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Abstract

This paper deals with the constantly scaled H1 con-
trol problem. In general, the solvability condition for this
problem is non-convex. However, it is known that the
state feedback (SF) and the full information (FI) prob-
lems can be reduced to convex problems. In this paper,
we consider a class of problems including the SF and the
FI problems as the special cases. The class is charac-
terized by an additional assumption called a pseudo full
information (PFI) condition. Assuming the PFI condi-
tion, we �rst derive a solvability condition. This condi-
tion involves fewer number of variables than the standard
solutions for the constantly scaled H1 control problem.
Based on this condition, we further give a convex suÆ-
cient condition for the solvability. The convex solvability
condition for the SF and the FI problems can be regarded
as the extreme cases of the derived suÆcient condition.
Moreover, we show that there exists a simple formula of
a possible controller, if the PFI condition is assumed.

1 Introduction

For the past two decades, much e�ort has been
devoted to developing analysis and synthesis meth-
ods for robust control systems. One of the most
important issues in robust control is conservatism
of analysis and synthesis methods. In order to re-
duce the conservatism, scaled small gain conditions
or passivity conditions with multipliers are often
employed in establishing robust stability and/or ro-
bust performance [3, 5, 13]. Those measures make
it possible to analyze robustness eÆciently. In fact,
many analysis results can be veri�ed eÆciently by
casting them as linear matrix inequalities (LMIs)
[4, 11, 15], where analysis problems are reduced to
optimization problems in order to �nd scalings.
On the other hand, the corresponding synthesis

problems aim to �nd both scalings and controllers.
Unfortunately, even if scalings are restricted to be-
ing constant, i.e. being frequency independent, the
synthesis problems are non-convex in general. Con-
cerning the constantly scaled H1 control problem,
several methods have been proposed to �nd global

1Department of Computer Controlled Mechanical Sys-
tems Osaka University 2-1 Yamada-oka, Suita-shi Osaka 565-
0871, JAPAN, tasai@mech.eng.osaka-u.ac.jp

solutions [7, 16, 17]. However, those methods de-
mand a large amount of computational e�ort due
to the non-convexity of the problem.
In spite of the fact that the synthesis problem is

non-convex in general, the state feedback (SF) and
the full information (FI) problems can be equiva-
lently reduced to convex problems [3, 14]. Recently
it has been shown that a larger class of problems
can be reduced to convex problems [1]. The class
is characterized by an additional assumption with
respect to a realization of G21(s). In addition, the
class includes the SF and the FI problems as the
special cases. However, the results in [1] have dealt
with only the extreme cases in terms of D21, i.e. the
cases corresponding to D21 = 0 and DT

21D21 > 0,
and have not clari�ed whether the synthesis prob-
lem can be reduced to convex problems for general
D21. In addition, no formulae of controllers have
been shown in [1].
Assuming an assumption similar to [1], this pa-

per shows two solvability conditions for generalD21.
The �rst condition is a necessary and suÆcient con-
dition which serves to derive an explicit formula of
a possible controller. This condition involves fewer
number of variables than the standard solutions for
the constantly scaled H1 control problem. How-
ever, this is still non-convex. Based on the �rst
condition, we further show that a convex suÆcient
condition can be derived for general D21. Moreover,
we show that the convex solvability conditions for
the SF and the FI problems can be regarded as the
extreme cases of the derived condition. In other
words, the suÆcient condition gives necessity in the
extreme cases. The derived suÆcient condition is
less conservative than the pure H1 control prob-
lem, since scaling matrices are still involved.
This paper is organized as follows: In Sec-

tion 2, we o�er a generalized de�nition of stability
and a robust stability criterion based on an inte-
gral quadratic constraint (IQC). Based on this ro-
bust stability criterion, the corresponding synthesis
problem is formulated, and the assumption called
a pseudo full information condition is presented in
Section 3. The main results of this paper are shown
in Section 4.
Notation of this paper is fairly standard. MT ,

M� andM y are the transpose, the conjugate trans-



pose and the pseudo inverse of a matrix M , respec-
tively. M? is a full row rank matrix whose rows
span the orthogonal complement of the range ofM .

2 Robust stability analysis

In this paper, all results are stated in a general-
ized manner which uni�es results for continuous and
discrete time systems. To this aim, we de�ne sys-
tems on a frequency-domain which may not be tied
to a speci�c time-domain, as has been proposed in
[8]. We also introduce a generalized notion of \sta-
bility" for those systems.
Systems treated in this paper are de�ned through

state space realizations as follows:

P(&) =

�
A B
C D

�
=: D + C(&I �A)�1B (1)

where & 2 C is employed to de�ne the function
in (1). In the usual cases such as continuous and
discrete time systems, & represents the Laplace and
the Z transformation variables s and z, respectively.
For the above system, we de�ne the stability.

P(&) in (1) is said to be stable, if all the eigenvalues
of A lie in the following region:

� =

�
� 2 C :

�
��

1

�� �
q s
s r

� �
��

1

�
< 0

�
where 0 � q 2 R, r 2 R and s 2 R are given
constants. Throughout this paper, we assume that
the following matrix has a positive and a negative
eigenvalues: �

q s
s r

�
:

It follows that r � sq�1s < 0 holds, if q > 0 holds.
� represents the generalized domain of stability.

In the case of q = r = 0 and s = 1, � represents the
open left half plane which denotes the stability of
continuous time systems. On the other hand, in the
case of q = 1, r = �1 and s = 0, � corresponds to
the stability of discrete time systems, since � gives
the open unit disk. � can represent more general
domains of stability such as a circular region in the
open left half plane, provided that q, r and s are
appropriately de�ned.
As the cases of standard time-domains, the sta-

bility of P(&) can be veri�ed by using a Lyapunov
inequality.

Proposition 1 [8] Let A 2 Rn�n be a given ma-
trix. Then, all the eigenvalues of A lie in �, i�
there exists a positive de�nite matrix X 2 Rn�n

such that F(X ;A) < 0 holds, where

F(X ;A) =

�
AT

I

�T �
qX sX
sX rX

� �
AT

I

�

P

- �

�

Figure 1: Robustness analysis

F(X ;A) < 0 is the generalized Lyapunov inequal-
ity. We here de�ne the following set for the sake of
brief notation:

A(n) = fA 2 Rn�n : 9X > 0 F(X ;A) < 0g:

Using this notation, Proposition 1 can be stated as
that P(&) is stable, i� A 2 A(n) holds, where n is
the size of A.
This paper primarily concerns a robust stabiliza-

tion problem based on the above de�nition of the
stability. In order to formulate the robust stabi-
lization problem, we show a robust stability analy-
sis result in the rest of this section. We deal with
the robust stability analysis problem for a feedback
system depicted in Fig. 1. � � Rm1�p1 is a given
set which represents uncertainty. P(&) is a closed-
loop system constructed by a generalized plant and
a controller. Then, the robust stability can be as-
sured by the following proposition [3, 9, 12]:

Proposition 2 Let � � Rm1�p1 be a given set,
and A 2 Rn�n, B 2 Rn�m1 , C 2 Rp1�n and D 2
Rp1�m1 be given matrices. Suppose that there exist
0 < X 2 Rn�n, Q = QT 2 Rm1�m1 , R = RT 2
Rp1�p1 and S 2 Rp1�m1 such that the following
inequalities hold:

�
I

�T

�T �
Q ST

S R

� �
I

�T

�
� 0 8� 2�; (2)

�
A I
C 0

� �
qX sX
sX rX

� �
A I
C 0

�T

+

�
B I
D 0

� �
Q ST

S R

� �
B I
D 0

�T
< 0: (3)

Then, det(I�D�) 6= 0 holds and there exists � > 0
such that F(X ;A�) � ��I holds for all � 2 �,
where A� = A+ B�(I �D�)�1C:

The robust stability is ensured by IQCs [12] in
Proposition 2. Concerning the IQCs, it has been
shown in [3, 9] that the existence of Q, R and S
in (2) and (3) implies the existence of a constant
scaling, i.e. a scaling independent of &, such that
the robust stability is attained through the scaled
small gain condition. The small gain condition in
the continuous and the discrete time cases can be
reduced to an H1 norm condition. It follows that



the constantly scaled H1 norm condition ensures
the robust stability in Proposition 2. This scaled
small gain condition can o�er a less conservative
robust stability analysis than the D and the (D;G)
scalings [5, 13] employed in the � analysis.
Inequalities (2) and (3) are convex constraints in

terms of the relevant variables X , Q, R and S. How-
ever, (2) must be satis�ed for all the elements in�.
If � consists of �nite number of elements, the nu-
merical veri�cation of (2) is possible. On the other
hand, if � consists of in�nite number of elements,
the veri�cation may be impossible in general. How-
ever, if � is given by a polytopic set and R < 0 is
additionally assumed, we can verify (2), since it can
be reduced to the constraints on the vertices of �.
As is seen so far, some additional assumptions are
necessary in order to verify (2) numerically. Never-
theless, we will not deal with those assumptions and
will leave R be mere symmetric, since we mainly fo-
cus on (3); the convexity of (2) in terms of Q, R and
S suÆces to the purpose of this paper.
In Proposition 2, the requirement for Q is only

the symmetry. However, if 0 2 � holds, we can
assume Q > 0 without loss of generality. In the
sequel, we assume 0 2 � and thus Q > 0. When
Q > 0 holds, we de�ne a template matrix �(i) for

given matrices �
(i)
Y , �

(i)
A , �

(i)
B , �

(i)
C and �

(i)
D as fol-

lows:

�(i) =

2
64 �

(i)
11 �

(i)
21

T
�
(i)
31

T

�
(i)
21 �

(i)
22 �

(i)
32

T

�
(i)
31 �

(i)
32 �

(i)
33

3
75 (q = 0);

where

�
(i)
11 = s(�

(i)
A +�

(i)
A

T
) + r�Y ;

�
(i)
22 = R� SQ�1ST ;

�
(i)
33 = �Q�1; �

(i)
21 = s�

(i)
C ;

�
(i)
31 = �

(i)
B

T
; �

(i)
32 = �

(i)
D

T
:

We omit the de�nition of �(i) for the case of q > 0,
due to the brevity of the space; it can be de�ned
similarly. Template matrix �(i) makes it possible
to describe (3) simply.

Proposition 3 Suppose that X > 0 and Q > 0
hold. Then, (3) is equivalent to �(1) < 0, where

�
(1)
Y = X ;

"
�
(1)
A �

(1)
B

�
(1)
C �

(1)
D

#
=

�
AX B
CX D

�
: (4)

3 Problem Formulation

The robust stabilization problem dealt with in
this paper is based on the robust stability analysis

G
� �

- K

�

P

Figure 2: Closed-loop system

in Section 2. Since the robust stability condition
in Proposition 2 can be cast as a constantly scaled
H1 norm condition, the synthesis problem can be
regarded as a constantly scaled H1 control prob-
lem.
The synthesis problem is de�ned for a generalized

plant (see Fig. 2) given by

G(&) =

2
4 A B1 B2

C1 D11 D12

C2 D21 D22

3
5 (5)

where A 2 Rn�n, Bj 2 Rn�mj , Ci 2 Rpi�n and
Dij 2 Rpi�mj (i; j = 1; 2) are given matrices. We
here assume D22 = 0. Note that we can assume
without loss of generality that [C2 D21 ] has full row
rank. Using suitable output and coordinate trans-
formations, we can assume further that [C2 D21 ]
has the following form [2]:

[ C2 D21 ] =

�
E H
J 0

�
;

J = [ 0 Ip2�� ];
� = rank(D21)

(6)

where H 2 R��m1 has full row rank, if � > 0 holds.
The form in (6) can be seen typically in synthesis
of servo control systems [2].
The synthesis problem is to �nd a controllerK(&)

such that the closed-loop system composed by �
and P(&) is robustly stable, where P(&) is another
closed-loop system constructed by G(&) and K(&)
as depicted in Fig. 2. According to (6), we assume
a state space realization of K(&) as follows:

K(&) =

�
Ak Bk1 Bk2

Ck Dk1 Dk2

�
: (7)

Then, the state-space realization (1) of P(&) is given
by

�
A B
C D

�
=

2
4 A 0 B1

0 0 0
C1 0 D11

3
5+

2
4 0 B2

I 0
0 D21

3
5� Ak Bk1 Bk2

Ck Dk1 Dk2

�24 0 I 0
E 0 H
J 0 0

3
5 :(8)

For the above systems, the precise formulation of
the problem is given as follows:



Problem 1 (Constantly scaled H1 control
problem) Let G(&) be a generalized plant given by
(5) and (6), and � � Rm1�p1 be a given set such
that 0 2 � holds. Then, �nd a controller K(&) in
(7) such that there exist 0 2 X 2 Rnc`�nc`, 0 <
Q 2 Rm1�m1 , R = RT 2 Rp1�p1 and S 2 Rp1�m1

satisfying (2) and (3) for � and matrices A, B, C
and D de�ned by (8), where nc` is the size of A.

A solvability condition for the constantly scaled
H1 control problem can be given by using the stan-
dard LMI solutions [6, 10] on the H1 control prob-
lem. Taking account of the form in (6) and the
results in [2], a more detailed result can be given.

Lemma 4 Let G(&) be a generalized plant given by
(5) and (6), � � Rm1�p1 be a given set such that
0 2 � holds. Then, the constantly scaled H1 con-
trol problem is solvable, i� there exist 0 < X 2
Rn�n, 0 < Y 2 R��� , Z 2 R��(n��), A 2 R��n,
B 2 R���, C 2 Rm2�n, D 2 Rm2��, 0 < Q 2
Rm1�m1 , R = RT 2 Rp1�p1 and S 2 Rp1�m1 such

that (2), �
(2)
Y > 0 and �(2) < 0 hold, where

�
(2)
A =

�
AX +B2C (A+B2DE)N

T

A (Ŷ A+ BE)NT

�
;

�
(2)
B =

�
B1 +B2DH

Ŷ B1 + BH

�
;

�
(2)
C =

�
C1X +D12C (C1 +D12DE)N

T
�
;

�
(2)
D = D11 +D12DH;

�
(2)
Y =

�
X NT

N Y

�
; Ŷ = [ Y Z ];

N = [ I� 0 ]; � = n� (p2 � �):

Lemma 4 provides the necessary and suÆcient
condition for the constantly scaled H1 control
problem solvable. Moreover, if the problem is solv-
able, a �-th order controller exists [2]. The existence
of the reduced order controller is the consequence
of the fact that p2 � � number of the state variable
are exactly available due to the form in (6).
Lemma 4 is, in general, a non-convex condition

in terms of the relevant variables. However, if the
generalized plant has the special structure such as
the SF and the FI problems, the synthesis problem
can be reduced to convex problems [3, 14]. More-
over, it has been shown in [1] that a larger class of
problems can be reduced to convex problems. In [1],
the class is characterized by additional assumptions
for G(&). Similarly to [1], we consider the following
assumption for G(&):

Assumption 1 (Pseudo full information con-
dition) One of the following conditions holds for
the generalized plant G(&) given by (5) and (6):

� � = 0, i.e. J = In, holds.

� � > 0, N
NT 2 A(�) and N� = 0 hold,1

where


 = A�B1H
yE; � = B1(I �HyH):

In the sequel, we call Assumption 1 the pseudo
full information (PFI) condition due to the follow-
ing reason: Suppose that the �rst condition holds.
Then, all the state variables of G(&) are exactly
available, since J = In holds. In this case, addi-
tional condition � = 0, i.e. D21 = 0, gives the state
feedback problem, while another condition � = m1,
i.e. DT

21D21 > 0 gives the full information problem.
It follows that the SF and the FI problems are the
special cases of Assumption 1. On the other hand,
in the case of � > 0, we can de�ne a subsystem
Gsub(&) as follows:

Gsub(&) =

�
NANT NB1

ENT H

�
:

Note that Gsub(&) corresponds to the � number
of state variables which are not exactly available.
Then, Assumption 1 ensures that the (pseudo) in-

verse system G
y
sub(&) is stable, where

G
y
sub(&) =

�
N
NT �NB1H

y

HyENT Hy

�
:

This condition may not look related to the SF and
the FI problem. However, it will be clari�ed that
the both conditions in Assumption 1 indeed play
the same role in deriving the main results of this
paper.
The PFI condition can be easily veri�ed for G(&)

given by (5) and (6). However, even if the PFI
condition does not hold for a given realization of
G(&), there may exist a coordinate transformations
for G(&) such that the PFI condition holds. In
other words, the PFI condition depends on coor-
dinate transformations. Fortunately, the existence
of such a coordinate transformation can be reduced
to an LMI problem and it can be easily con�rmed.

4 Main results

4.1 Solvability condition

Assuming the PFI condition for the generalized
plant, two solvability conditions, which are main
results of this paper, will be shown for the con-
stantly scaled H1 control problem. Those solv-
ability conditions involve fewer number of variables

1In the case of � = 0, NANT
2 A(�) and NB1 = 0 are

assumed



than Lemma 4. The �rst condition serves to derive
an explicit formula of a possible controller. In ad-
dition, the controller leads to a simple realization
of the corresponding closed-loop system. On the
other hand, the second condition serves to derive
a convex suÆcient condition so that the constantly
scaled H1 control problem is solvable.

Theorem 5 Let � � Rm1�p1 be a given set and
G(&) be a generalized plant given by (5) and (6).
Suppose that 0 2� and the PFI condition for G(&)
hold. Then, the constantly scaled H1 control prob-
lem is solvable, i� there exist 0 < X 2 Rn�n,
C 2 Rm2�n, D 2 Rm2�(p2��), 0 < Q 2 Rm1�m1 ,
R = RT 2 Rp1�p1 and S 2 Rp1�m1 such that (2)

and �(3) < 0 hold, where �(3) = X,"
�
(3)
A �

(3)
B

�
(3)
C �

(3)
D

#
=

�
AX +B2C B1 +B2DH
C1X +D12C D11 +D12DH

�
:

Furthermore, if there exist X, C , D , Q, R and S
such that the above conditions hold, a possible con-
troller K(&) is given by (7) with the following ma-
trices:�

Ak Bk2

Ck Dk2

�
=

�
N(
 +B2F̂ )

F̂

� �
N
J

�T
;�

Bk1

Dk1

�
=

�
N(B1H

y +B2D )
D

�
;

(9)

where F̂ = CX�1 � DE:

Theorem 5 provides the necessary and suÆcient
condition for the constantly scaled H1 control
problem solvable. Moreover, Theorem 5 gives the
explicit formula (9) of the possible controller. In
spite of the fact that the order of the generalized
plant is n, the controller in (9) has the �-th or-
der. The existence of the reduced order controller
is the consequence of the results in [2]. A simi-
lar result has been given in [1] for the continuous
systems. However, formulae of controllers have not
been shown in [1]. Note also that Theorem 5 pro-
vides the generalized results unifying results for con-
tinuous and discrete time systems.
The solvability condition in Theorem 5 is still

non-convex in terms of the relevant variables.
Hence, the numerical veri�cation of the solvabil-
ity requires much computational e�ort [7, 16, 17].
However, it may be easier than Lemma 4, since Y ,
Z, A and B are not involved in Theorem 5. This
simpli�cation is owing to the fact that an arbitrar-
ily large Y exists under the PFI condition. It im-
plies that, if the problem with the PFI condition is
solvable, possible Y in Lemma 4 can be extremely
large. In that case, numerical tests may not con-
clude the problem as solvable, since the extremely

large Y leads to ill-conditions for numerical manip-
ulations. A similar diÆculty has been pointed out
also in [18]. On the other hand, the solvability con-
dition in Theorem 5 leads to better conditions for
numerical veri�cations, since Y does not appear.
It is easy to con�rm the fact that (2) and �(3) < 0

hold, i� the constantly scaled H1 control problem
for the following generalized plant is solvable:

Gmod(&) =

2
64
A B1 B2

C1 D11 D12

0 H 0
I 0 0

3
75 : (10)

Note that the solvability for Gmod(&) is given by the
existence of a static feedback [ D F ], since all the
state variables of Gmod(&) are exactly available [2].
It follows that the solvability condition for G(&) is
equivalent to that for Gmod(&), provided the PFI
condition is assumed for G(&). Note that Gmod(&)
satis�es the PFI condition.
In addition to the solvability condition, the

closed-loop system for G(&) and K(&) is equivalent
to that for Gmod(&) and [ D F ].

Proposition 6 Let G(&) be a generalized plant
given by (5) and (6), and K(&) be a controller given
by (7) and (9). Suppose that the PFI condition
holds for G(&). Then, the closed-loop system P(&)
de�ned by (1) and (8) is equivalent to the following
system:

Pmod(&) =

�
A+B2F B1 +B2DH
C1 +D12F D11 +D12DH

�
(11)

where F = CX�1 :

Pmod(&) is the closed-loop system given by
Gmod(&) and [ D F ]. Concerning the existence of a
static feedback, the LMI synthesis results in [6, 10]
often lead to a result; a control problem can be
solved by a static feedback, if the solvability condi-
tion can be described in terms of only X, i.e. with-
out Y . Even though Theorem 5 is stated in terms
of only X, there does not necessarily exist a static
feedback realizing Pmod(&) for G(&) in the case of
� > 0. This gap is caused by the di�erence in ways
of eliminating Y . A static feedback exists, if there
exists small Y , i.e. suÆciently small so that an as-
sign Y = NX�1NT is possible. On the other hand,
Theorem 5 eliminates Y (and Z) by allowing it suf-
�ciently large.

4.2 Convex suÆcient condition

In general, Theorem 5 is a non-convex problem.
However, the problem can be reduced to a convex
problem, if G(&) corresponds to the SF or the FI



problem. Moreover, the problem can be reduced
to a convex problem for a larger class of problems,
if G(&) satis�es the PFI condition with � = 0, i.e.
D21 = 0, or � = m1, i.e. D

T
21D21 > 0 [1]. However,

the case 0 < � < m1 has not been discussed. In this
section, we deal with the latter case and give a con-
vex suÆcient condition by explicitly taking account
of the null space of H.

Theorem 7 Let � � Rm1�p1 be a given set and
G(&) be a generalized plant given by (5) and (6).
Suppose that 0 2 � and the PFI condition hold.
Moreover, suppose that 0 < � < m1 holds. Then,
the constantly scaled H1 control problem is solv-
able, if there exist 0 < X 2 Rn�n, C 2 Rm2��,
D 2 Rm2�r, 0 < �Q 2 Rm1�m1 , R = RT 2 Rp1�p1

and �S 2 Rp1�m1 such that the following inequalities
hold: �

W

�T

�T
�

�
W

�T

�
� 0 8� 2�;

�
B2

D12

�?(�
A I
C1 0

� �
qX sX
sX rX

� �
A I
C1 0

�T

+

�
�B1 0
�D11 I

�
�

�
�B1 0
�D11 I

�T)�
B2

D12

�?T
< 0;

�
�DT
112
I

�T
�2

�
�DT
112
I

�
< 0 (q = 0) (12)

where

� =

�
�Q �ST

�S R

�
; �2 =

�
�Q2

�ST2
�S2 R

�
;

�Q =

�
�Q1

�QT
3

�Q3
�Q2

�
; �S = [ �S1 �S2 ]; W =

�
H

(HT )?

�
;

�
�B1
�D11

�
=

�
�B11

�B12
�D111

�D112

�
=

�
B1

D11

�
W T :

Again, (12) for the case of q > 0 is omitted for
the sake of the space.
Theorem 7 reveals that, even if neither D21 = 0

nor DT
21D21 > 0 holds, the convex condition can be

derived, although it is the suÆcient condition. For
the constantly scaledH1 control problem, it is easy
to obtain a convex suÆcient condition. In fact, if
Q, R and S are �xed so that (2) holds, (3) can be
reduced to an H1 control norm constraint. In that
case, the synthesis problem is reduced to a pureH1
control problem which is a convex problem. How-
ever, since all the scaling matrices are �xed in the
pure H1 control problem, the resultant condition
tends to be highly conservative. On the other hand,
the suÆcient condition in Theorem 7 is less conser-
vative than the pure H1 control problem with the

�xed scaling matrices, since scaling matrices �Q, R
and �S are still involved.
The solvability condition for the SF and the FI

cases can be regarded as the extreme cases of (12).
Indeed, the SF problem corresponds to the case that
�Q2 in (12) is �Q, while the FI problem is correspond-
ing to the case that �Q2 does not appear. In other
words, the suÆcient condition in Theorem 7 gives
necessity in the extreme cases. Note that the con-
servatism of Theorem 7 depends on the rank of D21.
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