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Abstract

We derive a closed-form global analytical solution for
Model Predictive Control (MPC) of linear, discrete-
time systems, subject to a quadratic performance in-
dex and hard magnitude constraints at the system in-
put. The solution is shown to be a partition of the state
space in regions for which an analytic expression is
given for the corresponding control law. Both the re-
gions and the control law are characterised in terms of
the parameters of the open-loop optimal control prob-
lem that underlies MPC. The result exploits the geo-
metric properties of quadratic programming.

1 Introduction

Model Predictive Control (MPC) is a control method
that, at each sampling instant, computes the current
control input by solving an open-loop optimal con-
trol problem. The initial state for the optimisation is
taken to be the current system state, and future states
are predicted using a model of the system. The optimal
control sequence resulting from the optimisation is an
open loop strategy. However, this is converted into a
feedback strategy by applying only the first element of
this sequence and then repeating the whole procedure
at the next sampling instant when new measurements
of the system states are obtained. This technique is
known as receding-horizon control.

An essential feature of MPC is the ability to directly
handle constraints, including constraints on the con-
trol inputs, system outputs and/or internal states.
This feature has been one of the keys to its success in
industrial applications [4]. Constraints are included as
additional conditions to be satisfied in the optimisa-
tion problem that is solved at each sampling instant.
In general, constrained optimisation problems do not
have a closed-form analytical solution and hence they
are typically solved on-line using numerical optimisa-
tion methods. Recently, however, there has been inter-
est in studying the underlying structure of MPC, and
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in obtaining off-line solutions to MPC problems. Re-
sults pertaining to off-line solutions of MPC problems
have been developed from two perspectives: (i) An-
alytical closed-form solutions [3, 6], and (ii) Numeri-
cal solutions [2]. In [3], the authors have shown that
the receding-horizon control problem has an analyti-
cal closed-form solution in a local, but nontrivial, re-
gion of the state space. This solution is identical to
clipping the unconstrained solution. Independently,
[6] studied special cases of MPC that take analytical
forms. In the particular case of horizon N = 1 they
show that the receding-horizon control problem has an
analytical closed-form solution that agrees with that
obtained in [3]. In [2], the authors establish, using
multi-parametric quadratic programming properties,
that the MPC solution for linear systems subject to lin-
ear constraints and quadratic cost is a continuous and
piecewise affine function of the state. They also de-
velop an off-line algorithm that computes the solution
numerically. The result in [2] is the first one that relies
on the inherent MPC structure to provide an efficient
controller parameterisation.

In this paper we delve deeper into the MPC structure.
Our analysis exposes and exploits the geometric prop-
erties of constrained MPC to obtain global analytic
solutions which can be easily precomputed off-line.
For linear, time-invariant, discrete-time models with
a quadratic performance index and hard magnitude
constraints on the input, we derive a closed-form ex-
pression for the global, analytical solution to the MPC
problem. The solution is obtained by transforming the
underlying open-loop optimal control problem into an
equivalent quadratic programme, and then using geo-
metric arguments to solve the latter problem. The re-
sulting solution consists of a partition of the state space
into regions in which the corresponding control law
has an affine analytic form. Both the regions and the
control law are characterised in terms of the parame-
ters of the open-loop optimal control problem that un-
derlies MPC. In this way, MPC is presented as a piece-
wise affine switching strategy that can be analytically
computed off line.



The remainder of the paper proceeds as follows. In §2
we formulate the problem under consideration. In §3
we describe the technique that we employ for its solu-
tion, namely, a geometric view of quadratic program-
ming. The closed-form global analytical MPC solution
is given in §4. Finally, conclusions are given in §5.

2 Problem Formulation

The system model is given by

x(k+1) = Ax(k) + Bu(k), k=0,1,2,... (1)

where x(k) € R" is the state vector and u(k) € R™ is
the input vector. We assume that (A, B) is stabilisable.

For this model we pose the following finite-horizon
open-loop optimal control problem: given the current state
measurement x(k) = x, find the N-move control se-
quence

U={uk),uk+1),...,u(k+N—-1)}
that minimises the performance index:

k+N—-1
VNOGW) = ) T(0Qx(0) +uT (ORu()] +
=k
x"(k+ N)Px(k+N). (2

In (2), N is the prediction horizon; Q > 0 and R > 0 are
the state and control weighting matrices, respectively,
and x™Px, P > 0, is the terminal cost function. We will
express (1) and (2) in a more convenient form. To this
end, we collect N state and input vectors in the follow-
ing (Nn x 1) and (Nm x 1) vectors, respectively:

x(k+1) u(k)
x(k +2) u(k+1)
X = _ , u= . ®3)
x(k +N) u(k+N-—1)
Then, from (1), we can write
x=0u+ Ax, 4)
where x(k) = x and
B 0 ... 0 0 A
AB B .00 A?
O = . . ) . A=
AN-1B AN—2B ... AB B AN
6)
Using (4), (5) and
Q =diaglQ,...,Q,P],

R =diag[R,...,R],

we can express the performance index (2) as

Vaix,u) =x"Qx +x"Qx + u'Ru
=x"Qx + [Ddu+AX"Q[@u+ Ax] +u'Ru
=V+u'Wu+2u'Fx. (6)

In (6), V is independent of u and

W=0TQ0+R, F=0TQA. (7)

We will consider the constrained minimisation of (2)
for (1) (equivalently, (6) for (4)) under magnitude con-
straints on the input of the form

uf)e Q™, {=kk+1,... , k+N—-1, (8)

where Q £ [-A, A], A > 0. Constraints of the form (8)
can be expressed as linear constraints on u of the form

Lu<M, )

where the matrix L and the vector M are easily con-
structed.

The problem of minimising (6) for (1) (equivalently,
(4)) subject to (9) is denoted in compact form by:

VT (x) = Lm<irkAVN(X,U) )
u
: < 1
Pn(x) u®(x) =argminVy(x,u), (o
Lus<M
where
uOPT (k;x)
uT(k + 1;x)
uOFPT (x) = . (11)

uT(k+ N —1;x)
is the resulting optimal control vector, and V"(x) £
Vn(x,u%"(x)) is the optimal value function, that is, the
value of (2) at u = u°"(x).

At time k, and with initial state x(k) = x, Pn(x) is
solved. The first control move u®""(k;x) in (11) is the
control applied to the system (1) at time k, that is,

u(k) £ Kn(x) = u(kx), (12)

and then the whole procedure is repeated at time k + 1
with the new initial state x(k + 1) = x. In this way
MPC defines a state feedback receding-horizon control
law Xn (x) given by (12). Since the model (1) and the
performance index (2) are time invariant, the resulting
MPC feedback law is also time invariant. Hence, the
initial time in the open-loop optimal control problem
may be taken to be k = 0, that is,

Kn(x) =uT(0;%). (13)



Note that MPC is given by the mapping K (x) : R™ —
Q in an implicit form. It is, in general, impossible to
pre-compute the mapping X (-) analytically. Thus,
common implementations of MPC compute numeri-
cally and on-line, at time k and for the initial state
x(k) = x, the optimal control move Ky (x) rather than
pre-computing the control law Xn (). In §4 we will
show that it is possible to derive, analytically, an ex-
plicit expression for the mapping Xn (+) in the case de-
scribed above.

3 The Geometry of Quadratic Programming

The finite-horizon optimal control problem Py (x) in
(10) is a non-dynamic quadratic programme (QP), that
is, a problem that comprises the minimisation of a
quadratic cost function (cf. (6)) subject to linear con-
straints (cf. (9)). Numerical solutions to MPC typically
use active set or interior point methods to solve this
problem. In this paper, instead, we will exploit the ge-
ometry of QP to obtain an analytical solution to the
problem.

Since (6) is a quadratic function of u, its minimum, in
the unconstrained case, is obtained by differentiating (6)
with respect to u and equating the result to zero. This
yields

udt' (x) = -W'Fx, (14)

where the subscript UC stands for unconstrained. The
control (14) is the vector form of the standard fi-
nite horizon linear quadratic optimal control (e.g.,
[1]), whose solution is typically obtained by solving a
discrete-time difference Riccati equation. We observe
that (14) defines a transformation

u=-WTFx, (15)

between the state-space coordinates x € R™ and the
space of Nm-vector control coordinates u € RN™.

In the constrained case, the geometry of QP is the key
to obtaining an analytical solution of (10). Consider
the equation

u"Wu+2u'Fx =c (16)

where c is a constant. This defines ellipsoids in RN™
centred at uP(x) = ~W 'Fx. Also, (9) defines a
constraint volume in RN™, Ry say, inside which the

optimal constrained solution u®""(x) must lie. Then
(10) can be regarded as finding the smallest ellipsoid
that “makes contact with” the boundary of Ryc, and
u®"’(x) is the point of contact. This is illustrated in Fig-
ure 1 for the case N = 2, m = 1 (single input) and the
constraint set given by (8). In this case the constraint
volume is a square in R? centred at the origin.

RUC

Figure 1: Geometric interpretation of QP.

Consider now the following transformation

a=w"x. (17)

In the new coordinates defined by (17), the constraint
volume Ryc is mapped into another volume, denoted
also by Ryc for simplicity of notation, and the ellip-
soids (16) take the form of spheres centred at tigy" (x) =

~W~1/2Fx. Thus (10) is transformed into the prob-
lem of finding the point in Ry that is closest to Tig¢" (x)
in Euclidean distance. This is qualitatively illustrated
in Figure 2 for the case N = 2, m = 1 (single input)
and the input constraint set given by (8). In this case,
the solution is obtained by partitioning R? in nine re-
gions; the first region is the parallelogram Ry = Ry,
and the remaining regions, denoted by R; to Rg, are
delimited by lines that are normal to the faces of the
parallelogram and pass through its vertices, as shown
in Figure 2. The optimal constrained solution #°"" (x)
is affine in x and determined by the region in which
the optimal unconstrained solution ug¢" (x) lies, in the
following way: First, it is clear that i°" (x) = ug¢ (x)
if 92" (x) € Ryc, that is, the optimal constrained solu-
tion coincides with the optimal unconstrained solution
in Ryc. Next, the optimal constrained solution in each
of the regions Ry, R3, Rs and Ry is simply equal to the
vertex that is contained in the region. Finally, the opti-
mal constrained solution in the regions R;, R4, Rg and
Rs is defined by the orthogonal projection of tig¢" (x)
onto the faces of the parallelogram. This can be seen
from Figure 2, where a case in which the solution falls
in Rg is illustrated. In the following section the proce-
dure is generalised to RN™.
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Figure 2: Geometry of QP as a minimum Euclidean distance
problem.

4 Global Analytical Solution

To obtain an analytic solution of (10), we proceed as
follows. We first use the transformation (17) and de-
rive the solution in the {i-coordinates using geometric
tools. Then we employ the transformations (15), (17),
that is

i=-W "2Fx (18)

to retrieve the solution in the state space.

Note that the hypercube that defines the constraint
volume in the u-coordinates is mapped into a con-
vex constraint volume in the ti-coordinates. In these
coordinates, the solution is obtained by partition-
ing RN™ into a region inside the constraint volume,
where the optimal constrained solution coincides with
the optimal unconstrained solution, and, outside the
constraint volume, into regions which we denote N-
constrained regions. These regions correspond to N,
N =1,...,Nm, elements of the optimal control vector
u®’(x) equal to A or —A. For example, in Figure 2, re-
gions Ry, R4, Rg and Rg are 1-constrained regions, and
regions Ry, R3, Rs and Ry are 2-constrained regions. In
the u-coordinates, the optimal control vector 47" in
each of the N-constrained regions is then given by the
point on the corresponding N-hyperface of the con-
straint volume that is closest, in Euclidean distance, to
the unconstrained solution 92T (x) = —~W~"/2Fx (cf.
(14) and (17)).

We will parameterise each N-constrained region by a
triple ({,s,v), where { and s are sets of indices, and v
is a vector. We describe below how the elements of
the triple are generated as well as several matrices and
vectors that are constructed with the aid of these ele-
ments.

Notation and Definitions
We will use the following sets of indices:

e The set of the first Nm natural numbers:
ij:{], 2, ey Nm}

e The ordered set £ of N, 1 < N < Nm indices
selected from Jnm:

t={t, &, ..., } (19)
where
€ {l, , Nm—(N—])},
€ € {17.1 +1, , Nm—(N—z)},
i € {€k71 +1, R Nm—(N—k)},
EN E{KN,]‘F], ey NTTL}
e The set difference
SZij*EZ{Sh $2, ..+, SNmM-N *
sk € Inmandsy € £} . (20)

For example, let Nm = 4 and N = 3, then Jnyn =
{1,2, 3,4}, the sets {, constructed as in (19), are
{1,2,3},{1,2,4},{1,3,4}and {2, 3, 4}, and the cor-
responding sets s, constructed as in (20), are {4}, {3},
{2}, {1}

Given a matrix A € R**", and sets of indices p, with
t < t elements, and g, with ¥ < r elements, the no-
tation A(p, q) identifies the submatrix of A formed by
selecting the rows of indices given by the elements of
p and the columns of indices given by the elements
of q. When a colon replaces p (or q), thatis A(:, q) (or
A(p,:)), then all rows (or columns) are selected. For ex-
ample, for the matrix W defined in (7) and the sets (19)
and (20), W (s, {) denotes the submatrix of W formed
by selecting the rows with indices in s and the columns
with indices in {. Using this notation, we introduce the
matrices

-1 . .
L2 {[W(s,sn Wis) i s#0, o)
[] if s=0,
Leue, 2 W(sU b, s Ul W(sU,:), (22)



where [] is the empty matrix and where s U {y is the
union of set s and element {; € {. Note that Ly, =
Inm, and, from its definition

Ls(:» 5) = INTan y (23)

where I, denotes the identity matrix of dimension rx.
When used without subscript, I denotes the identity
matrix of dimension Nm x Nm, and I({, :) identifies the
submatrix of I formed by selecting the rows of indices
given by the elements of {.

Let V(N), N < Nm be the set of vertices in RN of the
hypercube ON, Q = [—A, Al For example

v {[a]. [A] [ [0}

Then, given { and s defined in (19) and (20), respec-
tively, and a vertex v € V(N), we define the (Nm x 1)
vectors

6,91
8t =[ten] o s @4
_ I(L,:) ! v
s=lie] Lavd @

where Ay, denotes an (Nm—N) x 1 vector having
all entries equal to A. For example, let Nm =5, N =3,
=12, 3, 5,v=[A —A —A]' € V(3). Then
Inm={1, 2, 3, 4, 5},s={1, 4},and

A —A
A A
Af=|-A|l, A =|-A
A —A
—A —A

As mentioned before, our procedure gives the solu-
tion of Pn(x) in (10) by partitioning RN™ into N-
constrained regions characterised by the elements just
defined. This is done in the following theorem.

Theorem 4.1 (Global Solution of Py (x)). Consider
the matrices W and F defined in (7). For N =
1,2,...,Nm, form the sets £ and s as in (19) and (20),
respectively; for each pair ({,s) consider all vertices
v = [v1,...,vk,...,vN]T € V(N); for each triple
(¢,s,v) form A/ and A; as in (24) and (25). Then the
triple ({, s, v) defines the region

>LkAF if 0 -
Lk (—WF)x —L;Aﬁ BVie=P 12,0 N,
<LsA, ifve <0,
Ls A; <L (_W71F)X <L A?)
(26)

where

LEéLSUlk(zk_k+]):))

in which the optimal constrained control u°"(x) in
(10) takes the form

v if N=Nm,
—1
u®(x) = : ,
(x) I,:) v if N<Nm,
I(s,:) —Gsx + Hs
(27)

Gs 2 W(s,s) " Fs,1),
He £ —[W(s,s)] " W(s,1)v

The global solution of Px(x) in (10) is then given: (i)
a3, (1
volume defined by (26) with optimal control (27); and
(ii) by

2N regions outside the constraint

u®(x) = —WTFx, (28)
inside the constraint volume defined by

A< Wk )Fx <A, k=1,2,...,Nm

Proof. See [5]. O

Theorem 4.1 gives the solution to the finite-horizon
optimal control problem (10) that MPC solves at each
sampling instant. The MPC law (13) is then simply ob-
tained by selecting the first element of u°""(x) in (27)
in each region of the form (26).

Example 4.1. Consider the system (1) with
1 1 0.5
sl ==
which is the zero-order hold discretisation, with a sam-

pling period of 1, of the double integrator. The input
constraint is taken as A = 1.

In the finite-horizon performance index (2) we take
N =5 Q =C'C,withC =1 0], and R = 0.1.
The terminal cost matrix P is chosen as the solution of
the algebraic Riccati equation P = ATPA +Q — K'RK,
where K £ R"TBTPA, and R £ R + BTPB. The state-
space partition for this case, computed from Theo-
rem 4.1, are shown in Figure 4. The regions denoted
by Ri, Rz, R3 and R4 correspond to a 1, 2, 3, and 4-
constrained regions, respectively. Regions Rs and Rg
correspond to unions of 1, 2, 3, 4, and 5-constrained
regions.
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Figure 3: State-space partition for Example 4.1 for N = 5.

The resulting MPC law (13), obtained as the first ele-
ment of u®*(x) in (27) is

(—Kx if x € Rye
—Gix+hy ifx €Ry
—Gox+hy ifxeR;

Ks(x) =<¢ —G3x+hz ifx €Rs (30)
—G4x+hy ifx€eRy
—A if x € Rs
LA if x € Rg

where

K =[0.9653 1.3895]
Gy, =[0.6154 1.2870], hy; =—0.4156
G2 =1[0.4390 1.2121], h, = —0.7982
G3 =1[0.3399 1.1665],
G4 =[0.2771 1.1367],

hs = —1.1746
ha = —1.5495

and similar expressions in the remaining unlabeled re-
gions, where the gains G; are preserved but the con-
stants h; change signs. Numerical simulations carried
out using quadratic programming (not reproduced
here) showed the validity of the control law obtained
in Theorem 4.1.

Next we take, successively, N =2, N = 3, N = 4 and
N = 5 in the performance index (2). The state-space
partitions corresponding to each value of N are shown
in Figure 4. These results qualitatively coincide with
the results of Example 5.3 in [2] for the double integra-
tor (the parameters used in [2] were different).

. .
B N=2 2 N=3
2 2
N ~
x b
0 0
) )
2 2
a a
o 5 G 5 ) 0 5 G 5 )
X1 x1
. .
E N=4 3 N=5
2 2
N ~
x b
0 0
) )
2 2
a a
o 5 G 5 ) o 5 G 5 )
X1 x1

Figure 4: State-space partitions for Example 4.1 for N = 2,
N=3,N=4and N =5.

5 Conclusions

For linear, time-invariant, discrete-time models with
a quadratic performance index and hard magnitude
constraints on the input, we have presented a closed-
form expression for the global, analytical solution to
the MPC problem. The resulting solution consists of
a partition of the state space into regions in which the
corresponding control law has an affine analytic form.
Both the regions and the control law are characterised
in terms of the parameters of the open-loop optimal
control problem that underlies MPC.
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