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Abstract

This paper is concerned with optimal control of lin-
ear backward stochastic differential equations (BSDEs)
with a quadratic cost criteria, or backward linear—
quadratic (BLQ) control. The solution of this prob-
lem is obtained completely and explicitly by using an
approach which is based primarily on the completion-
of-squares technique. Two alternative, though equiva-
lent, expressions for the optimal control are obtained.
The first of these involves a pair of Riccati type equa-
tions, an uncontrolled BSDE and an uncontrolled for-
ward stochastic differential equation (SDE), while the
second is in terms of a Hamiltonian system. A key
step in our derivation is a proof of global solvability of
the aforementioned Riccati equations. Although of in-
dependent interest, this issue has particular relevance
to the BLQ problem since these Riccati equations play
a central role in our solution. Last but not least, it
is demonstrated that the optimal control obtained co-
incides with the solution of a certain forward linear—
quadratic (LQ) problem. This, in turn, reveals the
origin of the Riccati equations introduced.

Key words: Backward stochastic differential equations
(BSDEs), linear—quadratic (LQ) optimal control, Ric-
cati equations, completion of squares.

1 Introduction

A backward stochastic differential equation (BSDE) is
an Ito stochastic differential equation for which a ran-
dom terminal condition on the state has been speci-
fied. The linear version of this type of equations was
first introduced by Bismut [4] as the adjoint equation in
the stochastic maximum principle (see also [3, 18, 21]).
General nonlinear BSDEs, introduced independently
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by Pardoux and Peng [17] and Duffie and Epstein [9],
have received considerable research attention in recent
years due to their nice structure and wide applicability
in a number of different areas, especially in mathemat-
ical finance (see, e.g., [7, 10, 11, 14, 16, 20]).

Unlike a (forward) stochastic differential equation
(SDE), the solution of a BSDE is a pair of adapted
processes (z(-), z(+)). The additional term z(-) may be
interpreted as a risk-adjustment factor and is required
for the equation to have adapted solutions. This re-
striction of solutions to the class of adapted processes
is necessary if the insights gained from the study of
BSDEs are to be useful in applications. For recent ac-
counts on BSDE theory and applications, the reader is
referred to the books [16, 20].

Since a BSDE is a well-defined dynamic system, it
is very natural and appealing, first at the theoretical
level, to consider the optimal control of the BSDE. As
for applications, optimally controlled BSDEs promise
to have a great potential. For example, an optimal con-
trol problem of a linear BSDE comes out in the process
of solving a forward stochastic linear—quadratic (LQ)
control problem in [6]. Moreover, controlled BSDEs
are expected to have important applications in math-
ematical finance. For instance, a situation in which
funds may be injected or withdrawn from the repli-
cation process of a contingent claim so as to achieve
some other goal may be viewed quite naturally as an
optimal BSDE control problem. However, the study
on controlled BSDEs is quite lacking in literature. To
our best knowledge there are only a few papers deal-
ing with optimal control of BSDEs, including [19] and
[8] which established local and global maximum princi-
ples, respectively, and [11] in which a controlled BSDE
with linear state drift is studied.

This paper is concerned with optimal control of a lin-
ear BSDE with a quadratic cost criteria, namely, a
stochastic backward linear—quadratic (BLQ) problem.
It is well-known that LQ control is one of the most im-
portant classes of optimal control and the solution of
this problem has had a profound impact on many en-
gineering applications. Stochastic forward LQ theory
has been well established, especially with the recent
development on the so-called indefinite stochastic LQ



control ([1, 5, 6, 15]). However, stochastic BLQ control
remains an almost completely unexplored area.

The main contribution of this paper is a complete so-
lution of a general BLQ problem. As it turns out,
the optimal control depends linearly on the entire past
history of the state process (z(+), z(+)). In addition, ex-
plicit formulas for the optimal control and the optimal
cost in terms of a pair of Riccati equations, a Lyapunov
equation, an uncontrolled BSDE and an uncontrolled
SDE are established. A key part of our derivation is
a proof of existence and uniqueness of solutions of the
Riccati equations mentioned above. Due to the con-
straints of space, however, we have not included the
proof of this result, and refer the interested reader to
the paper [13].

It is interesting to remark that our original approach
to solving the BLQ problem was inspired by [12] where
an (uncontrolled) BSDE is viewed as a controlled for-
ward SDE. Extending this idea, we can show that the
optimal control of the BLQ problem is the limit of a
sequence of square integrable processes, obtained by
solving a family of forward LQ problems. During this
procedure, the key Riccati equations, along with other
related equations, come out very naturally. What is
more interesting is that once these equations are in
place, one may forget about the forward formulation
and limiting procedure, which is rather complicated,
and instead use these equations directly along with the
completion-of-square technique to obtain the optimal
control for the original BLQ problem. Nevertheless,
the forward formulation still represents an alternative,
and insightful, approach to the backward control prob-
lem and for this reason, an outline of this procedure is
also presented in this paper.

2 Problem formulation

We assume throughout that (2, F, {F}i>o, P) is a
given and fixed complete filtered probability space and
that W (-) is a scalar-valued Brownian motion on this
space. (Our assumption that W (-) is scalar-valued is
for the sake of simplicity. No essential difficulties are
encountered when extending our analysis to the case
of vector-valued Brownian motions). In addition, we
assume that F; is the augmentation of o{W(s) |0 <
s <t} by all the P-null sets of F.

Throughout this paper, we denote the set of sym-
metric n X n matrices with real elements by S™. If
M € S™ is positive (semi-)definite, we write M > (>
) 0. Let X be a given Hilbert space. The set of X-
valued continuous functions is denoted by C(0, T'; X).
If N() € C(0,T;S™ and N(t) > (>) 0 for ev-

ery t € [0,T], we say that N(-) is positive (semi-
)definite, which is denoted by N(-) > (>) 0. Sup-
pose n : 2 — R™ is an Fr-random variable. We
write n € L% (€ R™) if ) is square integrable (i.e.
En|> < o0). Consider now the case when f

0,7T] x Q@ - R™ is an {F;}+>0 adapted process. If
f(-) is square integrable (i.e. EfOT|f(t)|2 dt < o0)
we shall write f(-) € L%(0, T; R®); if f(-) is uni-
formly bounded (i.e. Eess sup;cjo 77 |f(t)| < 00) then
f(-) € LE(0, T; R™). If f(:) has (P-a.s.) continuous
sample paths and E sup,cjo 7 1f(t)]> < oo we write
f() € LE(0, T; C(0, T; RY)); if Esupyep, 11 f(£)] <
oo then f(-) € LE(0, T; C(0, T; R™)). These defini-
tions generalize in the obvious way to the case when
f() is R®*™._ or S™-valued. Finally, in cases where we
are restricting ourselves to deterministic Borel measur-
able functions f : [0, T] — R™, we shall drop the sub-
script F in the notation; for example L>®(0, T; R™).

Consider the BSDE:

dz(t) = {A(t) 2(t) + B(t) u(t) + C(t)z(t)} dt
+2(t) dW (1), (1)
z(T) =¢,

where u(-) is the control process. The class of admis-
sible controls for (1) is:

U=L%0, T; R™). (2)

Later, we shall state assumptions on the coefficients
A(+), B(:), C(-) and the terminal condition £ so as
to guarantee the existence of a unique solution pair
(2(), () € L%(Q;C(0, T; R™)) x L2(0, T; R?) of
the BSDE (1) for every admissible control u(-) € U.
We refer to such a 3-tuple (z(-), 2(-); u(-)) as an ad-
missible triple. The cost associated with an admissible
triple (z(-), z(+); u(-)) is given by:

1 !
J(&u()) = B 5 [2(0) Ha(0)

T
N /0 (=Y Q) + 2(t)S(B)= (1)
+u(t)’R(t)u(t)) dt] : (3)

The backward linear—quadratic (BLQ) control problem
can be stated as follows:
min J (& u(+))
subject to:
u() U, @
(z(+), z(+); u(-)) satisfies (1).

Throughout this paper, we shall assume the following;:

Assumption:



A, C € L0, T; R**m),
B € L0, T; R*m™),

Q,S € L*0,T;5, Q,S> 0,
R € L*(0,T;5™), R > 0,
H e S, H >0,
£ € L% (% RM).

In particular, Assumption (A1) is sufficient to guaran-
tee the existence of a unique solution pair (x(-), z(-)) €
LZ.(Q;C(0, T; R™)) x L%(0, T; R™) of (1) for every
admissible control u(-) € U; see [20, Chapter 7].

3 Main result

In this section, we present two alternative though
equivalent expressions for the optimal BLQ control.
The first one gives an explicit formula via a pair of
Riccati equations, an uncontrolled BSDE and an un-
controlled SDE:

(1) — A(t)2(t) — S(t) At

~—

—S(t)Q)S(t) + B(t)R(t) ' B(t)' .
cwsm(smse +1) cw =, ®)
| (1) =0.
( Z(t) + Z(H)A(t) + A(t) Z(t)
+Z(1) [B(t)R(t)*lB(t)’
+CMHU +SHTE) ow]ze O
_Q t) = 0>
\ Z(O) =H,
(an(t) = { (4@ +=Q®) At
o (1+2050) 0w d -
() dW (),
\ MT) =€
(dq(t) = { - [A(H) + BOR®) "B Z(t)

In addition, the optimal cost will involve the solution
of the following Lyapunov equation:

N(t) + N(£)(A®) + Z()Q(t)
+(A() +Z(HQM®)'N (@) — Q) =0, (9)
N(0) = (H ' +x(0)"

Theorem 3.1 The BLQ problem (4) is uniquely solv-
able. Moreover, the following control

u(t) = R(t)"'B(t)' (Z(t)=(t) + q(t) (10)

is optimal, where Z(-) and q(-) are the solutions of
(6) and (8), respectively. The optimal state trajectory
(x(-), 2(+)) is the unique solution of the BSDE:

dz(t) = {(A(t) + B(t) R(t)‘lB(t)’Z(t)) 2(t)
+O)2(t) + B(t) R()~" B(t)' q(t)} dt (1)
+2z(t) dW (t),

z(T) =¢,

and the optimal cost is
JH(€) = B{¢'N(T)¢
T
+A {n®' [(SH=®) + D18 - N(©) |0t

—2n(t)' (I + S(t)E(t))*lC(t)’N(t)h(t)} dt (12)
where N (+) is the unique solution of (9).

The second form of the optimal control we will present
is in terms of the Hamiltonian system:

dr(t) = { A)a(t) — BOR®)™ Byt

(

+C(t)z(t)}dt + 2(t)dW (1), (13)
| 2(0) =¢,
dy(t) = { = A®)'y(H) - Q(B)a(t) pdt

+{ —C(t)'y(t) - S(t)z(t)}dW(t), (14)
| 4(0) = —Ha(0).

Notice that the combination of (13)—-(14) does not qual-
ify as a conventional forward—-backward stochastic dif-
ferential equation (FBSDE) as defined in, say, [16, 20].
The subtle difference is that the forward and backward
variables in (13)—(14) are directly related at the initial
time, while those in the FBSDE are related at the ter-
minal time. Moreover, one cannot transform between
these two types of equations by reversing the time, due
to the required adaptiveness. In the sequel, we shall
refer to any three-tuple of square-integrable processes
(x(-), 2(-), y(-)) which satisfies the equations (13)—(14)
as a solution of the Hamiltonian system (13)-(14).




Theorem 3.2 The Hamiltonian system (13)-(14) has
a unique solution (z(-), z(-), y(-)). Moreover, the BLQ
problem (4) is uniquely solvable, with the optimal con-
trol

u(t) = —R(t)"' B(t)'y(t), (15)

and (z(-), z(+)) the corresponding optimal state process.
The optimal cost is (12).

Remark 3.1 If (15) is optimal, then (13)-(14) are
exactly the corresponding state equation and adjoint
equation; see [8]. This is the reason why we call (13)—
(14) the Hamiltonian system.

Theorem 3.2 shows that the optimal control is linear in
the process y(-). The following simple result further re-
veals that the optimal control is a linear feedback of the
past and current values of the state process (z(-), z(+))-

Proposition 3.1 Let y(-) be the process obtained from
the Hamiltonian system (13)—(14). Then:

y(t) = ®(t){ — Ha(0)
. /Ot B(s)! [Q(s)x(s) + C(s)’S(s)z(s)] ds
_ /té(s)ls(s)z(s)dW(s)}
0

where ®(-) is the unique solution of the matriz SDE:

AB(t) = —A@t)B(t)dt — Ct)B(t)dW (t),
0) = I

4 Proofs of Theorems 3.1 and 3.2

In this section we give an outline of the proofs of the
main results of the paper, Theorems 3.1 and 3.2. For
further details, we refer the reader to [13]. The basic
idea is first to find a lower bound of the cost function
(3) (see Lemma 4.1), and then to identify a control
which achieves ezactly this lower bound (see Proposi-
tion 4.2).

Lemma 4.1 For every u(-) € U, we have
T(€u() > hOY [HS0) +1] " H(O)
T 1
E[ {WQh+n(SS+1)Snld
+B [ {WQn+r(s5+ 1) S0}, (16)

where ¥(-) and (h(-),n(-)) are the solutions of (5) and
(7), respectively.

Our next step involves finding a control that achieves
this lower bound in Lemma 4.1. To this end, recall the
Hamiltonian system (13)—(14).

Proposition 4.1 The Hamiltonian system (18)—(14)
has a unique solution (z(-), z(+), y(-)). Moreover, the
following relations are satisfied:

z(t) = X()y(t) — h(t),

2(t) = —S(@)(S()B(H) + D IC®) 'y (1)
—(Z@®)S(t) + D)~ 'n(t),

(0) = —(Z(0)H +I)~"h(0),

(17)

where X(-) and (h(-),n(:)) are the solutions of (5) and
(7), respectively.

The following result gives us a control which achieves
the lower bound in Lemma 4.1.

Proposition 4.2 Let (z(-), z(-), y(-)) be the solution
of the Hamiltonian system (13)-(14) and u(-) be given
by

u(t) = —R(t) " B(t)'y(t). (18)

Then (z(-), z(-)) is the solution of the BSDE (1) cor-
responding to (18) and

J(&u() = h(0)' [HE(0) +1] “Hn()

T
+E/ {h'Qh +/(SS + I)—lsn} dt. (19)
0
is the associated cost.

Proof of Theorem 3.2: The unique solvability of
the Hamiltonian system (13)—(14) has been proved in
Proposition 4.1. The optimality of (18) follows from
the fact that the cost (19) associated with the con-
trol (18) is equal to a lower bound to the optimal
cost; see Lemma 4.1. The expression (12) for the opti-
mal cost can be obtained by applying Ito’s formula to
h(t)' N (t)h(t). Finally, we are able to conclude that the
control (18) is unique because the BLQ problem (4) is
a (strictly) convex optimization problem: The set of
admissible triples (z(-), z(-), u(-)) associated with (1)
is a convex set, and the cost (3) is a strictly convex
function on this set. ]

The following lemma is important in the proof of The-
orem J3.1:

Lemma 4.2 Let (x(-), z(-), y(+)) be the solution of the
Hamiltonian system (13)-(14) and q(-) be the solution
of the SDE (8). Then

y(t) = =Z()x(t) — q(t). (20)



Proof of Theorem 3.1: It follows immediately from
Proposition 4.2 and Lemma 4.2. n

5 Origin of idea: Forward formulation

In Section 4, we obtained the solution of the BLQ
problem (4) by showing that the control (15) or (10)
achieves a lower bound to the cost function. In show-
ing this result, equations (5)—(8), especially the Ric-
cati equations (5) and (6), play a crucial role. In
other words, once these equations are in place, then
the whole derivation, albeit quite tedious, is essen-
tially in the same spirit as the completion-of-square
technique commonly used in tackling forward LQ prob-
lems. However, the reader may be puzzled about how
these (rather complicated) equations were obtained in
the first place. This section serves to unfold the origin
of those equations by outlining an alternative, and in-
tuitively appealing, approach to the BLQ problem (4).
The idea is basically inspired by [12] where an (un-
controlled) BSDE is regarded as a controlled forward
SDE. Here we go one step further to show that the
BLQ problem can also be viewed as a (constrained)
forward LQ problem. Moreover, it is shown in [13]
that the solution (18) of the BLQ problem and the re-
lationships (17) coincide with the limiting solution of
a sequence of unconstrained forward LQ problems. In
this process, the Riccati equations (5) and (6), along
with other related equations, come out very naturally.
Finally, for the sake of notational convenience, we shall
assume throughout this section that S = 0. The ex-
tension to the case S > 0 can be obtained in a similar
way.

Forward LQ problem:
Consider the following SDE:

dz(t) = {A(t)m(t) + B(tu(t) + C’(t)v(t)}dt
+u(t) dW (t), (21)
z(0) = 29,

We assume throughout that z° € R® and (u(-), v(-)) €
U where

U= L%, T; R™) x L%(0, T; R™).
For every i € ZV let
J(°, u(r), v(-); i) := E%{xOIHa:O
T
+ /0 (m(t) Q) (t) + u(t) R(t)u(t)) dt
+ila(T) - €12} (22)

The family of LQ problems, parameterized by i, is de-
fined by:

minm°,(u(-),v(~)) ‘](moa ’LL(), ’U('); i):
Subject to:

(u(')) U()) € Zj{) S Rn>

(2%, z(+), u(-), v(-)) satisfies (21).

Comparing (23) with the BLQ problem (4) it is clear
that the control v(-) replaces the process z(-) in the
BSDE, while the terminal condition z(T') = £ in (4) is
replaced by a penalty term in the cost of the forward
problem (23). One fundamental differences between
(4) and (23) should be recognized. In the BLQ problem
(4), the initial condition z(0) and the process z(-) are
part of the state process (z(-), z(+)); that is, once u(-)
has been chosen, the pair (z(-), z()) (and hence, z(0))
is uniquely determined. On the other hand, the pair
(u(+), v(-)) and the initial condition z(0) are decision
variables in the forward problem (23). This additional
degree of freedom is possible because the forward prob-
lem (23) does not involve a terminal condition on the
state x(-).

(23)

In [13], it is shown that the optimal solution of the
BLQ problem (4), as stated in Theorems 3.2 and 3.1,
can be obtained by solving the forward problem (23)
and letting ¢ 1 oo. On the other hand, it is not eu-
ntirely surprising that the forward approach recovers
the solution of the BLQ problem. In particular, it is
clear that if

7@, u(), v()) = By {a® Ha®

T
+ /0 (m(t)’Q(t)a:(t) + u(t)’R(t)u(t)) dt},(24)
then the following problem

J* = minmoy(u(.)’v(.)) J(ZEO, U(), ’U(')),

Subject to:
E3la(T) - €7 =0, (25)
(u(-), v(-)) €U, 2° € R™,
(2%, z(*), u(-), v(-)) is admissible for (21),

is equivalent to the BLQ problem (4). Moreover, the
solution of (25) can be obtained by using a penalty
function approach which coincides precisely with the
unconstrained problem (23). This provides an alter-
native approach to (4) which, as mentioned, was our
original idea for solving the BLQ problem. The details
are left to the interested readers.

6 Conclusion

In this paper, the optimal control for the BLQ con-
trol problem is derived explicitly in terms of a pair of



Riccati equations, a forward SDE and a BSDE. More-
over, this optimal control coincides with the solution
of a constrained forward LQ problem, and is the lim-
iting solution of a family of unconstrained forward LQ
problems.
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