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Abstract

In this paper, the stability of the optimal filter w.r.t.
its initial condition and w.r.t. the model, is studied
in a general HMM using the Hilbert projective met-
ric. These stability results are then used to prove the
uniform convergence of the interacting particle filter to
the optimal filter, as the number of particles goes to
infinity.

Keywords : hidden Markov model, nonlinear filter,
stability, Hilbert metric, total variation distance, parti-
cle filter.

1 Introduction

The stability of the optimal filter has been the subject
of many works. Ocone and Pardoux proved in [10], that
the filter forgets its initial condition in the LP sense
without stating any rate of convergence. Recently, a
new approach using the projective Hilbert metric has
been proposed by Da Prato, Furhman and Malliavin
in [3]. Some results of stability w.r.t. the initial condi-
tion are proved by this way in Atar and Zeitouni [1].
Independently, Del Moral and Guionnet proposed in [4]
another approach based on semi—group techniques and
on the Dobrushin ergodic coefficient to derive some sta-
bility results w.r.t. the initial condition, which are used
therein to prove the uniform convergence of the inter-
acting particle filter to the optimal filter with a rate
(1/V/N)®, for any a < 1. In this article, the approach
using the Hilbert metric is used to study the asymptotic
behavior of the optimal filter and as in [4] uniform con-
vergence results are derived for the interacting particle
filter.

In the next section, the nonlinear filtering problem is
defined, and some notations are introduced. In Sec-
tion 3, some properties of the Hilbert metric are stated,
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which are used in Section 4 to prove the stability of the
optimal filter w.r.t. its initial condition : the total vari-
ation error at time n is related to the initial error in the
Hilbert metric or in total variation. Then stability of
the optimal filter w.r.t. the model is proved : the error
in the weak sense at time n is related to the local error
(committed at each time step) in the weak sense. In
Section 5, these stability results are used to prove the
uniform convergence in the weak sense for the interact-
ing particle filter, with a rate 1/\/N

2 Optimal filter for general HMM

Consider the following model, with two sequences
{Xn,n > 0} and {Y,,n > 0}, taking values in R™
and R? respectively:

e The hidden state sequence {X,,, n > 0} is an in-
homogeneous Markov chain, with transition prob-
ability kernel @, i.e.

]P[Xn € dm' | Xn—l = Q?] = Qn(wadxl) )

for all n > 1, and with initial probability distri-
bution .

e The observation sequence {Y;,, n > 0} is related
to the state sequence {X,,, n > 0} by

Y, = hn( X0, Vo),

for all n > 0, where {V;,, n > 0} is a sequence
of independent random variables, not necessar-
ily Gaussian, independent of the state sequence
{X,, n >0}. It is assumed that the collection of
probability distributions P[Y,, € dy | X,, = z] on
R?, parametrized by € R™, is dominated, i.e.

]P[Yn € dy | Xp = HZ] = gn(xay) An(dy)v

for some nonnegative measure A, on R?. The
corresponding likelihood function is defined by
U, (x) = gn(z,Y,), and depends implicitely on
the observation Y,,.



The following notations and definitions are used
throughout the paper

e The set of probability distributions on R™, and
the set of nonnegative measures on R™, are de-
noted by M* and P respectively.

e With any nonnegative kernel K defined on R™,
is associated a nonnegative linear operator acting
on M, still denoted by K, and defined by

K u(da') = / ) K d')

for any u € M*. Consequently, the adjoint non-
negative linear operator acting on functions, and
denoted by K*, is defined by

Ko@) = | Kd)ol)

for any measurable function ¢ defined on R™.

e With any nonzero u € M™", ie. such that
(1, 1) # 0, is associated the normalized nonneg-
ative measure (i.e. the probability distribution)

p=p/{p1) €P.

e With any nonnegative kernel K defined on R™, is
associated the normalized nonnegative nonlinear
operator K on M+ and taking values in P, defined
by K (1) = K p/(K p,1) = K i/ (K i, 1) = K (7).
for any u € M™T such that (K pu,1) # 0, and
K(p) = 0 otherwise.

The problem of nonlinear filtering is to compute at each
time n, the conditional probability distribution ., of
the state X,, given the observation sequence Yj., =
(Yo,---,Y5,) up to time n. The transition from p,_; to
l4n, is described by the following two steps :

prediction

Pn—1 ———————— fnjn-1 = @n fn-1
correction
— 7 Mn = ‘Iln "Mnln—1

where - denotes the projective product. In the correc-
tion step, u, is given by the Bayes rule

v, Hnjn—1
(:u’n\nfl ) \I!n>

For any n > 0, introduce the nonnegative kernel
= Qu(z,de') ¥, (z") ,

and the associated nonnegative linear operator R,, act-
ing on M™*, defined by

Mn = v, - Hnjn—1 =

Ry (z,dz")

Ry p(da’) = / (da) Qu(w, da') Wa(a)

for any u € M™T. Notice that R, depends on the ob-
servation Y;, through the likelihood function ¥,,, hence
is random. With this definition, the evolution of the
optimal filter can be written as follows

Rn Hn—1 D

nzi—Rn n— :q’n n Mn— )
A TR (tn—1) (Qn pn-—1)
and iteration yields

= R (fn—1) = Rn °"'°Rm(ﬂm—1)

= Rn:m(,umfl) -

This equation shows clearly that the evolution of the
optimal filter is nonlinear only because of the normal-
ization term coming from the Bayes rule. In the follow-
ing section a projective metric is introduced precisely
to get rid of the normalization and to come down to the
analysis of a linear evolution.

Throughout the paper, the notation || - || is used for the
total variation norm on the set of finite signed mea-
sures on R™, and for the supremum norm on the set
of bounded measurable functions on R, depending on
the context.

3 Hilbert metric on the set of finite
nonnegative measures

In this section, the Hilbert metric is introduced, and
some of its properties are stated, which are used below.

Definition 3.1 Two nonnegative measures p, ' € M*
are comparable, if there exist positive constants 0 < a <
b, such that

p'(dr) < p(dz) < bp'(dz) .

Notice that the two nonnegative measures pu and u' are
comparable if and only if 4 and u' are equivalent with

!
Radon—Nikodym derivatives Ed/% and %’;— bounded and

bounded away from zero.

Definition 3.2 (Hilbert metric) The Hilbert met-
ric on M7 is defined by

u(A)

I

sup
A:p'(A)>0 M

inf
A:ul’r(lA)>0 /,LI A)

(|| || || ||)

\_/\_/

h(p, pt') = log

if wp' € MY are nonzero and comparable, and
h(p, p') = +oo otherwise.



The Hilbert metric h is a projective distance, i.e. in-
variant under multiplication by positive scalars, hence
h(u,p") = h(, i'), for any p,p’ € M*. In the non-
linear filtering context, this property allows to consider
the linear transformation pu — R, u instead of the non-
linear transformation p — Ry, (1) = Ry, p/(Ry 1, 1).

Definition 3.3 (Mixing property) The nonnega-
tive kernel K defined on R™ is mixing, if there exist

a constant 0 < € < 1, and a nonnegative measure
X € MT, such that

eXdz') < K(z,dx') < é/\(da:') ,

for any x € R™.

The following lemma relates the total variation norm
and the Hilbert metric.

Lemma 3.4 For any nonzero u, ' € M+

o 2
llm— 'l < Tog3 h(p, p') (1)

If in addition the nonnegative kernel K defined on R™
is mizing, then

1.
h(K p, K p') < = @ —a'll - (2)

The first inequality is proved in Atar and Zeitouni [1],
and the second inequality follows from the estimate
logr < |r — 1|, which holds for any r > 0, and from
the Scheffe theorem.

Theorem 3.5 (Birkhoff [2], Hopf [8]) Let K be the
nonnegative linear operator on M™ associated with the
nonnegative kernel K defined on R™. The contraction
coefficient

h(K p, K p')
h(u,p') 7

associated with the Hilbert metric, is called the Birkhoff
contraction coefficients, and satisfies

T(K) = sup
0<h(p,p'")<oo

3)

7(K) = tanh[+ H(K)] ,

L
1
where H(K) is the following diameter
H(K)= sup h(KpKp).
pop' EMF

Notice that H(K) < oo implies that 7(K) < 1.

The stability results stated below require in general that
for any n > 0, the nonnegative kernel R,, is mixing, i.e.

there exist a constant 0 < ¢, < 1, and a nonnegative
measure A, € M, such that

1
en An(dz') < Rp(z,dx’) < — A, (dx') ,
En
for any x € R™. Notice that in full generality €, and
An depend on the observation Y,,, hence are random
variables.

Lemma 3.6 The nonnegative linear operator R, de-
fined on MY is a contraction under the Hilbert metric,
with Birkhoff contraction coefficient 7, = 7(R,) < 1.
Moreover

(i) If R, is mizing, with the possibly random constant
€n, then

2
1—e€2

<1l.
1+¢2

Tn <

(i) If Q. is mizing, with the nonrandom constant €,
then R, is also mizing, with the same constant ,,,

and
1—¢g?
TnST(Qn)S 1+Eg <l1.

Throughout the paper, for any integers m < n, the con-
traction coefficient of the product R,.., = Ry -+ - Ry, is
denoted by Ty.m = T(Rpim) < Tn -+ - T and by conven-
tion Tnin+1l = Tm—1:m = 1.

4 Stability of nonlinear filters

In practice, the initial distribution of the hidden state
is often unknown. Hence from a practical point of view,
the stability of the filter w.r.t. its initial condition is a
desirable property. Moreover, this property is useful to
prove the stability w.r.t. the model.

Consider the filter u, correctly initialized with pg, and
the filter y, wrongly initialized with pg, ie. p, =
Ry:1(po) and pl, = Ry.1(pg)- An estimate of the total
variation error at time n induced by the initial error, is

given by the following.

Theorem 4.1 Without any assumption on the mon-
negative kernels, the following inequality holds

2
ltn — .U,n” < @ Tn:m h(ﬂmfl;ll;n—l) .

If in addition the nonnegative kernel R,, is mizing, then

2 1
i = pll < =% Tomt1 =5 ftm—1 = pan 1l -
"7~ log3 ez ml



Corollary 4.2 If for any k > 0, the nonnegative kernel
Ry, is mizing with e, > € > 0, then

H'u” o 'uI”H < 2 10g3 T ||Nm71 - M;n71|| )
2
— £
ith T = ———.
w1 T 1 —|—g2

ProOOF. Using (1) and the definition (3) of the Birkhoff
contraction coefficient, yields

P P ’ 2 ’
, — R, < = : :
| Ry (1) — R (1) < log 3 h(Rp.m p, R )

2

1. o nmh ) ' ’
< g3 ™ (ks ')

for any p,p' € P. If the nonnegative kernel R, is
mixing, then using (2) yields

||Rn:m(lu) - Rn:m(ﬂl) I

2
S @ h(Rn:erl Rm ,U; Rn:erl Rm /J/I)
) , ()
S @ Tnim+1 h(Rm ,U; Rm /J/ )
2 1 ,
< @Tn:nﬁ-l = = 'l -
Taking u = pm and g’ = p, finishes the proof. O

This stability result w.r.t. the initial condition is used
below to prove the stability of the filter w.r.t. the model.
In practice, the model is often unknown, and instead
of using the true model, it is common to use a wrong
model, based on a wrong transition kernel Q! and a
wrong likelihood function ¥/, which define the evolu-
tion operator R), for a wrong filter /. Another situa-
tion is when the evolution operator R,, is known, but
difficult to compute. For the purpose of practical im-
plementation, an approximate filter u!, is designed such
that the evolution u!, ; — u! is easy to compute and
close to the true evolution u!,_; = R, (u!,_;)-

The purpose of the following results is to bound the
global error between p!, and p,, induced by the local er-
rors committed at each time step. Without loss of gen-
erality, it is assumed here that o = p, since the prob-
lem of a wrong initialization has been studied above. In
full generality, it is assumed that {u!,, n > 0} is a ran-
dom sequence with values in P, satisfying the following
property : for any n > k£ > 0 and for any bounded
measurable function F' defined on P

B[F (1) | Yorn] = E[F' (1) | Youe] - (5)

The results stated below are based on the following de-
composition of the global error into sums of local errors

transported by a sequence of normalized evolution op-
erators Rn,
n
,Uln — Mn = Z[Rn:k+1(,u;c) - Rn:k(uk—l)]
k=1

(6)

n
= > [Rukr1 () = Rur o Ri(pp1)] -
k=1
This equation shows the close relation between the sta-
bility w.r.t. the initial condition and the stability w.r.t.
the model.

Assumption W :

61‘7 = ¢T|1;ﬁ71E[| <N;c - Rk(%f1):¢>| | YO:k] < 00 .

If the approximation ) is an empirical measure as-
sociated with Rg(u) ), then bounding the local er-
ror requires to use the law of large numbers which can
only provide a bound in the weak sense of Assumption
W. However, the following lemma shows that the er-
ror transported by one evolution operator can still be
bounded in total variation, if the operator is smooth
enough.

Lemma 4.3 If the nonnegative kernel K defined on
R™ is dominated, i.e. if there exist a constant ¢ > 0,
and a nonnegative measure X € M*, such that

K(z,dz') < 1)\(d:r') ,
c

for any x € R™, then

A1
IE||Ku—Ku'||S<—c> sup El(u—p',0)], (7)
o llo=1

for any p, u' € MT, possibly random.

The following estimates are useful to bound the error
between two normalized measures in terms of the error
between the two corresponding unnormalized measures.
For any p, ' € M+

- (p—w' o) | [ =4/, 1)
(= o)l < BB B ) @)
and
N |Vt (i | B (VR e 9]

Theorem 4.4 If for any k > 0, Assumption W holds,
and the nonnegative operator Ry is mizing, then

sup  E[| (un — Mﬁw¢> | | Youn ]
o:ll¢ll=1

5 4 =2 5
§5+2n_1+—27':k+37k-
n g2 log3 & n €101




Corollary 4.5 If for any k > 0, Assumption W holds
with 0, < 8, and the nonnegative operator Ry, is mixing
with €, > € > 0, then

sup K[| (in — pin, &) | | Yoin ]
6:llgll=1

2 4

< —_ 4+ —— .
- (1+52 +56 log3)6

PrOOF. Using the decomposition (6) and the triangle
inequality, yields

| (= iy @) | < | (i, — Rty 1), 9) |

n—1

+ D N Bt (1) = Roerr © Bic(paie—y) | 1] -
k=1

For any 1 < k < n — 2, the estimate (4) yields

||Rn:k+1 (N;c) - Rn:kJrl o Rk(,u;c—l) I

= ||Rnikt2 © Rig1 (1) — Rz © Riyr o Ry (g o) ||

2 1 _ _ _
— Th: — ||R, 'Y —R Ry (i) )
< fog3 Tk = [ Rpt1(py) — Biv1 0 Re(pg—1) |l

For any 1 < k < n — 1, taking conditional expectation
w.r.t. the observations, and using estimate (9), yields

B[ || Ri+1 (1) — Ri1 © Ri(pf—1) | | Youn ]

| Rira (1, — Rie (1)) ||
(Rit1 p,, 1)

The mixing property yields
(Rir1 iy 1) > eprr i, 1)
and the estimate (7) yields
B[] Ris1 (i, — Rie(pi—1)) |1 | Youn ]

< 2H] | Youn ] -

Aest, 1 ;
M sup [E[| (u;c — Rk(uk_ﬂ: & | | Yon ]
Ek+1 g:loll=1

< <>‘k+17 1>
Ek+1

IN

Ok

Combining these estimates yields

_ _ _ 0
B || Rer (1) = Risr © Ri(pthey) || | Youn] < 25— .
€1

Finally, taking conditional expectation w.r.t. the obser-
vations, yields

sup [E[| <.Uln = fins ) | | Youn ]
o:ll¢ll=1

L. nz_f i O
> T a Tnik+3 53 -
" e log3 & T ef L eh

5 Uniform convergence of interacting particle
filters

In this section the wrong model is chosen deliberately,
such that the wrong filter can easily be computed,
and remains close to the optimal filter. Here, particle
methods are considered to approximate the optimal fil-
ter. Roughly speaking, particle methods are essentially
based on the Monte Carlo principle, which allows to ap-
proximate a probability distribution g when a sample
(€',---,&N) of ii.d. random variables with the prob-
ability distribution p is given. Throughout the paper,
SN (u) is a shorthand notation for the empirical distri-
bution of an N-sample with probability distribution u

sN()—igNja»
14 —Ni:1 ¢ -

Lemma 5.1 For any p € P

sup B (S™ (1) — 1, 9) |
o llgll=1

1

< N

The method is very easy to implement, even in high
dimensional problems, since it is sufficient in principle
to simulate independent sample paths of the hidden dy-
namical system. A major and earliest contribution in
this field was made by Gordon, Salmond and Smith [7],
which proposed to use sampling / importance resam-
pling (SIR) techniques in the correction step : the pos-
itive effect of the resampling step is to automatically
concentrate particles in regions of interest of the state
space. A very complete account of the currently avail-
able mathematical results can be found in the survey
paper by Del Moral and Miclo [5]. Theoretical and
practical aspects can be found in the volume edited by
Doucet, de Freitas and Gordon [6].

The transition from pd_; to pd is described by the
following two steps

sampled

prediction

py , ———— p‘mnfl = SN (Qu )

correction

N N
7 Wnp = ¥y “Hplp—1 -

Without loss of generality, it is assumed that the likeli-
hood function is bounded, and the following assumption
is introduced.

Assumption L :

sup W (z)
pr= e <00
inf (Qr p, i)
pEP



Theorem 5.2 If for any k > 0, Assumption L holds,
and the nonnegative operator Ry is mizing, then the
particle filter uY satisfies

sup  E[[ (un — i, 0) | | Youn]

o:loll=1
5 4 = 5
S 6n+2 nil"‘— 7_n:k+37lC )
e, log3 ,; 2 Ehg
where for any k > 0
1
o < —=2pi -

VN

Corollary 5.3 If for any k > 0, the nonnegative op-
erator Ry is mizing with e, > ¢ > 0, and pr < p
a.s., then the convergence is uniform in time, with rate

1/V/N, i.e.
sup B[] (un — MTI:{7¢> || Yo.n]
é:||oll=1
1 2 4
< — (14

< /5 )2p .

e2 ' 6 log3

ProoOF. It is sufficient here to check that Assump-
tion W is satisfied, and to apply Theorem 4.4. Using
estimate (8) yields

[(pr — Rie(ug 1), ) |
= [(Te - (SN (Qr 1)) — Vs - (Qk tip—1), D) |
| (SN(Qu pz 1) — Qu iy 1, Pk @) |

o <Qk ,ullgv_p\:[,k)

N | (SN (Qr phy 1) — Qu g1, ¥ |
<Qk /Jlfcv_lalljk>

for any bounded measurable test function ¢ defined on
R™. By definition

(Qr pp_y, ) > inf (Qp 1, Ty)
neP

191l ,

Using Lemma 5.1 with g = Q ply |, and ¥y, ¢ instead
of ¢, yields

E[ (SN (Qk 1) — Qi 15 Vi 8) | | Your, 1]

1
< 0= sup Wy (z) ,
7 ol sup i)

hence

, S‘lﬁﬂE[l(uff — Ri(ix" 1), 0) | | Your] <

1
—2 .
JN P

which conculdes the proof. a

6 Conclusion

Using the same techniques, it is possible to prove the
stability of the optimal filter w.r.t. the model in some
stronger sense : for instance, the error in total variation
at time n can be related to the local error in total vari-
ation. This allows to prove the uniform convergence in
total variation for the regularized particle filters intro-
duced in Musso, Oudjane and LeGland [9].
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