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Abstract

In this paper, we analyze the dynamical behavior of
the linear wave equation on an interval, where the right
endpoint has a van der Pol type nonlinearity or bound-
ary controller, while the left endpoint has a boundary
condition involving displacement. The asymptotic be-
havior of the system can be classified into two basic
types: classical unbounded instability, or spatial point-
wise convergence to periodic points of a nonlinear map
corresponding to the van der Pol condition.

1 Introduction

Acoustic chaos is a research topic that has seen a sharp
surge of interest in engineering in recent years. A good
number of papers [5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16,
17, 18, 19, 20] have been published. The research and
applications in those papers include, e.g., the following:

(i) chaotic motions in acoustic cavitation [9, 8],
which understandably is important for the detec-
tion of a submarine’s underwater acoustic signa-
ture;

(ii) the development of musical instruments that play
new types of sounds generated by chaotic acous-
tics, along with the corresponding musical notes
for musicians to compose with [7, 17, 18];

(iii) study of sounds made by the vocal cords in the
speech production process has revealed bifurca-
tion and chaotic dynamics that could be used for
personal (voice) identification and health diagno-
sis (for newborn infants from their cries [13]);

(iv) the design of thermoacoustic oscillators as pos-
sible musical instruments playing both ordinary
and chaotic musical notes, and cooling/heating
thermoacoustic engines whose control is achieved
by boundary heating/cooling [17, 18].

Mathematically speaking, the basic model for sound
wave propagation is the linear wave equation. In [1,
2, 3, 4], we have shown that various types of combi-
nations of nonlinear and linear feedback control of the
one-dimensional (1D) linear wave equation can cause
chaotic vibration of the wave equation and, thus, acous-
tic chaos.

In this paper, we study the 1D wave equation
Wep(T,t) —wy(z,t) =0, 0<z<1,t>0, (1)
with initial conditions
w(z,0) = wo(z), we(z,0) =wi(z), 0<z<l, (2)

and boundary feedback control containing a nonlinear-
ity in the following form
we(0,t) + yw(0,t) =0, ~vE€R, t>0; (3)
wy(1,1) = aw(1,t) — pwd(1,t), (4)
0<a<1,8>0,t>0,

at, respectively, x = 0 and x = 1. Note that the left-end
boundary condition (3) signifies either

we(0,t) = —yw(0,t), ¢>0;

i.e., negative proportional (w) feedback to velocity (w;),
or

1
w(0,t) = ——w(0,t), t>0;
Y



i.e., negative velocity (w;) feedback to displacement
(w). And the right-end boundary condition (4) sig-
nifies a van der Pol-type nonlinear feedback of velocity
(w¢) to force (w,) which is self-regulating ([1, 2]). We
want to study the long-term behavior of the solution
w under the control effect. In (1) we have assumed
both the wave speed and the interval to be 1 just for
convenience.

The major technical difficulty in this study is due to the
presence of the displacement w(0,¢) in (3). This is the
first time we are able to successfully treat this situation
involving w(0, t), which constitutes the main thrust of
this paper.

2 Nonlinear Iterative Maps and the
Statements of Main Results
Define
M@QZ%WAL0+WQML (5)
maﬂ:%mAaﬂ—m@Jﬂ (6)

Then (u,v) satisfies the diagonalized first-order hyper-
bolic system

0 {u(m, t)} 7

ot |v(z.1)
1 0] 9 [u(x,t)
[0 4}%[1;(3:,75)]’ O<ax<l, t>0,

and the method of characteristics can be applied. The
boundary conditions (3) and (4) lead to, respectively,
the following reflection relations

v@@+7£U@@®ZU@@ (8)

t
+7/ u(0, 8)ds + yw(0,0), t > 0;
0

Blu(lt) = oL P + (1 - a)fu(l,t) —v(1,5)]  (9)
+20(1,t) =0, t>0.

To study eq. (9), we define a nonlinear map
F: v—u=F(v)

where for each given v € R, u € R is the unique real
solution of the cubic equation

Blu—v)* + (1 —a)(u—v) +2v=0. (10)
Using F', we now define a map
F: X = C([0,1]) x C(]0,1]) x R — X;;

F(fo,90,0a0) = (f1,91,01);
fo, f1,90,91 € C([0,1]); ag,a1 € R,

where

fi(z) = F(go(1 — ),
g1(z) = fo(1 — x) +ve 7177 . qq,

a1 =e Tag.

We also define the projection operators P, Py: X —
C([0,1]) by

Pi(fo,90,a0) = fo, P2(fo,90,a0) = go, (11)
for  (fo,90,0a0) € X.

Upon using the method of characteristics, the solution
(u,v) of (7) can be expressed explicitly as follows: for
given (x,t),x € [0,1],¢t > 0, write t = n + 7, where
neN={0,1,2,...},0< 7 < 1. Then

Pyo Frtl(ug(l + 2 — 1),
Uo(].-l—(E—T),U(0,0)),
ifx <,
Py o F{uo(z — 1),
’UO(J" —T),w(0,0)),
ifx >
Py o F™(up(x + 1),
’UQ(J)—FT),U)(0,0)),
ife+717<1,
u(a:,t) = P, O]:'nJrl(uO(x 47— 1)7 (13)
Uo((E-i—T— 1),w(0,0)),
ife4+72>1,

where in (12) and (13), F* denotes the k-times iterative
composition F o Fo---oF of the map F (rather than
the kth power of F) for k = n and n+ 1. Therefore, we
see that the long-term behavior of (u,v) is completely
determined by that of the iterates 7™ as n — oco. How-
ever, we can further reduce the order of F as follows.
Let

(Uny Uy an) = F(Up—1,Vn-1,an-1), forn=1,2,... .
Then
un(z) = F(vp-1(1 — 1)),
Un(x) = tup_1(1 —x) + 'ye*”(l*"”),

an=¢ Yay_1. (14)
From (14) we obtain

'U/n(x) = F(un—Q(l‘) + ’Yeivman—Q)v

an =e Da,_o, forn>2. (15)
From (15), we obtain also
() = un—1(z) + 'ye*“’(l*z)an,l, forn > 1.

Therefore, it is sufficient to study the iterates of the
following reduced-order map

F: X=C([0,1)) xR — X, (16)
ﬁ(foﬂlo) = (flaal)a (17)



where

fi(x) = F(fo(z) +ve ™ag), a1 =e ag. (18)

Our major theorems can now be stated below.

Theorem 1. Assume that v < 0. Let (yp,an) =
F™(yo,a0) € X. Then

(i) if ag < 0, then a, — —o0, Supy, — —+00, as
[0.,1]
n — 00.

(i) if ap > 0, then a, — 400, inf] Yn — —O00, as
0,1

n — oo,
(iii) if ap = 0, then a, = 0 for alln =1,2,..., and
for each x € (0,1),

one of the following three cases will hold:

(a) nlLH;O yn(x) =0; (b) nhHH;o y2n+1(x) = Up,

lim yon(z) = —vp;
n—oo

(c) lm yoni1(x) = —vp, Iim yon(x) = vp,
n—odo n—o0

where v, > 0 is the unique (period-2) point of F such
that F(vp) = —vp, F(—vp) = vp. a

Theorem 2. Assume that v > 0. Let (yp,an) =
F™(yo,a0) € X. Then

(i) if ag = 0, then the conclusion of case (iii) in The-
orem 1 remains valid.

(i) if ap # 0, then lim a, = 0 and there is a constant
n—oo

B > 0 depending only on « and 3 in (4) such that
lynlloqoyy < B,  Vn>N,

for some N sufficiently large. O

3 Proof of Theorem 1

First, we recall the profile and certain properties of the
nonlinear map F. The graph of F' is given in Fig. 1.

u=F(v)

u=v
F(v: )
-V 0 Vg VO
Ve v

F(v )

Fig. 1 The graph of the nonlinear map F' defined from
(10). F is an odd function with 3 intercepts: —uvy,0
and vg. There are two local extremal points v, and v} .
Here we have used o = 0.5 and § = 1.

Let us list the key properties of F' that will be used in
this paper:

(Py) F is an odd function: F(—z) = —F(z), for all
zeR
(P2) F has 3 z-axis intercepts: —vg, 0 and vp;

(P3) F has a positive local maximum at v, and a neg-
ative local minimum at v}; v = —v

(P4) F(UC) > —0;

(Ps) F(z) > z for € (—00,0) and = > F(x) for
x € (0,00);

c

(Pg) 0 < F'(z) < 1forall z € (—oo,v, ) U (vl 00);

(P7) For any u > v,

Similarly, for any v < v,

0<m, = min F'(z)=F(u) <1l

z€(—oo,u)

The verification of (P1)—(P7) above may be found in

[1].

From the reduced order map F in (16), let us fix our
attention at a given point xzg € [0,1] and consider a
2 x 2 iterative map Fg,:

(y"JFl’ a’n+1) = fzo (ynv an) = (yn + f)/e—’yxoanv 6_270:71)
for any (yn,an) € R, n=0,1,2,... .

This map .7?53O is obviously related to F by being the
pointwise evaluation of F at xo. By abuse of notation,
we still write Fy, as F.



Let ap < 0, and yp € R. Note that v < 0. If we can
show that

lim y, = oo,
n—oo

then (i) will be established. We proceed in two steps in
the following.

(i) We show that there exists an integer Ny > 0 such
that yn, € (—vo, 00).

We write b = ye 70 < 0. If yo € (—vg,00), then
just take No = 0. Otherwise yg € (—o0, —vg]. If y,, ¢
(—o0, —wp] for all n = 1,2,..., then we will show a
contradiction. Define

No = [7_1? —
m_, bag

—wg

+1; cf. (Pr) for mZ,;  [r]

denotes the integral part of a given real number 7.

Then because —vo — yo > 0, m_, bag > 0, we have

Ny > 1. It follows that

F(yNO*l + baNofl)
F(yno—1) + F'(Enp—1)ban,—1

( Eno-1 € (yNo—layNo—l +bany-1) € (Yo, —vo) )
> F(yny—1) + ObaNoq
> F(yng—2) + mZ, ban,—2 +m”—, ban, 1
> F(yng—2) +2m_, ban, 2
> F(yo) + Nom_,, bag
> Yo + Nom:vobao > —, (19)

which is a contradiction.

(ii) Now, we prove that if yo € (—vg, ), ag < 0, then

Yn — OO0 aS N — 0Q.

Since F' is continuous, F'(vg) = 0 and F'(c0) = oo, there
is a v1 € (vg,00) such that F(v) = vg. It is clear that
if yo € (—vg,0), then y, € [F(vg),o0] for n > 1, by
(P4). Because a,, increases exponentially in magnitude
with n, there is an integer N > 1 such that

F(vl) +bax > v1.

We claim that yny; > 0 for ¢ > 1. This will be done
by induction on . When i = 1,

yn+1 = F(yn +ban)
> F(F(v]) +bay)
since F is increasing on [v], c0)
and yy € (F(v}),00))
> F(vy) = v > 0.

Assume that when i < k, the statement that yyyx > 0
is valid. Then

= F(yntx + ban+x)
(F(v]) + bay)
(v1) = v > 0.

YN+Ek+1

F
F

IV v

Therefore yny4; >0 for alli=1,2,....

Now, we have

=F(ynti +bantit1)
> F(bantiy1)

YN+i+1

Since bay 441 — 00 as i — oo and due to the fact that
F is increasing on (v.,o0) and F(z) — oo as & — o0,
we have ynyiit1 — oo as ¢ — oo. Therefore (i) has
been proved. The proof of (ii) is the same as (i). We
now consider (iii), where ag = 0. This implies a,, = 0
for all n = 1,2,... . Therefore the iteration becomes
Yn+1 = F(yn), the same as in that in [1]. Since F has
only one fixed point = 0 (which is repelling) and two
periodic points, v, and —v,, of period two (which are
attracting), and no other periodic points, we see that
(iii) follows immediately. O

4 Proof of Theorem 2

Throughout this section, v > 0. The case ap = 0 is
easy. So let us consider only the case ag # 0. We may
assume that ag > 0 because the case ag < 0 may be
treated by using the oddness of the map F. We now
show that we may choose B = vy in the statement of
Theorem 2 and make it valid.

By (Ps), we have 1 — F’(x) > 0 for x € [vo,
fore

00). There-

G(z) = x — F(x) is strictly increasing on
[vo, 00); implying
x— F(x) >vg — F(vg) = wo, forall z > wvg.  (20)

Because a,, decreases exponentially with n, we can find
an integer N1 > 0 such that

0 < ba, < min (%),UO — F(vc_)) , for all n > Ny.
(21)

Using (P3) and applying the mean value theorem just
as in (19), we can establish that

for yo € [—vo,v0], we have yn, € [-M,M]  (22)
where M = max{F(v; ), vy + Nibag}. (23)

Because N; in (23) is an arbitrary positive integer, any
M > 0 sufficiently large will make (22) work.



We can now show the following;:

Claim: Let M > 0 be given and yo € [-M,M]. If
0 < bag < min (%, vo — F(v;)), then y,, € [—vg, vo] for
alln > N.

Proof of Claim: It is clear that once y,, € [—vo, vo]
for some positive integer ng > Ny, then y,, € [—vo, vo)
for n > ng because
F(v,)= max F(z)and
z€[—wo,v0]

F(v, )+ ban, < vy, by (21).

Set N = [%} + 1. We want to prove that if yg = M,

then y, € [—vo,vg] for n > N. Assume the contrary.
Then yj ¢ [—vo,vo] for & = 0,..., N due to the fact
established in the preceding paragraph. Thus y > vg
for k=0,...,N, since it is clear that yi ¢ (—o0, —v)
for k=0,...,N, if ag is sufficiently small (without loss
of generality). Now,

yn = F(yn—1+ban—_1)
= F(yn-1) + F'(€n-1)ban—1
(n-1€ (yn—1,yn—1 +ban_1))
< F(yn-1) +ban_1
( F'(6n-1) <1by (Pg) )
v
< F(yn-1) +bao < F(yn-1) + ?O
(by assumption of the Claim)

Vo
<YN-1—v + =

2
(because yn_1 € (vg,00) and (21))
- _ %
=YN-1 B)

U
<yN_2__0.2<...
2
U,

<y0—?O-N

—m-2 ({%] +1> <0,
2 Vg
contradicting yny > vg. So the Claim has been verified.
Similarly, if yo = —M, then y,, € [—vg, vg] for n > N.
Therefore, we have justified the claim.

The rest of the proof is easy. For any yo € R, through
N; iterations for Nj sufficiently large satisfying (22),
there are two possibilities:

(1) yn, € [—vo,v0]; (1) yn, € (—o0, —vg) U (vg, 00).

In case (i), we may apply the Claim directly. In case
(ii), we set M = |yn,|- Then by the Claim, there is
an ng > 0 such that y, € [—vg,vo] for n > ng. Thus
|yn| < vg = By for n > ng. O
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