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Devwudfw

Lq wklv sdshu/ wkh frqwuro ri wkh dpsolwxgh ri wkh rvflood0

wlrqv lq dq xqghudfwxdwhg phfkdqlfdo v|vwhp lv wuhdwhg1

Wzr gl�huhqw surfhgxuhv iru wkh ghvljq ri wkh frqwuroohu

duh sursrvhg1 Rqh lv edvhg rq Krsi elixufdwlrq wkh0

ru|/ dqg wkh rwkhu lv ghulyhg iurp frqvlghudwlrqv derxw

wkh v|vwhp*v hqhuj|1 Wkh shuirupdqfh ri wkh ghvljqhg

frqwuroohuv lv dqdo|}hg yld qxphulfdo vlpxodwlrqv1 H{0

shulphqwdo uhvxowv iru wkh hqhuj|0edvhg odz duh dovr lq0

foxghg1

4 Lqwurgxfwlrq

Wkh frqwuro ri rvfloodwru| phfkdqlfdo v|vwhpv kdv uh0

fhlyhg juhdw dwwhqwlrq iru pdq| |hduv/ dulvlqj iurp wkh

rqh olqn shqgxoxp/ xvhg dv d prgho iru qxphurxv sudf0

wlfdo sureohpv/ wr wkh pruh vrsklvwlfdwhg xqghudfwxdwhg

phfkdqlfdo v|vwhpv vxemhfw wr judylwdwlrqdo h�hfwv olnh

Ixuxwd*v shqgxoxp ^4`/ wkh shqgxoxp lq wkh fduw ^5`/

wkh Dfurerw ^6`/ wkh q0olqn shqgxoxp ^7`1 Doo wkhvh v|v0

whpv duh yduldwlrqv ri wkh fodvvlfdo shqgxoxp ohdglqj

wr prghov ri gl�huhqw frpsoh{lwlhv1 Rqh ri wkh pdlq lv0

vxhv/ frpprq wr doo ri wkhp/ lv wkh vwdelol}dwlrq ri wkh

v|vwhp durxqg rqh ri lwv xqvwdeoh htxloleulxp srlqwv1

Dowkrxjk wkhuh duh pdq| dssurdfkhv wr shuirup wklv

wdvn/ rqh frpprq zd| wr uhdfk wkh xqvwdeoh htxlole0

ulxp srlqw lv wr vzlqj wkh shqgxoxp xqwlo lw sdvvhv

qhdu wkh wdujhw srlqw vzlwfklqj wkhq wr d olqhdu vwdel0

ol}lqj frqwuroohu1 Wklv dssurdfk lv vwloo dssolfdeoh zkhq

wkh dfwxdwruv kdyh lqvx�flhqw srzhu/ dqg vzlqjlqj lv

wkh rqo| zd| wr uhdfk wkh xqvwdeoh rshudwlqj srlqw

^8`1 Pruhryhu/ lq pdq| sudfwlfdo fdvhv/ vxfk dv wkrvh

zlwk uhvwulfwhg srzhu dfwxdwruv wkdw suhfoxgh odujh gr0

pdlqv ri dwwudfwlrq iru wkh olqhdu frqwuroohu/ wkh zd|

lq zklfk wkh shqgxoxp dssurdfkhv wkh wdujhw ehfrphv

fuxfldo/ dqg dffxudwh frqwuro ri wkh rvfloodwlqj ehkdylru

lv pdqgdwru|1

Lq jhqhudo/ wkhvh v|vwhpv duh qrq0dxwrqrprxv1 Krz0

hyhu/ zlwk d frqyhqlhqw ihhgedfn odz wkh| fdq eh

wuhdwhg dv dxwrqrprxv rqhv1 Wkhq/ wkh pdwkhpdwlfdo

iudphzrun ri wkh prvw frpprq phfkdqlvp wr jxdu0

dqwhh d vxvwdlqhg rvfloodwru| ehkdylru lq dxwrqrprxv

����W�,A E�@|�L?@* �L�?U�* Lu 5U�i?|��U +iti@hU� Lu
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+vprrwk, qrqolqhdu v|vwhpv/ wkh Krsi elixufdwlrq wkh0

ruhp/ fdq eh dssolhg1 Xqghu wklv iudphzrun/ wr lqgxfh

vxfk rvfloodwru| ehkdylru lq wklv nlqg ri v|vwhpv/ wkh

gh�qlqj frqglwlrqv iru d Krsi elixufdwlrq srlqw pxvw

eh yhul�hg1 Dowkrxjk wkh Krsi elixufdwlrq phfkdqlvp

lv qrz frpsohwho| xqghuvwrrg/ lwv frqwuro +vwdelol}dwlrq/

fkdqjh ri wkh rvfloodwlrq dpsolwxgh/ dqg vr rq, dqg lwv

dqwl0frqwuro kdyh ehhq sursrvhg ^9043` uhfhqwo|1

Lq wklv sdshu/ wkh fuhdwlrq dqg vwdelol}dwlrq ri dq ruelw

ri ghvluhg dpsolwxgh lq dq xqghudfwxdwhg shqgxoxp lv

dqdo|}hg1 Wzr gl�huhqw surfhgxuhv duh suhvhqwhg1 Wkh

�uvw rqh frqvlvwv lq lqwurgxflqj d Krsi elixufdwlrq yld

wzr gl�huhqw vwdwh ihhgedfn odzv1 Wklv surfhgxuh zdv

suhvhqwhg lq ^44`/ dqg lw lv edvhg rq wkh Krsi elixu0

fdwlrq wkhruhp1 Wkh vhfrqg odz lv edvhg rq hqhuj|0

edodqfh dujxphqwv1 Lw lv suryhg wkdw xvlqj wklv frqwuro

odz wkh forvhg orrs v|vwhp dovr xqghujrhv d Krsi el0

ixufdwlrq1 Erwk phwkrgv duh frpsduhg e| phdqv ri

qxphulfdo vlpxodwlrqv dqg yhul�hg rq dq h{shulphqwdo

shqgxoxp exlow lq rxu oderudwru|1

5 Suholplqdulhv

Frqvlghu wkh xqghudfwxdwhg phfkdqlfdo v|vwhp vkrzq

lq Ilj1 4/ frqvlvwlqj lq d vlpsoh shqgxoxp zlwk dq lqhu0

wld glvn rq lwv iuhh h{wuhph1 Wkh v|vwhp kdv wzr ghjuhhv

ri iuhhgrp= wkh srvlwlrq ri wkh dup +�4, zlwk uhvshfw wr

wkh yhuwlfdo olqh +�4 @ 3 dw wkh uhvw srvlwlrq,/ dqg wkh

srvlwlrq ri wkh glvn +�5, zlwk uhvshfw wr wkh dup1 Wkh

dup mrlqw lv qrw dfwxdwhg/ dqg wkh glvn lv gulyhq e| d

GF prwru1

Wkh htxdwlrqv ri prwlrq ri wkh v|vwhp fdq eh ghulyhg

dsso|lqj wkh Hxohu0Odjudqjh irupdolvp1 Gh�qlqj wkh

vwdwh yduldeohv {4 @ �4/ {5 @ b�4 +dqjxodu yhorflw| ri wkh

dup, dqg {6 @ b�5 +dqjxodu yhorflw| ri wkh glvn uhvshfw

wr wkh dup,/ dqg wkh frqwuro lqsxw x +yrowdjh dssolhg

wr wkh prwru,/ wkh v|vwhp*v g|qdplf lv uhsuhvhqwhg e|

b{4 @ {5

b{5 @ �t4 vlq{4 . t5{6 � t6x +4,

b{6 @ t4 vlq{4 � t5 +4 . �,{6 . t6 +4 . �,x=

Wkh sdudphwhuv tl dqg � duh srvlwlyh frqvwdqwv/ uh0

odwhg wr wkh sk|vlfdo sdudphwhuv ri wkh v|vwhp dv iro0

orzv= t4@j +p4f.p5O, @L4ht> t5@Q
5
nWnI@ +L4htU, >
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Iljxuh 4= Wkh xqghudfwxdwhg shqgxoxp1

t6@QnW@ +L4htU, > �@L4ht@L5> zkhuh L4ht@p4f
5. L4.

p5O
5/ p4 dqg L4 duh wkh pdvv dqg wkh prphqw ri lq0

huwld ri wkh shqgxoxp*v dup/ p5 dqg L5 duh wkh pdvv

dqg wkh prphqw ri lqhuwld ri wkh glvn/ f lv wkh glvwdqfh

iurp wkh slyrw wr wkh fhqwhu ri pdvv ri wkh dup/ O lv wkh

glvwdqfh iurp slyrw wr glvn*v vkdiw/ j lv wkh judylw| df0

fhohudwlrq/ Q lv wkh prwru wr glvn uhgxfwlrq udwlr/ U lv

wkh urwru frlo uhvlvwdqfh/ nW lv wkh wrutxh frqvwdqw dqg

nI lv wkh edfn0hpi frqvwdqw1 Lq wklv prgho wkh iulfwlrq

irufh ri wkh dup ehdulqj kdv ehhq qhjohfwhg1

Wkh frqwuro remhfwlyh lv wkh vwdelol}dwlrq ri dq rvflood0

wlrq ri ghvluhg dpsolwxgh1 Wrzdug wklv hqg wzr gl�huhqw

ghvljq surfhgxuhv duh lqwurgxfhg lq wkh iroorzlqj1

6 Krsi elixufdwlrq0edvhg frqwuro odz

Rqh dssurdfk wr jhqhudwh rvfloodwlrqv rq wkh v|vwhp

lv wr lqwurgxfh d Krsi elixufdwlrq dw wkh htxloleulxp

srlqw {3 @ +3> 3> 3, e| phdqv ri dq dssursuldwh vwdwh

ihhgedfn1 Wkh ghvljq surfhgxuh frqvlvwv lq sursrvlqj

d qrqolqhdu +vprrwk, ihhgedfn odz vxfk wkdw wkh hljhq0

ydoxhv ri wkh olqhdul}hg v|vwhp dw {3 fdq eh uhorfdwhg wr

ixo�oo wkh k|srwkhvhv ri wkh Krsi elixufdwlrq wkhruhp1

Wklv surfhgxuh kdv ehhq suhvhqwhg lq ^44`/ zkhuh wzr

ihhgedfn odzv wkdw uhqghu wkh v|vwhp dxwrqrprxv dqg

wkdw gr qrw fkdqjh wkh htxloleulxp srlqw kdyh ehhq gh0

yhorshg1 Wkhvh frqwuro odzv duh eulh�| uhvxphg ehorz1

614 Fdvh 4

Wkh �uvw frqwuro odz sursrvhg lv

x @ u4 vlq{4 � u5{6 . n5{
6

5
> +5,

zkhuh u4 lv wkh pdlq elixufdwlrq sdudphwhu/ u5A�t5@t6/

dqg n5A31 Wkh ihhgedfn jdlqv u4 dqg u5 doorz wr ydu|0

lqj duwl�fldoo| wkh sk|vlfdo sdudphwhuv uhsuhvhqwhg e|

t4 dqg t51 Wkh whup n5{
6
5 lv dgghg wr frqwuro wkh vwd0

elolw| ri wkh olplw f|foh1 Wkh gh�qlqj frqglwlrqv ri d

Krsi elixufdwlrq rffxuv iru u
f
4
@�t4@ +t6 +4 . �,,/ dqg

wkh vwdelolw| ri wkh hphujlqj olplw f|foh lv hqvxuhg e|

wkh qhjdwlylw| ri wkh �uvw fxuydwxuh lqgh{ +dovr fdoohg

�uvw O|dsxqry frh�flhqw ru fxuydwxuh frh�flhqw,

�4L @ �
6

;

�
5
n5t

5
4
t6

+4 . �. �t4,+�t4 . +4 . �,6+t5 . t6u5,5,
=

Wklv lqgh{ kdv ehhq frpsxwhg xvlqj wkh irupxod lq wkh

vr0fdoohg iuhtxhqf| grpdlq dssurdfk ^45`1

615 Fdvh 5

Wkh vhfrqg ihhgedfn odz lv

x @ n4{5 . n5{
6

5
> +6,

zkhuh n4 lv wkh pdlq elixufdwlrq sdudphwhu dqg n5 A 31

Wklv odz prgl�hv wkh olqhdul}hg v|vwhp e| dgglqj wkh

whup n4{51 Djdlq/ wkh whup n5{
6
5 lv dgghg wr frqwuro wkh

vwdelolw| ri wkh hphujlqj olplw f|foh1 Wkh fulwlfdo ydoxh

ri n4 lv nf
4
@ �t5@t6/ dqg wkh vwdelolw| ri wkh hphujlqj

f|foh lv yhul�hg e| frpsxwlqj wkh �uvw fxuydwxuh lqgh{

�4LL @ �
6

;

n5t
5
4
t6

+4 . t4,+�5t
5
5
. t4,

=

Rq erwk fdvhv/ wr rewdlq dq rvfloodwlrq ri ghvluhg dpsol0

wxgh/ dssursuldwh ydoxhv iru wkh frqwuroohu sdudphwhuv

fdq eh fkrvhq frpsxwlqj wkh frqwlqxdwlrq ri wkh shul0

rglf vroxwlrqv lq whupv ri wkh pdlq elixufdwlrq sdudph0

whu +u4 lq wkh �uvw fdvh/ dqg n4 lq wkh vhfrqg rqh,1 Lq

dgglwlrq/ e| phdqv ri wkh iuhtxhqf| grpdlq dssurdfk

lw lv srvvleoh wr dssur{lpdwh wkh dpsolwxgh dqg wkh iuh0

txhqf| ri wkh olplw f|foh iru jlyhq ydoxhv ri wkh frq0

wuroohu*v sdudphwhuv1

7 Hqhuj|0edvhg frqwuro odz

Lq wklv Vhfwlrq/ d frqwuro odz edvhg rq hqhujhwlf frq0

fhswv lv ghulyhg1 Wkh ghvljq surfhgxuh lv edvhg rq sk|v0

lfdo frqvlghudwlrqv dv lq ^8`/ lqvwhdg ri d uljrurxv surri

edvhg/ iru h{dpsoh/ rq O|dsxqry wkhru|1

Wkh hqhuj| ri wkh v|vwhp +h{fhsw iru d qrupdol}dwlrq

idfwru, lv jlyhq e|

K @
4

5
�{

5

5 . �t4 +4� frv +{4,, .
4

5
+{5 . {6,

5
>

zklfk fdq eh ghfrpsrvhg dv wkh vxp ri dq hqhuj| whup

dvvrfldwhg wr wkh dup ri wkh shqgxoxp +frqvlghulqj wkh

glvn dv d srlqw0pdvv,

Kd @
4

5
�{

5

5
. �t4 +4� frv +{4,, >

dqg d whup dvvrfldwhg wr wkh nlqhwlf hqhuj| ri wkh glvn

Kg @
4

5
{
5

g>
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zkhuh {g @ {5 . {6 lv wkh yhorflw| ri wkh lqhuwld glvn

uhvshfw wr d uhihuhqfh iudph �{hg wr wkh ode1

Ohw {4pd{ eh wkh ghvluhg dpsolwxgh ri rvfloodwlrq/ zklfk

fruuhvsrqgv wr wkh hqhuj| ohyho ri wkh dup

K
� @ �t4 +4� frv +{4pd{,, =

Wkh frqwuro remhfwlyh lv wkdw wkh hqhuj| dvvrfldwhg wr

wkh dup uhdfkhv wkh ghvluhg ohyho +Kd $ K
�, dqg wkh

hqhuj| dvvrfldwhg wr wkh glvn jrhv wr }hur +Kg $ 3,1

Vlqfh wkh glvn srvlwlrq lv wkh rqo| dfwxdwhg yduldeoh/

lqmhfwlqj ru devruelqj hqhuj| iurp wkh v|vwhp fdq eh

grqh rqo| e| ydu|lqj wkh zd| lq zklfk wkh hqhuj| lv

vxssolhg wr wkh glvn/ l1h1 e| ydu|lqj wkh glvn yhorflw| lq

vxfk d zd| wkdw dq hqhuj| wudqvihuhqfh iurp wkh glvn

wr wkh dup gr rffxu1 Wr uhdfk d fhuwdlq hqhuj| ohyho

K
�/ lw lv sursrvhg wr fkdqjh wkh nlqhwlf hqhuj| ri wkh

glvn lq d txdqwlw| htxdo wr �K @ K
�
� Kd= Wkxv zh

vhw Kg @ 4@5 {
5

g
@ m�Km > iurp zklfk wkh glvn yhorflw|

fruuhvsrqglqj wr wklv hqhuj| ohyho fdq e| frpsxwhg

{g @ 	

s
5 m�Km= +7,

Wkh vljq ri wkh +ghvluhg, glvn yhorflw| gh�qhv wzr gli0

ihuhqw ehkdylruv ri wkh v|vwhp1 Lq rqh fdvh/ gxh wr wkh

phfkdqlfdo frxsolqj ehwzhhq wkh glvn dqg wkh dup/ wkh

ghvluhg hqhuj| ohyho K� zloo eh fdswxuhg vroho| e| wkh

glvn/ zlwk wkh dup +lghdoo|, dw wkh uhvw srvlwlrq1 Wkh

vhfrqg fdvh fruuhvsrqgv wr wkh dup vzlqjlqj dw wkh hq0

huj| ohyho K�/ lqwhufkdqjlqj nlqhwlf hqhuj| +Wd, dqg

srwhqwldo hqhuj| +Yd,/ vxfk wkdw K� @ Wd.Yd/ dqg wkh

glvn uhpdlqv zlwk }hur yhorflw| uhvshfw wr d uhihuhqfh

iudph �{hg dw wkh ode1 Lq wklv fdvh wkh glvn dfwv dv
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d srlqw0pdvv/ dqg qr lqhuwldo h�hfwv fdq eh revhuyhg

ehfdxvh wkh glvn yhorflw| lv }hur1

Wkh wudqvihuhqfh ri hqhuj| ehwzhhq wkh glvn dqg wkh

dup rffxuv zkhq wkh glvn vshhg lv ydulhg/ vlqfh wklv df0

fhohudwlrq + b{g, surgxfhv d wrutxh rq wkh edu1 Lq rughu

wr lqfuhdvh ru ghfuhdvh wkh dpsolwxgh ri wkh shqgxoxp

vzlqjlqj/ wklv wrutxh vkrxog eh dssolhg lq wkh surshu

vhqvh1 Wr ghwhuplqh wkh fruuhfw vljq ri wkh glvn dffho0

hudwlrq +dqg yhorflw|, lw lv frqyhqlhqw wr frpsxwh wkh

whpsrudo ghulydwlyhv ri Kd

bKd @ �{5 b{5 . �t4 vlq +{4, b{4 +8,

@ �{5 +t5{6 � t6x,

@ �{5 b{g>

Iurp +8, lw lv fohdu wkdw Kd lv lqfuhphqwhg li vjq+ b{g, @

�vjq+{5,/ dqg ghfuhphqwhg li vjq+ b{g, @vjq+{5,1 Wkhq/

wkh fruuhfw vljq ri b{g lv

vjq + b{g, @ �vjq +{5, vjq +�K, = +9,

Wr yhuli| +9,/ iurp +7, zh fkrrvh

{g @ �vjq +{5�K,
s
5 m�Km> +:,

ru/ lwv htxlydohqw {6 @ �{5�vjq+{5�K,
s
5 m�Km=

Vlqfh wkh glvn yhorflw| fdq qrw eh lpphgldwho| hvwde0

olvkhg/ gxh wr wkh glvn*v lqhuwld/ d nlqg ri sursruwlrqdo

frqwuro iru {6 lv sursrvhg

x @
n

t6
+{6u � {6, .

t5

t6
{6> +;,

zlwk

{6u @ �{5 � vjq +{5�K,
s
5 m�Km= +<,

Qrwh wkdw {6u lv wkh _ghvluhg% yhorflw| ri wkh glvn1

Wkhq/ wkh forvhg orrs yhuvlrq ri v|vwhp +4, zlwk +;,0

+<, lv

b{4 @ {5

b{5 @ �t4 vlq{4 . n{6 � n{6u +43,

b{6 @ t4 vlq{4 � n +4 . �,{6 . n +4 . �,{6u>
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wkdw fdq dovr eh zulwwhq dv

b{4 @ {5

b{5 @ �t4 vlq{4 . n{g � n{gu +44,

b{g @ �n�{g . n�{gu>

zkhuh {gu @ �vjq+{5�K,
s
5 m�Km1 Wklv irup uhyhdov

vrph lqwhuhvwlqj surshuwlhv1 Wkh odvw htxdwlrq ri +44,

h{suhvv wkh dffhohudwlrq ri wkh glvn/ dqg lw fdq eh vhhq

wkdw wkh glvn vshhg lv d orz0sdvv �owhuhg yhuvlrq ri {gu/

b{g @ �n�{g . n�{gu> +45,

zlwk wlph frqvwdqw 4@ +n�, dqg xqlw| jdlq1

Wr hqvxuh wkdw wkh wdujhw ruelw lv uhdfkhg/ {g pxvw yhu0

li| +:,/ exw vlqfh {g lv d �owhuhg yhuvlrq ri {gu> wkh

skdvh0vkliw lqwurgxfhg e| wkh �owhu fdq ohdg wr wkh idlo0

xuh ri wklv frqglwlrq1 Dowkrxjk d uljrurxv yhul�fdwlrq

ri wkh dv|pswrwlf ehkdylru dqg vwdelolw| ri wkh ruelw

lv fxpehuvrph/ gxh wr wkh suhvhqfh ri wkh vtxduh urrw

dqg vljq ixqfwlrqv lq wkh frqwuro odz/ wkh dssur{lpdwh

dqdo|vlv ri wkh qh{w vxevhfwlrq vkrzv wkdw wkh v|vwhp

ehkdyhv iroorzlqj wkh fodvvlfdo Krsi elixufdwlrq wkhr0

uhp1 Lq dgglwlrq/ erwk qxphulfdo vlpxodwlrqv dqg h{0

shulphqwdo uhvxowv frq�up wkdw wkh ruelw lv uhdfkhg1

Ilqdoo|/ qrwh wkdw iru Kd $ K
�/ {gu $ 3> dqg wkxv

iurp +45,/ {g $ 3/ ru htxlydohqwo| {6 $ �{51 Khqfh/

wkh forvhg orrs v|vwhp ehkdyhv olnh d vlpsoh shqgxoxp

zlwk d qdwxudo iuhtxhqf| ri rvfloodwlrq $ @
s
t41

714 Krsi dqdo|vlv

Lq wklv vxevhfwlrq zh suryh wkdw wkh forvhg orrs v|vwhp

xqghujrhv d Krsi elixufdwlrq iru K
�@3 e| xvlqj wkh
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frqwuro odz +;,1 Wr dsso| wkh Krsi elixufdwlrq wkhru|

lw lv qhfhvvdu| wr pdnh vrph dssur{lpdwlrqv wr wkh frq0

wuro odz/ wr dyrlg wkh glvfrqwlqxlw| lqwurgxfhg e| wkh

vljq ixqfwlrq1 Wrzdug wklv hqg ohw xv frqvlghu x dv lq

+;, exw zlwk

{6u @ �{5 � wdqk +f{5�K,
s
5 wdqk +f�K,�K> +46,

zkhuh fA3 lv d frqvwdqw duelwudulo| odujh1 Iurp d sudf0

wlfdo srlqw ri ylhz/ wklv lv d uhdvrqdeoh dssur{lpdwlrq1

Wkh forvhg orrs olqhdul}dwlrq pdwul{ dw wkh ruljlq lv

D @

5
7

3 4 3

�t4 n o +K�, n

t4 �n +4 . �, o +K�, �n +4 . �,

6
8 >

zkhuh o +K�, ] 4 . fK
�

s
5 wdqk +fK�,K�1 Wr vdwlvi|

wkh gh�qlqj frqglwlrqv ri d Krsi elixufdwlrq/ pdwul{

D vkrxog kdyh d sdlu ri frpsoh{ frqmxjdwh hljhqydoxhv

furvvlqj wkh lpdjlqdu| d{lv iurp wkh ohiw wr wkh uljkw

kdoi0sodqh/ dqg wkh uhdo hljhqydoxh pxvw uhpdlq qhjd0

wlyh1 Vlqfh K
� lv dq hqhuj| ohyho/ lw kdv qr vhqvh wr

frqvlghu qhjdwlyh ydoxhv ri K�1 Iru wkh fulwlfdo ydoxh

K
�

f @ 3/ wkh olqhdul}hg v|vwhp kdv d sdlu ri frpsoh{

frqmxjdwh hljhqydoxhv dw �4>5 @ 	
s
t4/ dqg d uhdo rqh

dw �6 @ �n�1 E| lqfuhphqwlqj K
� wkh frpsoh{ hljhq0

ydoxhv pryhv wr wkh uljkw kdoi sodqh1 Wkh vwdelolw| ri

wkh hphujlqj olplw f|foh lv dqdo|}hg e| frpsxwlqj wkh

�uvw fxuydwxuh lqgh{ dw wkh fulwlfdo iuhtxhqf| $f @
s
t4/

zklfk lv jlyhq e|

�4 @ �
nft5

4+6�.5�fK� vlqk�4+5fK�,.f5K�6,
s

K� wdqk+fK�,

7
s
5+n5�5.t4,+4.t4, o+K�,

>

dqg wdnlqj wkh olplw iru K� $ 3 uhvxowv lq

�4f @ olp
K�$3

�4 @ 3=

Qrwlfh wkdw lw lv qrw srvvleoh wr glvwlqjxlvk li wkh irfxv

lv d ydjxh dwwudfwru +hphujhqfh ri d vwdeoh olplw f|foh

zkhq wkh sdudphwhu pryhv iurp wkh fulwlfdoolw|, ru d
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ydjxh uhshoohu +vwduwlqj dq xqvwdeoh olplw f|foh, vlqfh

wkh fxuydwxuh frh�flhqw grhv qrw kdyh vljq gh�qlwlrq

dw fulwlfdoolw|1 Qhyhuwkhohvv/ rqfh K� wdnhv srvlwlyh ydo0

xhv/ �4 lv qhjdwlyh iru n A 3 dqg f A 31 Pruhryhu/ zkhq

K� $ 3 wklv hqhuj| ohyho fruuhvsrqgv wr wkh uhvw srvl0

wlrq dqg wkh vzlqjlqj vkrxog h{wlqjxlvk lwvhoi1 Wr suryh

wklv/ d frpsxwdwlrq ri wkh vhfrqg O|dsxqry frh�flhqw

vkrxog eh fduulhg rxw1 Lq wklv sdshu/ zh gr qrw wuhdw

wklv ghjhqhudwh fdvh vlqfh zh duh lqwhuhvwhg lq K� A 3/

lq rughu wr jxdudqwhh d wuxh rvfloodwlrq ri wkh v|vwhp1

715 Frqvlghudwlrqv derxw sdudphwhu n

Qrwh wkdw iru K� A 3 +exw qhdu K�

f
,/ dqg f A 3/ �4 kdv

d plqlpxp iru n� @
s
t4@�= Wklv ydoxh ri n lv frqqhfwhg

wr wkh rswlpxp udwh ri frqyhujhqfh wr wkh ghvluhg ruelw/

lq wkh vhqvh wkdw wkh v|vwhp uhdfkhv wkh ghvluhg ruelw lq

plqlpxp wlph zkhq n @ n�1 D sk|vlfdo lqwhusuhwdwlrq

khosv wr xqghuvwdqg wklv idfw1 Uhduudqjlqj +8,

bK
d
@ n�{5 +{g � {

gu
, =

Wklv phdqv wkdw wkh udwh ri fkdqjh ri wkh dup hqhuj|

ghshqgv rq wkh vljqdo {g � {gu/ zklfk lv d kljk0sdvv

�owhuhg yhuvlrq ri {
gu

zlwk wlph frqvwdqw n� ^vhh +44,`1

Wkh ixqgdphwdo iuhtxhqf| ri {
gu

lv wkdw ri {5/ dqg vlqfh

wkh qdwxudo iuhtxhqf| ri wkh shqgxoxp qhdu wkh ruljlq

lv $ @
s
t4/ wkhq wkh ixqgdphqwdo iuhtxhqf| ri {

gu

lv dssur{lpdwho|
s
t41 Wkhuhiruh/ n fdq eh fkrvhq wr

pd{lpl}h wkh prgxoxv ri wkh �owhuhg vljqdo dw $ @
s
t4/

uhvxowlqj lq n @ n�1

716 Urexvwqhvv zlwk uhvshfw wr t5 dqg t6
Vxssrvh wkdw lq +;, zh xvh sdudphwhuv �t5 dqg �t6 lqvwhdg

ri wkh wuxh sdudphwhuv t5 dqg t61 Lw fdq eh vkrzq wkdw
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wkh h{lvwhqfh ri d vwdeoh Krsi elixufdwlrq lv dvvxuhg iru

n A �t6

�
�t5

�t6
� t5

t6

�
= +47,

Pruhryhu/ e| gh�qlqj wkh uhodwlyh huuru h
l
]+�t

l � t
l
, @t

l

iru l@5> 6/ wkh vwdelolw| frqglwlrq +47, uhvxowv lq

n A t5 +h5 � h6, = +48,

Iurp +48,/ li h6Ah5 wkh frqwuroohu lv urexvw iru dq| nA31

8 Vlpxodwlrqv dqg h{shulphqwdo uhvxowv

Doo wkh wkuhh ghvljqhg frqwuroohuv zhuh whvwhg yld qx0

phulfdo vlpxodwlrqv iru wkh v|vwhp sdudphwhuv t4 @ 63

v�5/ t5 @ 3=3578 v�4/ t6 @ 3=36<6 v�4 dqg � @ 583/ wr

frpsduh wkh ghvljq surfhgxuhv1

Iru dq dpsolwxgh ri rvfloodwlrq ri 4 udg/ wkh sdudphwhuv

ri wkh frqwuroohuv zhuh fkrvhq vxfk wkdw wkh pd{lpxp

dpsolwxgh ri wkh frqwuro dfwlrqv duh vlplodu dqg gr qrw

h{fhhg 93 xqlwv +4 xqlw ri x �@ 314; Y,1 Lq Ilj1 5/ wkh

uhvsrqvh ri wkh v|vwhp zlwk wkh frqwuroohu jlyhq e| +5,/

zlwk sdudphwhuv u4 @ �73/ u5 @ 3=8/ dqg n5 @ 3=:8/ lv

vkrzq1 Iljxuh 6 vkrzv wkh rvfloodwlrq lq wkh skdvh sodqh

{4�{51 Wkh uhvsrqvh ri wkh v|vwhp zlwk wkh frqwuroohu

jlyhq e| +6,/ zlwk sdudphwhuv n4 @ �63/ dqg n5 @ 4=8/

lv vkrzq lq Ilj1 71 Iljxuh 8 vkrzv wkh rvfloodwlrq lq

wkh skdvh sodqh {4 � {51 D frpsdulvrq ri wkhvh wzr

frqwuroohuv/ uhyhdov wkdw wkh wlph vshqw e| wkh v|vwhp

wr uhdfk wkh ghvluhg dpsolwxgh lv frqvlghudeo| juhdwhu lq

wkh �uvw fdvh iru frpsdudeoh frqwuro h�ruwv1 Wklv idfw/

wrjhwkhu zlwk wkh vlpsolflw| ri wkh frqwuroohu/ pdnhv wkh

vhfrqg rqh d ehwwhu ghvljq frpsduhg wr wkh �uvw rqh1

Wkh shuirupdqfh ri wkh v|vwhp xqghu wkh hqhuj|0

edvhg frqwuroohu lv vkrzq lq Iljv1 9 dqg :/ iru K� @

�t4 +4� frv +4,, @ 677:=: dqg n @
s
t4@� @ 3=354<1 Lq

wklv fdvh/ lw vhhpv wkdw wkh frqwuro dfwlrq lv dssolhg lq

d ehwwhu zd|/ vlqfh wkh v|vwhp uhdfkhv wkh ghvluhg dp0

solwxgh lq ohvv wlph1 Pruhryhu/ vlqfh {
g
whqgv wr }hur
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wkh frqwuro dfwlrq wdnhv wkh qhfhvvdu| ydoxh wr pdnh

{6 @ �{5/ zklfk lv vljql�fdqwo| ohvv wkdq dq| ri wkh

frqwuroohuv ri wkh fdvhv 4 dqg 51 Ixuwkhupruh/ wkh _rs0

wlpxp% ydoxh ri n +n� @
s
t4@�, lv fruurerudwhg e| vlp0

xodwlrqv1 Lq Ilj1 ;d dqg ;e/ wkh ehkdylru ri wkh forvhg

orrs v|vwhp zlwk n * n
�
@5 dqg n * 5n�/ uhvshfwlyho|/

duh vkrzq1 Qrwh wkdw lq erwk fdvhv wkh v|vwhp uhdfkhv

wkh wdujhw ruelw lq d odujhu wlph wkdq xvlqj n @ n
�1

Ilqdoo|/ wklv frqwuroohu kdv ehhq lpsohphqwhg rq dq df0

wxdo shqgxoxp dqg wkh uhvxowlqj ehkdylru fdq eh vhhq lq

Ilj1 </ zklfk djuhhv zlwk wkh vlpxodwlrq1 Iru wkh Krsi

edvhg frqwuro odzv/ h{shulphqwdo uhvxowv dovr djuhh zlwk

qxphulfdo rqhv/ dqg wkh| kdyh ehhq uhsruwhg lq ^44`1

9 Frqfoxvlrqv

Wkh sureohp ri dpsolwxgh frqwuro lq dq rvfloodwru| ph0

fkdqlfdo v|vwhp kdv ehhq glvfxvvhg1 Wzr gl�huhqw sur0

fhgxuhv wr ghvljq wkh frqwuroohu kdv ehhq suhvhqwhg1

Wkh �uvw rqh lv edvhg rq wkh Krsi elixufdwlrq wkhru|/

zklfk kdv d sxuho| pdwkhpdwlfdo �dyru1 Wkh vhfrqg

dulvhv iurp wkh dqdo|vlv ri wkh v|vwhp*v hqhuj|/ dqg

wdnhv dgydqwdjhv iurp sk|vlfdo surshuwlhv ri wkh v|v0

whp1 Wkh shuirupdqfh ri wkh ghvljqhg frqwuroohuv kdyh

ehhq frpsduhg e| phdqv ri vlpxodwlrqv1 Wkhvh frp0

sdulvrqv vkrz d ehwwhu ehkdylru ri wkh ihhgedfn v|vwhp

zlwk wkh hqhuj|0edvhg frqwuroohu1 Ilqdoo|/ wkh h{shul0
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phqwdo uhvxowv iru wkh odvw ghvljq kdyh ehhq lqfoxghg/

zklfk vkrz d jrrg djuhhphqw zlwk wkh vlpxodwlrqv1
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