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Abstract

We consider a discrete-time single-server priority queue-
ing system where the arrival process is comprised of
feedback controlled streams and non-renewal streams.
Such a priority queueing system frequently appears in
various applications. For the priority queueing systems,
we develop an on-line concurrent performance estima-
tion technique, which uses a proportional relation be-
tween the stationary distributions of the queueing sys-
tems with different buffer capacity. Our technique is
useful to various controls for dynamic buffer allocation
in multimedia networks.

1 Introduction

In many applications, from an observation of a queue-
ing system with a buffer capacity, predicting perfor-
mance of the queueing systems with different buffer ca-
pacity is often required. For instance, in packet/cell
networks, various controls for dynamic buffer allocation
at router /switch need to concurrently estimate the per-
formance measures in queueing systems with different
buffer capacity from an observation of a “real” queueing
system.

The sample path constructability techniques including
Augmented System Analysis (ASA) [4, 5, 6] and Time
Warping Algorithm (TWA) [3] are the most widely
known method for concurrent performance estimation.
From an observation of a sample path associated with
the system with a parameter value 6, the sample path
constructability techniques try to construct a corre-
sponding sample path which is associated with the sys-
tem with different parameter value ,,, and is stochasti-
cally equivalent to the original sample path. As a result,
the sample path constructability techniques can esti-
mate the performance measures in the system with the
parameter value 6, from the constructed sample path.
However, the sample path constructability techniques
are not applicable to queueing system where the arrival
process is comprised of streams with feedback control
based on the queue length and non-renewal streams
[9]. The reason for the inapplicability of the sample
path constructability techniques is that the existence
of the feedback control and the non-renewal streams

in the queueing systems makes it difficult to construct
the sample paths associated with the queueing systems
with different buffer capacity from an observation of
a queueing system. Such queueing systems with feed-
back controlled streams and non-renewal streams fre-
quently appear in various applications. For example,
in packet/cell networks, feedback control based on the
queue length is usually done and the arrival process
of packet/cell is a bursty and time-correlated process.
Thus, for concurrent performance estimation, methods
which can be applied to such queueing systems are
strongly needed. Recently, to overcome the inapplica-
bility, Ishizaki et al. [9] have developed a method for
concurrent performance estimation, which uses a pro-
portional relation [7, 8, 9, 10, 13] holding between the
stationary distributions of queueing systems with dif-
ferent buffer capacity.

In this paper, we consider a feedback controlled queue-
ing system with priority, which is an extension of the
queueing system without priority [9], and we develop an
on-line concurrent performance estimation method for
the priority queueing system by extending the method
developed in [9]. The method presented in this paper
concurrently estimates various performance measures
of the priority queueing systems with different buffer
capacity.

Priority mechanism is considered useful in many ap-
plications. For example, to meet the different QoS
(quality-of-service) requirements of the diverse traf-
fic that will be carried at multimedia networks, some
switches are now being designed to allow the connec-
tions to be partitioned into priority classes [2]. It is thus
expected that our method for priority queueing system
will be helpful to various controls for buffer allocation
in multimedia networks.

The remainder of the paper is organized as follows. In
Section 2, a discrete-time single-server priority queue-
ing system considered in this paper is described. In Sec-
tion 3, we establish a proportional relation between the
stationary distributions of the queueing systems with
different buffer capacity. The proportional relation en-
ables us to express various performance measures in the
queueing system with buffer capacity K; in terms of
the stationary distribution of the queueing system with
buffer capacity Ky, where 0 < K; < Ky < co. Such ex-
pressions of the loss probability, the mean queue length



and the mean sojourn time are shown in Section 4. In
Section 5, for on-line concurrent performance estima-
tion, we provide their estimators which can be evalu-
ated from an observation of a single sample path of the
queueing system with buffer capacity Ky. Some simu-
lation results are presented in Section 6. Conclusions
are drawn in Section 7.

2 Model

This section describes a discrete-time priority queueing
system to be studied in this paper. In the queueing
system, time is divided into equal intervals referred to
as slots, and the slot length is equal to a unit time.
The queueing system is comprised of L buffers and
a single-server. There are L priority classes of cus-
tomers and each class has its own buffer for exclusive
use. The capacity for class [ customers is equal to K ()
(0 < K < 400). Class 0 customers have the highest
priority and the other classes are prioritized in the de-
scending order. Class [ customers are served only when
there is no customer with the higher class, i.e., all the
higher class buffers are empty. The priority rule is pre-
emptive. Note here that under the preemptive priority
rule, any performance associated with a class is not af-
fected by the existence of the lower priority classes, and
the dynamics of a buffer is independent of those of the
buffers for the lower classes.

Each priority class has two arrival traffic streams : a
controlled stream and an uncontrolled stream. Cus-
tomers from each traffic stream arrive at the system
in batch. The arrival of a batch occurs at the begin-
ning of a slot immediately after the slot boundary (i.e.,
early arrival model [14]). An arriving class [ customer
(I=0,...,L—1)is accommodated in the Ith buffer
when the buffer space is available and is discarded when
the [th buffer is full. More precisely, when a total of m
customers belonging to class [ from both traffic streams
arrive to find k available space in the [th buffer, k out of
the m arriving customers are randomly selected to be
accommodated in the buffer, and the remaining m — k
arriving customers are discarded. The customers ac-
commodated into the buffer are served by the single
server. The service time of customer is deterministic
and is equal to a unit time. The service of customer
starts at the beginning of a slot and ends at the end of
the slot (i.e., on the slot boundary).

The Ith uncontrolled stream (I =0,..., L —1) is a non-
renewal time-correlated arrival process. The batch size
of the class [ customers arriving from the Ith uncon-
trolled stream in a slot is governed by a stationary and
time-homogeneous Markov chain. This Markov chain
is referred to as the [th underlying Markov chain here-
after. The number of states in the underlying Markov
chain may be finite or infinite; thus, the uncontrolled
stream may model traffic with temporal correlations
over a wide range of time scales. On the other hand,
the lth controlled stream (I =0, ..., L —1) is subject to

feedback control based on the queue length of the [th
buffer. More specifically, the batch size of the class [
customers arriving from the [th controlled stream in a
slot is probabilistically determined by the queue length
of the [th buffer at the beginning of the previous slot.

We now describe the queueing model in more detail.
We begin with the introduction of notations. Let Ag)
(n=1,2,...;1=0,...,L—1) denote a random variable
representing the size of the class [ batch arriving from
the uncontrolled stream in the nth slot. Also, let Bg)
(n=1,2,...;1=0,...,L—1) denote a random variable
representing the size of the class [ batch arriving from
the controlled stream in the nth slot. Let X\’ (n =
0,1,...;1=0,...,L — 1) denote a random variable on
{0, ..., KM} representing the queue length (including
a customer in service if any) of the ith buffer in the nth
slot. The dynamics of the stochastic sequence {X,(Ll)} is
then represented by the following recursion:

X0 | = min ((X,(f) — 50yt + 49, +BY, K”)) ,

where 5&1) is defined as
) —
= =y

()t = max{-,0}, 1g denotes the indicator function
for event E and for notational convenience, we define
S X =0 Let 2 (n=1,2,...;1=0,...,L—1)
denote a random variable representing the number of
the Ith class lost customers in the nth slot. Z,(Ll) is
given by

Z0 = ((X,‘fl1 —6V )t +AD 4+ BO K<l>)+ .

For the uncontrolled arrival stream {A%”}, we intro-
duce some notations. The [th underlying Markov chain
is denoted by {Sg)};’f’:o and it has M® + 1 states la-
beled from 0 to M, where M(® is possibly infinite.
We assume that all the underlying Markov chains are
independent with each other. The size of the class [
batch arriving in a slot is probabilistically determined
based on the state of the [th underlying Markov chain
in the slot. In other words, given that the value of Sg),
Ag) is conditionally independent of all other random
variables. We assume that the state of the underlying
Markov chain cannot be observed. The one-step state
transition matrix of the /th underlying Markov chain is
denoted by U = {Ui(ﬁlj)} (i,7=0,...,MV:;1 =0,1),
where Ui(ﬁlj) = Pr{ng_l = j|5g) = i}. We assume that
U®Y is irreducible and positive recurrent. Let a(-li de-
note the probability that the class [ batch size of the
customers arriving from the uncontrolled steam in a
slot is equal to k, given that the [th underlying Markov
chain is in state j. Namely, ag.fi is defined as

o) = Pr{AD =k | 5Y = j},

J



forj=0,....M® k=0,1,2,..,and 1 =0,...,L—1.
Also, let AY (k= 0,1,...;1 = 0,...,L — 1) denote
(M® 4 1) x (M® +1) matrices whose (i, j)th element
[Ag)]i,j (i,j=0,...,MW:1=0,...,L —1) is given by

l l l . i l l
[Agg)]'t,] = Pr{AiL-)i-l = kj’ S( 3’_1 :J | S7(’Ll) = Z} = ag,LUi(,j)'

n

Note that Ag) represents the one-step state transition
matrix of the class [ underlying Markov chain when the
class [ batch size of k arrive at the queueing system
from the uncontrolled stream.

Next, for the controlled arrival stream {Bg)}, we in-
troduce some notations. The batch size arriving from
the controlled stream in a slot is probabilistically de-
termined by the queue length in the previous slot. In
other words, given that the value of X,(Ll) , ng_l is condi-
tionally independent of all other random variables. Let
s (j=0,... . MD;k=0,1,..;1=0,...,L—1) de-
note the conditional probabilities which determine the
class [ batch size in a slot based on the queue length of

the [th buffer in the previous slot. bgi’s are given by

l l
o), = Pr{BY)

i1 =k | Xr(Ll) =Jj}

We close this section with a key assumption to en-
sure the proportional relation exists. The assump-

tion imposes a limitation on the matrices Aél) (1=
0,...,L—1).

Assumption 1 For [ = 0,...,L — 1, there exists a
1 x (MW 4 1) probability row vector 'V satisfying

AD = AV ),

where e is an (M® + 1) x 1 column vector whose
elements are all equal to one.

Note that Assumption 1 is equivalent to the follow-
ing statement: For [ = 0,...,L — 1, any iél),i(ll) S

{0,...,M®} and ;O
l . ! (1
Pr{S = | Ak = 0.5 =g} =
l . l (1
Pr{SV), =AY, =0,80 =i},

Assumption 1 implies that if no customer from the ith
(1=0,...,L—1) uncontrolled stream arrives in a slot,
the Ith uncontrolled stream regenerates at the slot. As

a result, the queueing process {X,(Ll)} of the Ith buffer
regenerates at slots where the queue length of the [th
buffer changes from k to k —1 for each fixed k (0 < k <
KW,

A simple example of the uncontrolled stream satisfying
Assumption 1 is the superposition of heterogeneous on-
off sources and heterogeneous Bernoulli sources with
the following feature. On-periods of each on-off source
follow an arbitrary distribution, while off-periods follow
a geometric distribution. During on-period, each on-
off source generates exactly one customer in each slot,
and it does not generate customers during off-period.
Each Bernoulli source generates a customer with a fixed
probability in each slot.

3 Proportional relation

We hereafter consider two queueing systems both of
which are identical to one described in the previous
section but their [th buffer capacity are Ky and Kj,
respectively, where 0 < K; < Ky < 4oo. In what
follows, we refer to the system with capacity K; as K;-
system for ¢ = 0,1 and, to emphasize the system ca-
pacity, we put the superscript (K;) on the quantities
associated with the K;-system. In the next section, for
concurrent performance estimation of the queueing sys-
tems described in the previous section, we will develop a
method to concurrently estimate the performance mea-
sures of Ki-system from an observation of Kjy-system.
The method uses a proportional relation holding be-
tween Ky-system and K;j-system , i.e., the stationary
queue length distribution of K;-system is expressed as
that of Ky-system multiplied by a constant. In this sec-
tion, we show that the proportional relation holds and
the constant is expressed in terms of the distribution
associated with only Ky-system.

Due to the limitation of space, in this paper, we omit
the analysis and proof (for the analysis and proof, see
[8]), and we present the result for the queueing systems
with two priority classes (i.e., L = 2) only. However,
the result can be easily extended to that of queuing
systems with any L classes. Note that to estimate the
performance measures for the Oth class (i.e., the highest
class), the result for the feedback controlled queueing
system without priority [9] can be directly applied, be-
cause the preemptive priority mechanism considered in
this paper does not affect any performance measures
for the highest class. Therefore, we hereafter focus on
the performance measures only for the 1st class in the
queueing system with two priority classes.

Note that the setting which we have made so far makes

{(X,(LLK"'), Sﬁll),XT(LO), Sﬁlo))} (i = 0,1) a Markov chain.
We hereafter denote this Markov chain by M) (; =
0,1). Now we introduce several assumptions for the
Markov chain M) (i = 0,1). As will be shown, the
next two assumptions guarantee that the performance
measures of Kj-system can be estimated by utilizing

the proportional relation and observing Ky-system.

Assumption 2 The Markov chain M; (i = 0,1) is
stationary and ergodic.

Assumption 3 There exists an integer j (0 < j <
Ky — 1) such that Pr{Xr(Ll’K"') =4}>0 fori=0,1.

Assumption 2 guarantees the existence and unique-
ness of the stationary distributions of the Markov chain
ME) TIn our model, we can consider the case where
the state space is divided into some disjoint subsets and
the stationary and ergodic queueing process (satisfying
Assumption 2) is a.s. in one of such subsets. Assump-
tion 3 ensures that the queueing processes in Ky- and
K;-systems belong to a common subset.

The following theorem establishes a proportional rela-
tion between the stationary distribution of the Markov



chain M (¥0) associated with Ky-system and that of the
Markov MED associated with K;-system. The proof
is provided in [8].

Theorem 1 Under Assumptions 1, 2, and 3, there ex-
ists a positive constant ¢ such that

Pr{X(® =g, S = jo, XKV =iy, SY = 51} =
cPr{X(® =iy, 8O = jo, X (LK) — 4, gD — 45,1 (1)

for any i, jo, j1 and iy =0,1,..., K3 — 1.

We make the following assumption to obtain a simple
expression of the constant c.

Assumption 4 Pr{X{" =0,4{), =0} > 0.

Assumption 4 is made only to exclude the trivial case
where there exists an integer j (0 < j < K; — 1) such
that XT(LKi) =jforalln =0,1,...and ¢ = 0,1. In
fact, we can easily remove Assumption 4 such as, if
Pr{x{ =0,A"), = 0} = 0, then Pr{X"*") < K, |
x0 = O,A&)_1 = 0} is replaced with 1 (i.e., ¢ = 1) in
Theorem 2 below.

The following theorem provides an expression of the
constant ¢, which includes the stationary distribution
of the Markov chain M ¥0) associated with Ky-system
but does not include that of the Markov chain M (K1)
associated with K;j-system. The proof is provided in

[8].
Theorem 2 Under Assumption 4, the constant c is
given by

1

c= :
Pr{Xr(Ll’KO) < K | Xr(LO) =0, A&)-l =0}

(2)

4 Expression of performance measures

In this section, we derive expressions of some steady-
state performance measures in Kj-system as the func-
tions of the steady-state distributions in Ky-system.
Those expressions allow us to concurrently estimate the
performance measures in the queueing systems with dif-
ferent buffer capacity. In this paper, we present only the
expression of the performance measures without their
derivations (for the derivations, see [§]).

Before presenting the expressions of the performance
measures, we consider the mean number of customers
arriving at the 1st buffer in a slot. Let A5 (i = 0,1)
denote the mean number of customers arriving at the
1st buffer in K;-system in a slot. A5 is then defined

as A5 = E[A%l) + Bﬁll’K"')]. Note that since the batch

size Bﬁll’K"') of customers arriving from the controlled

stream in a slot depends on the queue length, A(*1) is

not equal to A(¥0) in general. From the definition, it
immediately follows that

oo K;
AT = BIARL + 37 37 kb Pr{X(M) = k).
k=1m=0

We now derive an expression of A(51) as the function
of the stationary distribution of Ky-system. Applying
Theorem 1, after a straightforward calculation, we ob-
tain

Ki—1 o~
0 =3 S e <
=0 [=1

(o]
+(1 - ePr{XE) < Ky - 131) > by,
=1
+E[ALV], (3)

where c¢ is given by (2).

First, we present the expression of the mean queue
length LK1 = E[Xr(Ll’Kl)] of the 1st buffer in K;-
system. Applying Theorem 1, after a straightforward
calculation, we obtain

K1—1
LYY = Ky —c Y (K — i) Pr{x{"f0) =i}, (4)
=0

Next, we show the expression of the mean sojourn time
W ED) of customer entering the 1st buffer in K;-system.
Using Little’s formula and applying Theorem 1, we ob-
tain
Ki—1
Ky —cY  (Ky —i)Pr{X{""0) =i}
wED — i=0 .
Pr{x{” =0} — cPr{x{” =0, x{) = 0}
(5)

Finally, we consider the loss probability Plffs(sl) of cus-

tomers arriving at the 1st buffer in K;-system. Plffs(sl) is

defined by PV = B[z FV1/E[AL K], Using Rate

Conservation Law [11, 12, 1] and applying Theorem 1,
we obtain

K 1
Pl = 1 G [Pr{Xr(LO) =0}

—cPr{X? =0, x(LE) = 0}|. (6)

5 Estimator

This section presents on-line concurrent estimators for
the performance measures in Kj-system. The esti-
mators derived in this section can predict the perfor-
mance measures in Kj-system from an observation of
Ky-system. This allows us to concurrently estimate the
performance measures in the queueing system with dif-
ferent buffer capacities.



The estimators shown below determine performance
measures of Kj-system by observing a single sample
path of Ky-system for N slots, where N is a positive

integer. Let IADISDI:;)(N), LED(N) and WED(N) de-
note the estimators for the loss probability, mean queue
length, and mean delay of the perturbed system, respec-
tively. From the expressions in (2), (3), (4), (5) and (6),

we immediately obtain the following estimators.

PEINy=1-

loss

1 R .
omw [PO L(N) — &(N) By o(N)]

LYED(N) = Ky — &N) f5(N),

;K
WED(N) = L 1)(N)A 5
Py «(N) = &(N)Poo(N)
where
N-1
¢(N) 20 Lix© -0yl (a®), 0y
¢ = —N-1 ’
> n=o 1{X,§°>=o}1{Aﬂl=0}1{x,§?”{0)§K1}
AEDI(N) = &(N)AL(N) + (1= &N) fo(N)) f3(N)
+ 4(N),
LR p0.K0)
5 LK
fi(N) = N z:o Bt "l amo oy
-
L N1
L(N) =5 E:O Loxgso g o1y
-
N-1 (1K
£(V) >n—0 B£L+10)1{X;1>K0)=K1}
3 = N—1 ?
>n—0 1{X;1>K0)=K1}
L V-1
A 1
Iy = 5 > AR,
n=0
| V-1
[5(N) = N (K — Xr(Ll’KO))l{X,S?’K‘))SKl—l}’
n=0

1 N—-1
Po.s(N) = N > Lix@—op
n=0

N—-1

. 1

P(),o(N) = N E 1{X7(,,0)=0}1{X7(,,1’K0)=0}'
n=0

Note that when N — oo, &N) and f3(N) converge
to ¢ and Zfil bk, 1, respectively, with probability one

under Assumption 3. We thus see that P(Kl)(N),

loss

LED(N) and WED(N) are consistent estimators for
P(Kl), LD and WK | respectively.

loss

6 Simulation results

In this section, we present some simulation results and
compare estimates obtained through our method with
those obtained through the standard simulation proce-
dure. In the simulation results, we assume that the class
I controlled stream (I = 0, 1) composes of N () homoge-
neous controlled sources. Each controlled source gen-
erates one customer with probability v (™)™ when
the queue length of the Ith buffer in the previous slot

is equal to n. bgli (1=0,1) is then given by

1 N(l) Ak NND g
= () (GOaR) (1= 0e0p)

for 0 < k < N® and bg.li =0for k> NO, We as
sume that the class [ uncontrolled stream composes of
J® homogeneous on-off sources with geometrically dis-
tributed on-off periods. On-periods (resp. off-periods)
of the class | uncontrolled source are i.i.d. and geo-
metrically distributed with mean (1 — a®)~! (resp.
(1 — p1)~1). Each uncontrolled source generates ex-
actly one customer in each slot during on-periods, and
it does not generate customers during off-periods.

In the simulation results, we set the parameters as fol-
lows. For the Oth class streams, we set N(© = 1,
¥ =0.200, @ = 0.994. JO =1, a® = 0.680
and 3(©) = 0.990. For the Ist class streams, we set
NO =3~ =0.200, and nV = 0.994, JV = 5,
a® = 0.680 and ) = 0.990. The buffer capacity
K© of the Oth buffer is set to 50 in both Ky- and
K;-systems, the buffer capacity Ky of the 1st buffer in
Ky-system is set to 45, and that in K;-system is set to
35.

1.0e-02

imulation ---------

estimation

—03 L
1.0e+05 1.0e+06 1.0e+07
time (slot)

Figure 1: pE _ plKo)

loss loss

We compare the estimation of pE) _ pEo) oy
tained through the method developed in this paper (de-
noted by “Our method” in figures) with that obtained
through the standard simulation procedure (denoted by
“Simulation” in figures). In the method developed in
this paper, Ky-system is simulated, and a simulated
sample path of Ky-system is observed. In the simu-
lated sample path of Ky-system, four stochastic pro-
cesses and two random variables, namely the sequence
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Figure 2: Variance of estimates

of batch sizes of the customers arriving from the lth

uncontrolled stream {AS’KO)} (I = 0,1), the sequence
of the batch sizes of the customers arriving from the lth

controlled stream {BS)} (I =0,1) and the initial queue

lengths X” and X% are observed. Plffs(sl) is esti-
mated by (7) from the observation of Ky-system. On
the other hand, in the standard simulation procedure,

not only Ky-system but also Kj-system is simulated to

estimate Plffs(sl) — PIE)I:SO).

Fig. 1 shows the estimations of Plffs(sl) - Plffs(s‘)) as a func-

tion of the observation periods (N). Each estimation is
obtained by collecting 30 simulation runs and estimates
and taking the average of the 30 estimates. Fig. 2 dis-
plays the variance of the 30 estimates. Fig. 2 shows
that our method yields good estimates with low vari-
ance compared to the standard simulation procedure.

7 Conclusions

This paper extends the proportional relation method
developed in [9] for the priority queueing system. Fur-
ther, without any modification, the result obtained in
this paper can be directly applied to the priority queue-
ing system where the service time of customer is geo-
metric [13].

Our method does not assume the knowledge about the

arrival processes (e.g, Ui(ﬁlj), ag-fi and bgli) and the com-
putational complexity of the estimators is irrespective
of the numbers M(®) of the states in the underlying
Markov chains. This on-line feature is important for
practical applications, because our method can trace
the changes of the arrival processes. Due to the on-
line feature and applicability to priority queueing sys-
tems with feedback controlled and non-renewal input
streams, our method is useful to various controls for dy-
namic buffer allocation, especially, in multimedia net-
works.
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