

Proposition 2.2. Under the basic assumption, assum-
ing that so is bounded w.p.1, then {s,} is bounded
w.p.1. Moreover, limsup, |s,| = O(e) w.p.1..

Remark 2.3. Note that for sufficiently small £ > 0 the
bound given above satisfies O(¢) < 1. Then for any n >
0 sufficiently small such that 0 < O(e) + n < 1, there

can be only finitely many n such that ||s,| — O(g)| > .
Thus there is an ng (the boundedness of {v,} and sg
implies that no can be independent of w) such that for
all n > ng, |sn| < O(e) + 1. As a consequence,we have:

Corollary 2.4. Under the condition of Proposition 2.2,
for sufficiently small € > 0,

n n

Z H si| converges w.p.1, limsupisup ﬁ si| < 00,

§=0 |i=j+1 Tog=0 Y =it

n
and lirnsupZEl/2 H si| < 0.
" j=0 i=j+1

(2.4)

Proposition 2.5. Under the conditions of Proposi-
tion 2.2, for sufficiently small ¢ > 0, {z,} is bounded
w.p.1, and limsup,, |z,| = O(e) w.p.1..

3 Error Bounds

Consider the tracking errors s, — 8, and z, —Z,. Define
Spn = Sp — Spn, Tp = Tm — Tn, So = 0, and 7o = 0.
Following the approach in [2], we take an “expansion”
of Z,, as follows. Define a reflection term z, by

QUp2pn = EU\n—i-l — SpTp — anc(yn - Cfn\n)a (31)

where z, is a real number with shortest Euclidean
length needed to bring 5,Z, + anc(y, — cZ,) back to
the constraint set G. Under (3.1), the algorithm for z,,
can be rewritten as

Tnt1 = SnZn + @nc(Yn — cTn) + apzn. (3.2)

Proposition 3.1. Under the basic condition, for suf-
ficiently small € > 0, the following assertions hold:

A. Ifa. and (- are constant step sizes then
limsup,, E|s,| = O(e+p:), limsup,, E|Z,| = O(e+a.).
B. If a,, and B3, are decreasing sequences satisfying the
conditions on step size, then limsup, E|s,| = O(e),
and limsup,, E|Z,| = O(e).
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