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Abstract

We study the local feedback stabilization of Hopf bifur-
cations for nonlinear systems of in�nite-dimensions in
the case where the linearized vector �eld has a pair of
simple nonzero imaginary eigenvalues and all its other
eigenvalues lie strictly in the left half-plane. Through
discussing the normal form of nonlinear systems ob-
tained by the integral averaging method, we discuss
some conditions for controlling the stability of the sys-
tems, provided that the critical modes are uncontrol-
lable. As an example, we apply the obtained results to
the control of axial 
ow compressor model.

Key words: Nonlinear systems; Hopf bifurcation; In-
tegral Averaging; Stabilization.

1 Introduction

Bifurcation phenomenon is one of the inherent behav-
iors of nonlinear systems and is of great physical in-
terest ([11], [12], [20], [21]). Hopf bifurcation is an ex-
tremely important nonlinear behavior whose systems
can be relevant in \describing" nature ([20]). It re-
sults from that the system has (linearized) modes with
zero real part (called critical modes) and no unstable
modes. In such a case, linear theory is inadequate for
discussing the stability of the system. In the case of
critical modes of the nonlinear system are uncontrol-
lable, the exact controllability does not hold, and thus
classical results of uniform feedback stabilization can
no longer be applied.

The study of feedback stabilization of Hopf bifurca-
tion control for �nite-dimensional nonlinear systems
was �rst seen in 1986, which was carried out by Abed
and Fu ([1]) in which the linearizations of general non-
linear systems have a pair of simple, nonzero imaginary
eigenvalues. Abed and Fu also discussed the station-
ary bifurcation, in which the critical linearized system
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possesses a simple zero eigenvalue ([2]). By applying
the projection method (see [9]), Abed and Fu proposed
a stabilizing feedback control by calculating the Lya-
punov coe�cient.Colonius and Kliemann considered
the stabilization of one dimensional control systems
[6]. Using normal form of nonlinear systems, Kang de-
veloped the analysis and control design algorithm for
systems with one uncontrollable mode. [14]-[16]. Gu,
Chen, Sparks, and Banda studied the bifurcation stabi-
lization using output feedback where observability as-
sumption is not necessary [13]. Wang and Murray stud-
ied the feedback stabilization of steady-state and Hopf
bifurcations with multi-input case [25]. Zaslavsky in-
vestigated the feedback stabilization of connected non-
linear oscillators with uncontrollable linearization [27].

For in�nite-dimensional nonlinear systems, the study
of feedback stabilization of bifurcation control has not
been seen yet, though in�nite-dimensional models may
represent the dynamics of physical systems more ac-
curately than their �nite-dimensional approximates in
many practical systems. The major mathematical chal-
lenge is that the picture of the classi�cation of all pos-
sible bifurcation diagrams is incomplete although there
are several outstanding results concerning local bifur-
cations of codim 1 and 2 in in�nite dimensions ([7],
[18]). This is indeed the case even in higher �nite-
dimensions. For Hopf bifurcation only, the picture is
relatively simple: there are totally three cases of Hopf
bifurcation which are supercritical, subcritical, and de-
generate ([20], [18]). All three cases are of great phys-
ical interest([8]). The supercritical case, for example,
can describe the �rst stage of transition to turbulence
in 
uids as postulated by Landau [19], and the sub-
critical case occurs for 
ows that exhibit an immediate
transition behavior [20].

2 Statement of the Problem

Let X;Y be Hilbert spaces with Y ,! X , where \,!"
denotes the continuous dense injection. We consider an



abstract evolution system

dx

dt
= A(�)x + f�(x; u); (2.1)

where state x 2 X , � is a real parameter, A(�) is the
in�nitesimal generator of an analytic semigroup on X
for each � in a neighborhood of the origin

f� : Y � U ! X

is a smooth function depending on the parameter �
with f�(0; 0) = 0. Thus we may write f� as

f�(x; u) = f (0)� (x) + f (1)� (x; u) (2.2)

where f
(0)
� (0) = 0 and f

(1)
� (x; 0) = 0. A particular

example is a parabolic control system of the form

@x

@t
= D�x+M(�)x+ F� (�;x; u(x)) ;

� 2 
 = smooth, open, bounded set in Rn;

x = 0 for � 2 @
:
In this case A(�) = D�+M(�), where D is a positive
diagonal matrix and M(�) is a parameter-dependent
matrix, and choices of X , Y would possibly be H2

0 (
),
L2(
) or C2+�

0 (
), C�(
).

Under the further assumptions that A(0) is the in-
�nitesimal generator of analytic semigroup and A(0)
has only a pair of simple, nonzero imaginary eigenval-
ues, Crandall and Rabinowitz had shown an in�nite-
dimensional version of Hopf bifurcation theorem which
guarantees the bifurcation of a family of time periodic
solutions of an evolution equation from a family of equi-
librium solutions by directly using the implicit function
theorem ([7]) in the case of u(x) � 0. Almost at the
same time Chow and Mallet-Paret proved the similar
result by using integral averaging method under the as-
sumption that there exists a center manifold through
the origin ([5]). The basic idea is to decompose the
equation into three coupled equations which are equa-
tions for the amplitude r, the phase angle �, and the
stable part x2. The series of coordinate changes, which
is computable, decouples the r equation up to a certain
order in r. One of the advantage to use integral aver-
aging method is that system (2.1) can be transformed
into a normal form (called averaged system) through a
coordinate change, and the normal form not only can
provide the information of the type of bifurcation but
also can provide the structure information how the bi-
furcation forms, which is very useful for the controller
design. We will elaborate it next.

3 Integral Average Method

Let us assume that A(0) has only a pair of simple,
nonzero imaginary eigenvalues (instead of �nite many)

and the spectrum of A(0) is assumed to lie a positive
distance from the imaginary axis except for the pair of
nonzero imaginary eigenvalues. According to ([24]) we
have the spectral decomposition

X = Z �Q or X = Z(�)�Q(�) when � is near 0

where Z is the two-dimensional eigenspace of A(0) cor-
responding to the simple, nonzero imaginary eigenval-
ues. LetQ1 = Q\Y , then (2.1) admits a decomposition

x = x1 + x2 2 Z �Q1 = Y;

_x = x1 + x2 2 Z �Q = X:

Let P : X ! Z be the projection de�ned by the direct
sum, and let

f�1(x1; x2; �) = Pf�(x1 + x2; u(x1 + x2))
f�2(x1; x2) = (I � P )f�(x1 + x2; u(x1 + x2))

System (2.1) can be written as

_x1 = AZ(�)x1 + f�1(x1; x2)
_x2 = AQx2 + f�2(x1; x2)

(3.3)

Without lose of generality, we can assume that when
� = 0 system (2.1) has the form

_x1 = AZ(0)x1
_x2 = AQx2

(3.4)

Thus the linearized equation of (2.1) is given by

_x1 = AZ(�)x1 + �E(�)x2
_x2 = AQx2 + �H(�)x1 + �M(�)x2

(3.5)

Where E(�) 2 L(Q;Z), H(�) 2 L(Z;Q), and M(�) 2
L(Q;Q). Since f� is su�ciently smooth, we can expand
the (2.1) as follows:

_x1 = B0(x2; �) +B1(x2; �)x1 +B2(x2; �)x
2
1 + : : : ;

_x2 = �0(x1; �) + �1(x1; �)x2 + �2(x1; �)x
2
2 + : : : :

where Bi(x2; �) and �i(x1; �) are the bounded sym-

metric i-linear operators [17]. Then we can assume
that

B0(x2; �) = �E(�)x2 + F (x2; �)x
2
2;

B1(x2; �) = AZ(�) +G(x2; �)x2;

�0(x1; �) = �H(�)x1 + J(x1; �)x
2
1;

�1(x1; �) = AQ + �M(�) +N(x1; �)x1;

where for �xed x2 2 Q, F (x2; �) : Q � Q ! Z is
the bounded symmetric 2-linear operator, G(x2; �)x2 2
L(Q;Z), J(x1; �) : Z � Z ! Q is the bounded sym-
metric 2-linear operator, and N(x1; �)x1 2 L(Z;Q).

Let T (t) denote the C0 semigroup generated by A(0)
and S(t) be the restriction of T (t) onQ. Assume thatQ



is S(t)-invariant, eAQt = S(t), and there exist positive
constants M and � such that

kS(t)k �Me��t; t � 0:

Then according to ([4]) or ([20]), there exists a (lo-
cal) center manifold � : x2 = h(x1; �) 2 Y through
the origin, and tangent to the (x1; �) space. Let
x1 = (r cos �; r sin �). Then the dynamics takes the
form

_r = [�E1(�; �)x2 + F1(�; x2; �)x
2
2]

+r[�+G2(�; x2; �)x2] (3.6)

+r2C3(�; x2; �) + r3C4(�; x2; �) + : : : ;

_� =
1

r
[�Ê1(�; �)x2 + F̂1(�; x2; �)x

2
2]

+[!(�) + Ĝ2(�; x2; �)x2]
+rD3(�; x2; �) + r2D4(�; x2; �) + : : : ;

_x2 = �0(r; �; �) + �1(r; �; �)x2 + �2(r; �; �)x
2
2

+�3(r; �; �)x
3
2 + : : : (3.7)

where E1; Ê1; F1; F̂1; G1; Ĝ1 are operators which are
computed from E;F;G on appropriate spaces and
C3; C4; D3; D4 are real-value functions. Scale above
equations by

r ! �r; x2 ! �x2; �! ��

we have

_r = �[�r + r2C3(�; �x2; ��) + �E1(�; ��)x2
+F1(�; �x2; ��)x

2
2 + rG2(�; �x2; ��)x2]

+�2r3C4(�; �x2; ��) +O(�3);
(3.8)

_� = !0 + �[�!0(0) + rD3(�; �x2; ��)

+�
r
Ê1(�; ��)x2 +

1
r
F̂1(�; �x2; ��)x

2
2

+Ĝ2(�; �x2; ��)x2] +O(�2);

(3.9)

_x2 = AQx2 + �[�H(��)x1 + J(�x1; ��)x
2
1

+�M(��)x2 +N(�x1; ��)x1x2
+�2(�x1; ��)x

2
2] +O(�2):

(3.10)

Using the following coordinate transformation

r = r + ��1(r; �; �; �) + �w(r; �; �; �)x2 + �2�2(r; �; �; �)

where �1, �2 are scalar functions which have been cho-
sen so that the �-term and �2-term can be killed, and
w(r; �; �; �) = rŵ(�) 2 Q�

1 (Q�
1 is the dual space of Q1)

satis�es

G2(�; 0; 0) + dŵ(�)=d�!0 + ŵ(�)AQ = 0; (3.11)

system (2.1) can then be transformed into the averaged
system of the form

_r = ��r + �2�r3 +O(�3); (3.12)
_� = !0 +O(�); (3.13)

_x2 = AQx2 +O(�); (3.14)

where � := �1 + �2 and

�1 =
1
2�

R 2�
0

h
C4(�; 0; 0)� 1

!0
C3(�; 0; 0)D3(�; 0; 0)

i
d�

�2 =
1
2�

R 2�
0
ŵ(�)J(0; 0)(cos �; sin �)2d�:

All periodic solutions of (2.1) bifurcating from the ori-
gin and � = 0 can be obtained from (3.12)-(3.14).

4 Feedback Control of Hopf Bifurcations

Theorem 1. Suppose that when u(x) � 0, � 6= 0.
Then the necessary condition for controlling the stabil-

ity of system (2.1) through the term (I �P )f (1)� (x; u)u
is G2(�; 0; 0) 6= 0, where G1 appears in (3.6).

Theorem 2. Suppose that

Pf (1)� (x1 + x2; u) = �4(x2; u)x
4
1 + �5(x2; u)x

5
1 + � � �(4.15)

and G2(�; 0; 0) 6= 0. If there exists a function v 2 U
such that

1. f
(1)
� (x1; u) = F�(x1)x21, where F� : Z � Z ! Q

is a bounded symmetric linear operator,

2.
R 2�
0 ŵ(�)F0(0)(cos �; sin �)

2d� 6= 0.

then there exists a control function u = cv which can
determine the stability of the system (2.1) by choos-
ing approbate scalar c. Furthermore if we assume
Re�0(0) = � and let

�3 =
1

2�

Z 2�

0

ŵ(�)F0(0)(cos �; sin �)
2d� (4.16)

and � = �1+�2+�3, then the radius r0 of the periodic
solution is about

r0 �
r����

�

���: (4.17)

Let us consider the following simple example: let x1 =
(x11; x12) and

_x11 = �x11 � x12 + x11x2 + x11(x
2
11 + x212) +O(x1; x2)

4

_x12 = x11 + �x12 + x12x2 + x12(x
2
11 + x212) +O(x1; x2)

4

_x2 = �x2 + (x11 + x12)
2 + u+O(x1; x2; u)

3

where O(x)k stands for homogeneous polynomials of
degree k in x. In this case G2 = !0 = ŵ = 1 and
J(x1) = (1; 1; 1; 1). When u � 0, a direct calculation
yields �1 = �2 = 1, and thus the above system has the
averaged normal form:

_r = ��r + 2�2r3 +O(�3)
_� = 1 +O(�)
_x3 = �x3 +O(�)



which indicates that the system undergoes the subcrit-
ical Hopf bifurcation at � = 0. For small �, the radius

of the bifurcating periodic solution is about
q

j�j
2 . If

we let u = c(x1 + x2)
2, then we have �3 = c, hence

� = c+ 2. If we choose c < �2 then the bifurcation is
supercritical and the radius of the bifurcating periodic

solution is near
q
j �
c+2 j.

5 Application to the analysis of axial 
ow

compressor model

Problems of compressor instability have been of con-
cern to aircraft engine designers for two decades be-
cause the engine performance is e�ectively reduced by
rotating stall and surge. Rotating stall, which corre-
sponds to a traveling wave of gas around the annu-
lus of the compressor, occurs when a nonaxisymmet-
ric 
ow disturbance develops (around the annulus of
the rotor) and causes drastic reduction in the perfor-
mance of the compressor. As rotating stall develops,
axisymmetric oscillations across the compression sys-
tem, known as surge, occur. Surge is a low-frequency,
large-amplitude oscillation of the mean 
ow rate in the
compressor which induces high blade, causing stress
levels and possible reverse 
ow which a�ects 
ow con-
ditions throughout the entire compression system.

The following are pressure-balance equations of a com-
pression system, called the Moore-Greitzer model,
which describes the behavior of the axial 
ow compres-
sion system and whose derivation can be found in [22]:

lc
d�

dt
= �	(t) + 1

2�

Z 2�

0

 c(�� �0�
��
�=0

)d� (5.18)

lc
d	

dt
=

1

4B2
(�(t)��T ) (5.19)

Here, the subscripts t; �; � denote partial di�erentia-
tion; �0 denotes the upstream disturbance velocity;
� is the annulus-averaged axial 
ow coe�cient; 	 is
the annulus-averaged total-to-static pressure rise co-
e�cient; t is the dimensionless time variable;  c is
the characteristic function of the compressor; B is the
plenum/compressor volume ratio, which is called Gre-
itzer B-parameter; m is the duct parameter; a is the
internal compressor lag; � is the circumferential angle
around the compressor annulus; � > 0 is the viscous
coe�cient; and �T is the throttle characteristic, which
controls the dimensionless mass 
ow through the throt-
tle.

Under the assumption that the velocity �eld is unper-
turbed at the entrance, the upstream disturbance ve-
locity �0 satis�es Laplace's equation:

�0�� + �0�� = 0; (�; �) 2 [0; 2�]� (�1; 0): (5.20)

The boundary conditions are periodic in �, and at � = 0

@
@t
(m�0 + 1

a
�0�)�

�
 c(� + �0�)

� 1
2�

R 2�
0

 c(� + �0�)d� � 1
2a�

0
�� +

�
2�

0
���

�
= 0

(5.21)

and when � = �1
�0 = 0 (5.22)

which provides the expression for the pressure rise be-
tween the upstream reservoir and the exit duct dis-
charge. Equation (5.18) is obtained by computing the
circumferential mean of boundary condition (5.21) and
describes the change of the mass 
ow through the com-
pressor. Equation (5.19) accounts for dynamic pres-
sure changes downstream the compressor exit, in the
plenum and across the throttle. The compressor char-
acteristic has the cubic form:

 c(�) = a0 + a1�+ a2�
2 + a3�

3: (5.23)

The throttle characteristic is given by �T (	) = �
p
	.

Let _L2(0; 2�) be the space of all square integrable
2�-periodic functions with zero average. If we de-
�ne the 
ow disturbance at the compressor face to be
g := �0� j�=0, then it can be written as

g(t; �) =
X

n2Znf0g

�n(t)e
jnj�+in�

���
�=0

where �n = n~�n. Next we introduce a linear operator
K : _L2(0; 2�)! _L2(0; 2�) by

K(�) =
X

n2Znf0g

�
1 +

am

jnj
	
~�ne

in�

for any � =
P

n2Znf0g
~�ne

in� 2 _L2(0; 2�). Clearly,
K is a positive de�nite, self-adjoint linear operator on
_L2(0; 2�). Thus

< �; >K :=< �;K >L2(0;2�)

de�nes an equivalent inner product on _L2(0; 2�), and
we denote by _L2

K(0; 2�) the space which consists of
elements of _L2(0; 2�) with inner product < �; � >K .
Let X = L2

K(0; 2�)�R�R, with inner product

< x1; x2 >= a�1 < g1; g2 > _L2

K
(0;2�)

+lc�1�2 + (4lcB
2)	1	2 (5.24)

where xi = (gi;�i;	i) 2 X; i = 1; 2, and let the norm
on this space be de�ned by kxk := p

< x; x > for x 2
X . Let xe = fge; �e;  eg be an equilibrium point of
(5.25) with ge = 0;  e =  c(�e) and

f�(g;�;	) =

2
4 aK�1( c(	 + g)�  c)

1
lc
( c �	)

1
4lcB2 (���T )

3
5 ;



where

 c =
1

2�

Z 2�

0

 c(� + g)d�

If we introduce the linear operator A:

A(�) =

2
64
K�1

�
�
2
@2

@�2
� 1

2
@
@�

�
0 0

0 0 0
0 0 0

3
75

D(A) =
n
x 2 X

�� @g
@�
;
@2g

@�2
2 _L2

K(0; 2�) and

g(0) = g(2�) where x = (g;�;	) 2 X
o

and then the compressor model can be written as an
evolution equation on X as follows:

dx

dt
= A(�)x+ f�(x): (5.25)

The A(�) + dfxe(�) has a pair of complex conjugate
eigenvalues �(�) and �(�) such that

Re �0(�c) < 0; Re �(�c) = 0; Im �(�c) 6= 0;

By using the integral averaging method, system (5.25)
undergoes subcritical Hopf bifurcation as � is reduced
to a critical value � = �c (see [26]), so there is a hys-
teresis e�ect in recovering from rotating stall. This an-
alytic result matches the observed behavior obtained
through experiments. The averaged system of (5.25)
has been found with � = �1 + �2, where

�1 = �3�a3
4

; �2 = �3�(2 + am) 00c (�e(�c))

4[(2 + am)2 + 9�2]

and a3 < 0. The radius r0 of the (unstable) periodic
solution is

r0 �
r����

�

��� =
r��� �

�1 + �2

���
where

� :=
a

1 + am
 00c (�e(
c))�

0
e(
c):

Next we consider the throttle feedback control:

�T (	; g) :=

�
�+

c

�

Z 2�

0

g2(�)d�

�p
	: (5.26)

In this case

f (1)� (x; u) =

2
4 0

0
c
�

R 2�
0

g2(�)d�
p
	

3
5 (5.27)

and

f (1)� (x1; u) =

2
4 0

0
c
�

R 2�
0

(s1 cos � + s2 sin �)
2d�

p
 e

3
5

= c
p
 e

2
4 0 0 0 0

0 0 0 0
1 0 0 1

3
5� s1

s2

�2

Now we need to solve the following equation:

G2(�; 0; 
c) +
1

2
(w�)0(�) + w�(�)AQ(0) = 0: (5.28)

Assume

G2(�; 0; 
c) =

1X
n=�1

gne
in� ; gn 2 (V ?)�;

where gn 2 (V ?)�, V = spanfcos �; sin �g. By expand-
ing w�(�) as a Fourier series

w�(�) =

1X
n=�1

wne
in� ;

inserting this into Eq.(5.28) and equating coe�cients,
we arrive at

wn = �gn(AQ(�c) + in

2
)�1:

We then have

�3 =
c
p
 e

2�

Z 2�

0

w�(�)

2
4 0 0 0 0

0 0 0 0
1 0 0 1

3
5� cos �

sin �

�2
d�

=
c
p
 e

2�

Z 2�

0

w0(�)

2
4 0 0 0 0

0 0 0 0
1 0 0 1

3
5� cos �

sin �

�2
d�:

Since w0 = g0A
�1
Q (�c), we next determine the linear

functional g0. Note that for any v = [v1; v2; v3]
T 2 V ?,

G2(�; 0; 
c)v =  00c (�e(
c))[

Z 2�

0

(v1 + v2) cos
2 �d� cos2 �

+2

Z 2�

0

(v1 + v2) cos � sin �d� sin � cos �

+

Z 2�

0

(v1 + v2) sin
2 �d� sin2 �]

=  00c (�e(
c))

Z 2�

0

(v1 + v2) cos
2(� � �)d�:

Clearly, for all [v1; v2; v3]
T 2 V ?

g0

2
4 v1
v2
v3

3
5 =

1

2�

Z 2�

0

G2(�; 0; 
c)

2
4 v1
v2
v3

3
5 d�

=
 00c (�e(
c))

2�

Z 2�

0

Z 2�

0

(v1 + v2) cos
2(� � �)d�d�

and

A�1
Q (�c)

2
4 0

0p
 e

3
5



= 4l2cB
2

�
1� �c

2
p
 c

��1

2
664

0p
 c

lc
 0

c(�e)
p
 e

lc

3
775 :

Therefore we have

g0A
�1
Q (�c)

2
4 0

0p
 e

3
5 = 4�lcB

2

�
1� �c

2
p
 c

��1p
 e

and

�3 = �4c 00c (�e(
c))�lcB2

�
1� �c

2
p
 c

��1

 e (5.29)

Choose c such that � = �1 + �2 + �3 < 0, then the
feedback throttle control (5.30) can stabilize the system
(2.1).

Theorem 3. The feedback controller

�T (	; g) :=

�
�+

c

�

Z 2�

0

g2(�)d�

�p
	: (5.30)

stabilizes the compression system (5.25) locally by
choosing appropriate c. That is, it can change the
Hopf bifurcation from subcritical to supercritical. The
radius of the periodic solution can be controlled by c,
given by

r0 �
r����

�

��� =
r��� �

�1 + �2 + �3

���
where

� :=
a

1 + am
 00c (�e(
c))�

0
e(
c):
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