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Abstract

A new methodology is proposed for the design of path
following systems for autonomous underwater vehicles.
Global convergence to reference paths is achieved with
a nonlinear control strategy that takes explicitly into
account the dynamics of the vehicle. Formal conver-
gence proofs are indicated. Simulation results with the
model of a prototype autonomous underwater vehicle
are presented to illustrate the performance of the path
following system derived.

1 Introduction

This paper proposes a new methodology for the de-
sign of path following systems for autonomous under-
water vehicles. This problem has been motivated by
the practical need to develop such a control system for
INFANTE, an autonomous underwater vehicle (AUV)
developed at the Instituto Superior Técnico (Pascoal et
al., 2000). The reader is referred to (Samson, 1992; Mi-
caelli and Samson, 1993) and the references therein for
related work in the field of land robots, where meth-
ods for path following have been devised that rely on
Lyapunov-based nonlinear control. The techniques pro-
posed essentially solve the problem of path following for
land vehicles by taking into account the kinematic equa-
tions only. However, they cannot be simply extended to
air or underwater vehicles. In this case, new methodolo-
gies for path following are required to take explicitly into
account the presence of complex aero/hydrodynamic
terms in the vehicle dynamics.

The work reported in (Micaelli and Samson, 1993) has
recently been extended for the case of marine craft in
the presence of constant but unknown ocean currents.
In (Encarnagio et al., 2000) the authors describe a non-
linear path following control system that takes explic-
itly into account the dynamics of the vehicle as well as
those of a current estimator. The same circle of ideas
is explored here for the three dimensional case. The en-
visioned applications are AUVs that are only actuated
in surge, pitch, and yaw. Thus, the system is not feed-
back linearizable and other nonlinear control approaches
must be sought.
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The key ideas behind the development of the nonlinear
control strategy can be simply explained as follows. An
hypothetical vehicle is considered that has its main body
axis aligned with the total velocity vector and a nonlin-
ear "kinematic” controller is derived for that vehicle to
steer it to a reference path. Asymptotic convergence
to the reference path is proven for this control system.
Then, the "kinematic” controller derived is extended to
incorporate the dynamics. This is done by casting the
vehicle dynamic equations into standard integrator form
using nonlinear dynamic inversion (Isidori, 1989) and
applying backstepping techniques (Krstié¢ et al., 1995).
It is assumed that the position and attitude of the un-
derwater vehicle, as well as its angles of attack and
sideslip, are accessible for measurement. Formal con-
vergence proofs are indicated. Simulation results with
the model of a prototype autonomous underwater ve-
hicle are presented to illustrate the performance of the
resulting path following controller.

An introduction to the problem of path following for
air and underwater vehicles can be found in (Kaminer
et al., 1998), (Fryxell et al., 1996), where the authors
proposed the use of gain scheduled techniques for ac-
curate vehicle control about trimming paths. Stability
and performance results were thus only local in nature.
The reader will find in (Krsti¢ et al., 1995) a lucid pre-
sentation of backstepping techniques. See also (Fossen
and Berge, 1997; Aamo et al., 2000) for interesting ap-
plications to ship control.

2 Kinematic and dynamic model of an AUV.
The path following problem.

This section derives the dynamic model of an AUV and
introduces the path following problem. See (Fryxell,
1994; Silvestre and Pascoal, 1997) for details on the
construction, modelling, and control of a representative
AUV prototype.

Following standard practice, the equations of motion
of an AUV can be developed using a global coordi-
nate frame {U} and a body-fixed coordinate frame {B}
that moves with the vehicle. The following notation
is required (Fryxell, 1994; Silvestre and Pascoal, 1997):
Bug,,, = (u,v,w)" is the velocity of the origin of {B}
relative to {U}, expressed in {B} (i.e., body-fixed linear
velocity) and Pwp = (p,q,r)T is the angular velocity
of {B} relative to {U}, expressed in {B} (i.e., body-
fixed angular velocity). From Newton-Euler equations,



Figure 1: Vehicle following a 3D path.

the translational and rotational motion of the AUV are
described by

X+T = m(t+quw—rv)
Y = m@+ru—pw)
Z = m(w+pv—qu)
K = ILp+(.—1,)qr
M = Ig+(I,—L)pr
N = Li+{I,—1,)pq

where (X,Y,Z) are the forces along the body-fixed
frame {B}, (K, M, N) are the rolling, pitching and yaw-
ing moments about frame {B}, and I, I, and I, are
the moments of inertia about the same frame. In the
equations, T is the thrust force along the zp axis that
is generated by the back propellers, and m is the vehicle
mass. The external forces and moments include (restor-
ing) terms caused by gravity and buoyancy, added mass
terms, the effects of control surface deflections, and cen-
tripetal, Coriolis, and friction as well as hydrodynamic
damping forces and moments acting on the vehicle’s
body. In what follows it is convenient to express the
translational motion of the vehicle in terms of its total
linear speed V;, angle of attack a, and sideslip angle 3,
which are related to u, v, and w as

‘/t — ‘/U2+’U2+’IU2,

a = arctan(%),
B = arcsin )

respectively. A simplified model for the external forces

and moments is given by (Fryxell, 1994; Fossen, 1994)
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where p is the fluid density, L is a representative ve-
hicle length, and X(.), Y(.), Z(,, K, M), and N,

are hydrodynamic coefficients. In addition, zcp is the
metacentric hight, V' is the vehicle’s volume, g is the
gravity acceleration, 6’ and ¢’ are the pitch and yaw
angles from the body fixed to the global frame, and §;,
ds, and J, are the bow and stern plane and the rudder
deflections, respectively. In this work, it was assumed
that the vehicle is neutrally buoyant. Pure forces due to
the deflection of the control surfaces, as well as added
mass and higher order hydrodynamical terms were ne-
glected.

Agsuming the vehicle’s speed is held constant, the V;
equation is discarded and the vehicle dynamic model
can be written as (1)-(5).

This paper addresses the problem of designing a feed-
back controller for an underwater vehicle with dynam-
ics described by (1)-(5) to drive it along a desired path
with constant speed. Intuitively, the path following con-
troller should look at i) the distance from the vehicle to
the path and ii) the angles between the vehicle velocity
and the tangent to the path, and reduce both to zero
(Samson, 1992; Micaelli and Samson, 1993). This mo-
tivates the development of the vehicle kinematic model
in terms of so-called Serret-Frenet frame and the use of
the above distance and angles as coordinates of the er-
ror space where the control problem will be formulated.
The following additional notation is required.

Let {W} be the frame that results from {B} by ro-
tating it about yp through the angle of attack «, fol-
lowed by a rotation about zp through the sideslip angle
B. Thus, {W} has its xw axis aligned with the to-
tal velocity vector; following standard nomenclature in
aircraft control, {W} will be called the ”wind” frame.
The symbol " Rp (a,3) denotes the rotation matrix
from {B} to {W}, parameterized by a and 8. Consider
also {SF'}, the Serret-Frenet frame associated with each
point of the path, with unity vectors T (tangent to the
path), N (normal to the path), and B =T x N. Let s
be the distance along the path, k£ the path’s curvature,
and 7 its torsion. The path’s curvature k and torsion
T are assumed to be continuous bounded functions of
s with bounded derivatives but, for simplicity of nota-
tion, their dependence on s is not written down explic-
itly. According to the well-known Serret-Frenet formu-
las, the angular velocity of {SF'} measured in {U} and

expressed in {SF} is given by SFwsp = (74,0,ks)".

Let I and Ig denote the signed distances between the
vehicle center of mass and the origin of the Serret-
Frenet frame (at the point on the path that is closest to
the vehicle) along the N and B axes respectively, i.e.,
SFPOTQW = (O,ZN,ZB)T. With this notation, the rel-
ative velocity between the wind and the Serret-Frenet
SF . . \T

frames is L—roraw — (o,lN,lB) . Let ST Ry (6,6, 9)
be the rotation matrix from the Serret-Frenet frame to
the wind frame that is parameterized locally by the roll
(¢), pitch (6), and yaw (¢)) angles. Propagating the ve-
hicle linear velocities from the wind frame to the Serret-
Frenet frame yields (Craig, 1986)

dSFPor
Rw (.0,9) Vo = STosp + 4 (g
SF SFP
wsF X orgw

where Wop = (Vt,O,O)T is the vehicle linear velocity
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measured in {U} and expressed in {W} and “Fvgr =

(5,0,0)7 is the Serret-Frenet frame linear velocity mea-
sured in {U} and expressed in {SF'}. Expanding (6)
gives

Vi cos 6 cos

. S 1-Ink
l_N = VicosOsiny + Ip7$
lB = —W Sine—lNTé.

To derive the equations for the evolution of ¢, 6, and
1, one can compute the wind frame angular velocity
relative to the Serret-Frenet frame (Wwi, g5) as the
difference between the angular velocity "Wwy of {W}
and the angular velocity Wwsr of {SF}. Since Wwyy is
the sum of the angular velocity wiy, p of {W} relative

to {B} with the angular velocity " wp of { B}, it follows
that

Wivsp = wiyp + Wos = Wwgsp ,
where
0 cos@ sinfg 0 0
Wopg = O | +| —sinfB cosB 0 —&
3 0 0 1 0
WwB = WRB (aaﬂ) BwB )
Wwsr = "Rsr(9,0,¢) “Fuwsr .

Now, the derivatives of the roll, pitch and yaw angles
can be computed using the Jacobian operator that re-
lates the angular velocity of {W} with the angular rates
(Craig, 1986). Performing all the computations de-
scribed and using (1) and (2) yields the ”kinematic”
model for the velocity vector (7)-(12).!

. VicBey

ST 1 Nk @
In = Viehsi) +1pTé (8)
g = —VisO—InTS (9)

1The symbols s (+), ¢(+), and ¢ () denote the trigono-
metric functions sin (-), cos (-), and tan (-), respectively.

3 Kinematic control design

To drive the vehicle to a reference geometric path, it
is necessary to align the total velocity vector with the
tangent to the path T. When those vectors are aligned,
possible errors in roll do not affect path following and
should not be compensated. Moreover, in the AUV
model there is no direct control over the angular veloc-
ity p. Therefore, the goal of the kinematic controller
is to drive the distances In and Ilg, as well as the
angular displacements # and v to zero. To do this, the
kinematic controller uses the angular velocities ¢ and r.

From (11) and (12) it follows that the subsystem formed
by 6 and 1 has vector relative degree (1,1). Thus, a
feedback linearization control law can be used to lin-
earize the equations; namely, setting

q _ -1 [ _ Vg
2o (e ]):
where Dy and E; are easily obtained by inspection of
(11) and (12), gives

(13)

b =
¥

vy + sYTS
v — tOc7T$ — k.

In order to have some control over the transient proper-
ties of the control system, it is important to shape the
evolution of the vehicle trajectory as it approaches the
desired path. This motivates the choice of the Lyapunov
function candidate

Vi= % (16 + IR +a (- f (1) +bW—g(n)’)

for kinematic control analysis and design, where f (Is)

and ¢ (In) are nonlinear functions that impose tran-

sient behaviours for 8 and v, respectively. Following

(Micaelli and Samson, 1993), f (Ig) can be chosen such

that lim f(Ig) = 04 and lim f(Ig) = 0, where 6,4
lB*}OO ZB%O

is a design parameter. Intuitively, the function f (Ig)
saturates to a value f; when the vehicle is away from
the path. Similar comments apply to ¢g(In). Some
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restrictions to these functions can be found in Theorem
1. The positive constants a and b are instrumen-
tal in balancing the competing goals of driving the
position and orientation errors to zero and are addi-
tional design parameters to shape closed loop vehicle
behaviour. The main result of this section follows.

Theorem 1 Consider the closed loop system consisting
of (7)-(10),(14)-(15) and the control law

v, = By,snfzsn/ — 7sines — f Visin6
—figInTs — ko (6 — f) and
v, = _In icosow-l-rcosd)tan%-l-ks

11)_
+915 Vi sing cos 0 + gy IBTS — ky cos 0 (v — g)

(16)
where ko, ky > 0, f,g: R X R = R are C* functions,
fiy is the derivative of f with respect to lg, and g; is

the derivative of g with respect to In. If hypothesis

Hi: f(0)

H2: |f (lB)| <

=9(0) =0,
%7Vl37
H3: |g (lN)| < galea

HY: lgusin f (Ig) > 0,Vg,

H5: INnusing (In) < 0,V,

hold, In # 1/k, and o, 3, and § remain within —% and
5, then In, I, 0, and v converge to zero.

Proof:
didate

Consider the partial Lyapunov function can-

V1Z%(l‘é+l?\1+a(9—f(lB))2+b(¢—g(lN))2)a

where a and b are positive scalars and f and g satisfy
hipothesis H1 through H5.

The time derivative of V' along the closed loop system
trajectories can be easily computed to yield

Vi = a(0@—f)(vg+Tsins+ f/ Visin + f In75) +
b(v—g) (v — Tcost tan s — ks—
Gip Visin cos f — nglBTS) -
IgVisin 6 + InVisin 4 cos 6.

Adding and subtracting IgV;sin f and InNV; sin g cos,
and using (16) gives

Vi = —IgVisinf+InVisingcosf —akg (f — ) —
bky (1 — 9)°,
which, by hypothesis H4 and H5, is negative semidefi-

nite. Now, using Barbalat’s lemma, it can be concluded
that In, I, 6, and @ converge to zero. n

As suggested in (Micaelli and Samson, 1993), possible
choices for f and g are the sigmoid functions

2kl
fs) = sign(Vy)ba Qk;,EH and
g(n) = —sign(Vi)ta omomrs,

where ky, kg >0,0<6; < %,0<1%4 <%, and sign(-)
is the signal function. It is straight-forward to verify
that these functions satisfy hypothesis H1 to H5.

4 Backstepping kinematics into dynamics

The kinematic controller was designed assuming that
the angular velocities ¢ and r were the actual control
signals. However, the real vehicle is actuated via con-
trol surface deflections. In this section, a backstepping
technique (Krstic¢ et al., 1995) is used to modify the kine-
matic controller to accommodate the vehicle dynamics.

To cast the system in standard integrator backstepping
form, it is necessary to compute the derivatives of v, and
v,.. As the vehicle has three sets of control surfaces (bow
and stern diving planes and rudders), the equations for
¥y and v, involve three control inputs, thus preventing
the use of a nonlinear inversion technique. In this work,
the approach is to consider a single equivalent diving



plane. To do this, the term Ms,d, + Ms,d5 in the mo-
ment M is replaced by Ms, 0cq, where Ms,_, = Ms, +Ms,

is a scale factor that makes d., of the same order of ?nag—
nitude as dp and d5. Given an equivalent deflection, real
control surface deflections are computed in such a way
as to make them proportional to the control surface effi-
ciency, as evaluated by the moment coefficients Mj;, and

Ms, . This yields

Ms, (Msb +Ms, )

s = 2M7 +2M3 Jeq)
M;,
& = 77,05

Using this strategy, the derivatives of v, and v, can be
written as

) 1)
q — eq
g - D2 K} + E27 (]‘7)
UT‘ T
where
21,276 24,276
p2v2Lbcq p2V2L
~—mTyea ZaMseg T (C‘N"‘tﬁ + %) YrNs,.
Dap = p2v2L654 02v2L6 :
Lt Ty M _P Ve 7 (sotatB _ _cd )y N
ImIychca 79 deq ImI, @ c0cB L}

The expression for Es is omitted due to space limita-
tions. It follows that (17) has vector relative degree
(1,1). Thus, the input transformation

Oc - Vs,
R G )

leads to the linear decoupled subsystem
Uq _ ’Uaeq
DI

Let ¢, and ¢, be the virtual control laws in (16). Ac-
cording to the backstepping method, define z, = v, — ¢,
and z, = v, — ¢, as the differences between the vir-
tual control variables and the virtual control laws. In-
tuitively, if z, and 2, go to zero the system approaches
the manifold correspondent to the ”kinematic system”.
This motivates the choice of the Lyapunov function

1

Differentiating V5 along the closed loop system trajec-
tories and performing the change of coordinates v, =
zq + ¢4 and v, = z, + ¢, yields

Ve = W + 24 (’Uaeq —éq-i—a(ﬁ—f)) +
Zr (va,, — r —b(¢—g)) :
Setting

y = 4:5,1 —a(@—f)—Fk.,zy and
r = (b?“_b(d}_g)_kzrzr

with k._, k., € R, yields

Us
1
s (19)

22—k, 22<0.

‘./2 = ‘/1 - kzq q Zn%p

From Barbalat’s lemma, it can be concluded that In, /g,
# and v converge to zero. Thus, the following theorem
holds.

Theorem 2 With the signals (19), the system (8)-

(9),(14)-(15) asymptotically converges to the origin.

5 Zero dynamics analysis

In the closed-loop system (1)-(5), (7)-(12), (19), the dis-
tance and angular errors are controlled and asymptot-
ically convergent responses for Iy, g, # and i are ob-
tained. Furthermore, from equation (7), and since 6, 9,
and [ tend to zero, § — V; reflecting the fact that, once
the vehicle is on the path, the total velocity is tangent
to trajectory. It remains to show that ¢, p, @, and 8 are
bounded. This is equivalent to proving boundedness of
the zero dynamics of the vehicle. Due to the complexity
of the equations, the analysis will be done only for the
cases where the vehicle motion is confined to the hori-
zontal and vertical planes. The analysis of the complete
zero dynamics is still an open problem.

When the vehicle is restricted to navigate in the hori-
zontal plane, the state variables are s, In, ¥, 8, and r
(the other variables are set to zero). The zero dynamics

are thus obtained from the 3 equation. Since z, tends to
zero, v, — ¢; (16) and the fact that In and ¢ converge
to zero shows that v, — k$. Now, using equations (13)
and (2), yields

. Vi Y, 2kmV; cos 3
=t kY, — -

=1 Y,/g AL pL3Y,
where the last two terms are bounded. By resorting to
the comparison lemma (Khalil, 1996), 8 is bounded as

long as % <0.

In the vertical plane, the state variables are s, Ig, 6,
a, and ¢, and the zero dynamics are obtained from the
& equation. In this case the model should be slightly
modified to accommodate for the necessary change of
the reference path parameterization. Now, the path’s
curvature should be seen as a rotation about the ysg
axis. The details are omitted here, but it can be proven
(as for the horizontal plane) that the zero dynamics re-
duces to
Vi Zw 2kmV; cosa

v= 2 kY, —
=TTz, T T g,

Again using the comparison lemma, & remains bounded
. Zw
if Z_q > 0.

It is interesting to point out that the conditions % <0
and g—w > 0 require that the vehicle be stern dominant
q

both in the lateral and vertical planes. For a definition
of bow and stern dominant vehicles, see (Lewis, 1989,
Chapter 9, Section 4.2).

6 Simulation results

The control law proposed was tested in simulation for
a straight line and a helix. The controller gains were
settoa =b =1, kg = ky = 10, ky = k; = 0.5,
k., = k.. =0.01, 83 = 30°, and ¢34 = 45°. The vehi-
cle’s forward speed was set to 1ms~!. Figure 2 shows
that the vehicle approaches the straight line with the
prescribed attitude relative to the path. Figure 3 de-

picts the vehicle trajectory and Figure 4 represents the



actuator signals, i. e., the stern and bow planes and
rudder deflections, when the vehicle is following a helix.

Figure 3: Vehicle following a helix.
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Figure 4: Actuator signals when following a helix: control
surface deflections.

7 Conclusions and directions for future work

The paper described a new methodology for the design
of path following systems for autonomous underwater
vehicles in three dimensional space. The design builds
on Lyapunov theory and resorts to backstepping tech-
niques. Formal proofs are available that guarantee con-
vergence of the vehicle to a desired path in the presence
of vehicle dynamics. Further work is required to make
the control laws robust in the presence of parametric
uncertainty, include saturations in the actuator signals,
and reject constant perturbations, namely ocean cur-
rents. See (Encarnagdo and Pascoal, 2000) for a solution
to this problem.
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