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Abstract

This paper considers the problem of solving certain
classes of polynomial systems. This is a well known
problem in control system analysis and design. A novel
approach is developed as a possible alternative to the
commonly employed algebraic geometry and homotopy
methods. The first result of the paper shows that the
solution set of the polynomial system belongs to the ker-
nel of a symmetric matrix. Such a matrix is obtained
via the solution of a suitable Linear Matrix Inequal-
ity (LMI) involving the maximization of the minimum
eigenvalue of an affine family of symmetric matrices.
The second result concerns the computation of the so-
lutions from the kernel of the obtained matrix. In par-
ticular, it is shown that the solutions can be recovered
quite easily if the dimension of the kernel is smaller than
the degree of the polynomial system. Finally, some ap-
plication examples are illustrated to show the features
of the approach and to make a brief comparison with
the algebraic geometry techniques.

1 Introduction

Polynomial system solving is a key problem in a large
number of system analysis and control problems. It is
well known that, while Euler-Newton iterative methods
work quite satisfactorily when local solutions are of in-
terest, no efficient method is available for computing all
the solutions, except for cases when some information
on the solution structure is known a-priori, as for the
celebrated algebraic Riccati equation.

For general polynomial systems, algebraic geometry
and homotopy methods have been often used in sev-
eral problems. To name but a few, algebraic geometry
methods have been employed for output feedback stabi-
lization [1], equilibria location of nonlinear systems [2],
multidimensional system analysis [3], robustness anal-
ysis of control systems [4, 5], while homotopy methods
have been introduced for solving modified algebraic Ric-
cati equations related to the synthesis of robust low or-
der compensators [6, 7]. Algebraic geometry methods,
which are based on elimination theory and Tarksi’s de-
cision theorem [8, 9, 10], suffer the problem of spurious
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solutions in the resultant scalar polynomial, thus lead-
ing to a significant inflation degree and making them
effective for low dimensional systems only. On the other
hand, homotopy methods are based on continuation
techniques and are able to provide with probability one
all the solutions of small polynomial systems as fixed
points of suitable nonlinear maps [11].

In this paper a different approach for determining the
solution set of polynomial systems is introduced. This
approach is based on some properties of homogeneous
forms [12] and powerful convex optimization techniques
for optimization problems in the form of Linear Matrix
Inequalities (LMIs) [13, 14, 15]. More specifically, it
is first shown how to characterize the solution set by
means of an affinely parameterized quadratic homoge-
neous form in suitable transformed variables. In partic-
ular, it turns out that, for those parameter vectors cor-
responding to a positive definite form, the solutions of
the polynomial system belong to the kernel of the sym-
metric matrix associated to the form. It is successively
shown that the parameter vector corresponding to the
kernel with the smallest dimension can be obtained via
the solution of an LMI consisting in the maximization
of the minimum eigenvalue of a symmetric matrix. Fi-
nally, it is shown how to compute the solution set from
the obtained kernel. In particular, it turns out that
the relationship between the degree of the polynomial
system and the dimension of the smallest kernel is im-
portant for an easy computation of the solutions. Also,
some examples illustrating the main features of the ap-
proach and providing a preliminary comparison with
the polynomial resultants method are reported.

The paper is organized as follows. In Section 2 the
polynomial system problem is formulated and an equiv-
alent representation of the solution set by means of an
affinely parameterized quadratic homogeneous form is
introduced. Section 3 is devoted to the problem of com-
puting the matrix of such form with the smallest kernel,
via a suitable LMI. Section 4 shows how the solutions
of the polynomial system can be computed from the
obtained kernel. Section 5 provides some illustrative
examples. Some concluding comments end the paper
in Section 6. Proofs of the results in the paper are re-
ported in [16].



Notation. E,: n x n identity matrix; A > 0 (A > 0):
positive definite (semidefinite) matrix; A’: transpose
of A; A;;: entry (i,j) of A; Ker(A): kernel of A;
Im(A): linear space generated by the columns of A; 0:
empty set; I;n f(z): image of the function f(z); Ap(A)

(Am(A)): maximum (minimum) real eigenvalue of A;
0A: boundary of the set A.

2 Problem formulation and preliminaries

Let us define the system of polynomial equations S, as

follows
pi(z) = 0
Sy : (1)
pe(z) = 0

where ¢ = (z1,...,2,)" € R” and p;(-) : R* — R,
1 <i <k, is a polynomial in z of degree less or equal
to m. The solution set X’ of system S, is defined as

X={zeR": pi(z) =0, 1<i<k}.

Throughout the paper, we assume that A" contains a
finite number of solutions.

In the following, we provide a useful alternative rep-
resentation of the solution set X. Let us write any
polynomial p;(x) as

pi(z) = Z hi ()

where h; j(z) are homogeneous forms in 2 of degree
j. Let us introduce an auxiliary variable x,; and let
y € R**! be defined as

y= (mlamn—i-l)l . (2)
Consider the related polynomials
m .
a(y) = Zhi,j(w)mnm_‘__f , i=1,- k.
=0

By construction, ¢;(y) is a homogeneous form in y of
degree m. Moreover, the polynomial system

ay) = 0

n
<

: (3)
a(y) = 0

is equivalent to system S, if y,41 is set to 1. In fact,
the following result holds.

Lemma 1 Let Y be the set of nontrivial solutions of

system S
y:{ye]RnJrl’y#O:ql'(y): , 1§i§k}_
Then,

Y={y: y=a(@,1) VaeRa#0,VreX}. N

From Lemma 1, it is straightforward to verify that
X={r=,..,ya) €ER": y €Y and yny1 =1}.
(4)

Now, let us define the homogeneous form ¢(y) as follows

k

aw) =>_ ). (5)

i=1

It is obvious that, for y # 0
q(y) =0 <= ye ). (6)

Before we characterize the set ) according to (5)-(6),
let us introduce some useful notation regarding homoge-
neous forms. Let z{"™} denote the base vector for a ho-
mogeneous form of degree m, in x € R™. For example,
if n =2 and m = 3 one has =%} = [¢3, 2}ay, 2123, 23]’
The dimension of vector 2"} is denoted by & (n,m)
and is given by

o(n,m) = ( n+m-—1 >

n—1

Hence, if y1™} is the base vector for the homogeneous
form ¢(y) in (5), there exists a symmetric matrix M, €
R?*? being d = o(n + 1,m), such that

!
a(y) =y Moyl™t.

It turns out that Mj is not unique. Indeed, let us define
the set £ as follows

L= {L = L' e Rixd . yIm¥pyim} — o vy e ]R"“} .

It can be verified that £ enjoys the following property.

Lemma 2 The set L is a linear space of dimension d,
where
d(d+1)

do = 5

—o(n+1,2m). [ |
Therefore, £ admits a linear parameterization. Thus,
we can define the map L(-) : Ré= — RI*4 a5 follows
(see [12] for details):

1. L(e) is a linear function of «;

2. Im L(a)=_CL.
a€Ra
Moreover, let us introduce the affine function M(-) :
R — RI¥4 defined as M (a) = My + L(a). Then, we
have that the Square Matrix Representation (SMR) of
the homogeneous form ¢(y), and hence of the system
Sy, is given by

!
a(y) =y M(a)yt™ =0, YaeR™. (7)

In the next sections, we will exploit the SMR to in-
troduce a new approach to the characterization of the
solution set ), based on convex optimization.



3 Characterization of the solution set )

From (6) and (7) it follows that, in order to find the
solution set of the equation system S,, we have to per-
form the following tasks:

1. for a given a, compute the set
V(a) = {veR? :v'M(a)v =0}; (8)

2. calculate the solution set )Y as
y={ver y#0: y™ev@}.

It is well known that V(«) may be a very intricate set
depending on the eigenstructure of M («). Hence, in
order to simplify the characterization of ), we have to
choose an appropriate matrix M («). Said another way,
we can exploit the degree of freedom in the choice of a,
to obtain a useful form for V(a) in (8).

Consider the set A = {a € R% : M(a) > 0}. We are
ready to state the following result.

Lemma 3 Let « € A and y € Y. Then, yi™ €
Ker(M(a)). [ ]
Lemma 3 means that, for any a € A, V(a) is a linear
space, specifically the kernel of M («). Observe that
the dimension of V(«) is not constant in 4. Hence, we
can greatly simplify the characterization of ) according
to Lemma 3, by selecting M («) so that « € A and the
dimension of Ker(M (a))) is as small as possible. Indeed,
let us define the sets

A ={a e A: dim[Ker(M(a))] =i}

with the assumption dim (@) = —1. We have the follow-
ing result.

Lemma 4 Let i,j be such that i,, <t < j < iy where

im = melﬁ dim[Ker(M (a))],
iy = max dim[Ker(M (a))].
Then, dim(A;) > dim(A;) and A; C 0A;. ]

Lemmas 3 and 4 suggest a strategy for the selection of
a proper a. Due to Lemma 3, we have that a must
belong to set .A. Moreover, since as already mentioned
the characterization of ) is simplified if the dimension
of Ker(M («)) is small, the best choice would be to pick
an « from 4;,_ , according to Lemma 4. Let us point out
that such a vector is given by the following optimization
problem

o = argmaxrank(M (a)). (10)
acA

Notice that in general a* is not unique. The next result
is useful for tackling problem (10).

Theorem 1 Let A\* be defined by the following convex
optimization problem

A" = max A (M(a)). (11)

a€Rda

Then, A* > 0. Moreover:

1. if Y # (), then \* = 0;
2. if \* >0, then Y = 0. [ ]

Suppose YV # 0 and let us start the maximization proce-
dure (11) from a vector ag ¢ A. Since A* = 0, we have
that the maximum is achieved for an a € A. Moreover,
from Lemma 4 one can argue that (except for degener-
ate cases) the optimizing « in (11) will belong to A; .
Hence, it is a natural choice to select a* as the a solv-
ing the convex optimization problem (11). Notice that
problem (11) can be written as follows

A*= max t
teR,aER%a (12)
subject to  M(a) —tE4 >0,

which is a maximization of a linear function constrained
by a Linear Matrix Inequality (LMI). This can be solved
very efficiently from a computational point of view
[13, 14, 15].

Remark 1 Notice that the role played by the LMI op-
timization problem (12) is twofold: first, it provides
an «o* such that the matrix M (a*) is positive semidef-
inite (which is guaranteed by construction of problem
(11)); second, it selects an a* such that the dimen-
sion of Ker(M(«*)) is minimal. A small dimension of
Ker(M (a*)) will turn out to be useful in the computa-
tion of the solutions, as it will be shown in the sequel.

4 Computation of the solution set

Let us see how to compute the solution set of the
equation system S, from (8)-(9), with V(o) = V(a*).
In order to highlight the connection with the solu-
tions of S,, stressed in (4), we use the notation y =
(1,...,Tn,Tpt1), introduced in (2). Recall from (4)
that we are interested in the solutions satisfying ;41 =
1.

Let * be the kernel of M (a*) and i* the dimension of
K*. We have to consider two cases separately

L *<m+1;
II. &*>m+1.

CASEI:  *<m+1

In this case, it is always possible to find the solutions
of Sy by computing the roots of a monovariable poly-
nomial of degree not greater than m + 1. In fact, let us
write

K* = Im(V) (13)

where V = [vy,...,v] € R and v;, 1 < i < i*, are
linearly independent. Any v € K* can be written as

v= i,uivi (14)
i=1

where € R is a suitable parameter. Now, recall from
Lemma 3 that each solution y of the equation system



Sy must satisfy ytm}t € K*, which means that yt™} can
be expressed as v in (14). Let us consider the rows

r1,...,7= of V corresponding to the monomials z7, |,
ziamt, .., 5 “laHT in yim) for a chosen j such

that 1 < j < n. By means of pivot operations, it is
generally possible to obtain a new base for K*, such
that the rows 7, 1 < i < i*, of the new matrix V
satisfy

T

— E. (15)

T

(cases in which it is not possible to reach the form (15)
will be treated later). In this new base, every v € K*
can be written as a linear combination of the new vec-
tors ¥;, and consequently, weighted by a new vector f.
Taking into account that x,+1 = 1, it is straightforward
to verify that pu; = x;*_i, 1 < i < 4%, and hence that
(14) can be rewritten as

v=> o T (16)
i=1

This allows us to write any vector belonging to * as a
polynomial function of the variable z; only. In this way,
using one relation on the monomials of y{™} given by
the rows of V not used yet, we can write a polynomial
equation in the variable z; that all solutions of system
Sz must satisfy. In order to obtain an equation with
the lowest degree, we have just to consider the rows
rq and rp corresponding, respectively, to monomials xy,
and z;z, for any k # j. Then, we find for z; the
following equation of degree not greater than i*

i*

i
E : i —iy7 E : =iy

:L‘j ( :L‘j Va,i) = l‘j ‘/b,i-
i=1

i=1

Once z; has been found, the other variables can be read
on the vector v in (16), in the elements corresponding
to monomials z, h # j, in y"}. This procedure pro-
vides all the solutions of system S, but, in principle, it
may also introduce spurious solutions. The feasibility of
the solution candidates can be checked by building the
vector §i™} for every candidate § and testing whether
gt™} belongs to K* or not, in accordance with Lemma
3.

If it is not possible to reach the form (15), this means
that the solutions of system S, can be found just involv-
ing a smaller number of vectors ¢; and, consequently,
by solving an equation of lower degree. In fact, let
us start the pivot procedure from the row r; (corre-
sponding to z}7',; = 1). If we cannot operate the pivot
for the monomial :13;c after the pivot for 1,...,:1:?71,
this means that the actual row 71 has zeros on the
columns 1,...,¢* — k, that is on the columns not con-
sidered yet. Thus, we can write the following equation

in the variable z;
k—1
o =N Vigr e (17)
1=0

where V is the matrix obtained after the last pivot
step. Once z; has been found, we can reduce V to
a smaller matrix V,, because the rows corresponding
to the monomials a:;-, i = k,...,m and the columns
of index ¢* — k + 1,...,7* are known. Note that such
reduced matrix corresponds to a homogeneous form of
degree m in n — 1 variables. Hence, we are still in case
I (see Example 2 in Section 5).

CASE II:  +*>m+1

In this case, the kernel dimension is greater than the
maximum number of monomials containing one only
variable. This means that we are able to write an
equation in one variable only if the pivot procedure de-
scribed for the previous case stops at monomial mf with
k < m, that is if we cannot operate the pivot for a such
monomial. Hence, there are cases for which the proce-
dure described for case I does not lead to a straightfor-
ward characterization of the solution set ). However,
we formulate the following conjecture.

Conjecture 1 Ifi* > m+1, it is always possible to in-
crease the degree of the system to m = m+dm, without
adding new solutions to the solution set of the original
system, so that for the new system the dimension 1* of
the kernel K* satisfies i* < m. [ |

Hence, it is always possible to increase the degree of
the system, and then apply the procedure described for
case I to the new system. Since no new solution has
been introduced, one can characterize the solution set
Y by solving an equation in one variable, of degree not
greater than the degree of the system (see Example 3
in Section 5).

5 Examples

In this section we present some examples in which our
approach is applied to the solution of polynomial sys-
tems. Results are compared to those given by the
polynomial resultants method, which is the most pop-
ular approach among algebraic geometry methods (see
eg. 1,9, 8]).

Example 1. Let us consider the polynomial system

z1 —1)(zf +23+1)=0

( )(a1 + 3

(z2 — 1) (23 + 2z2m3 + 22 +2) =0
(z3 —1)(23 + 223 +1) =0

This system has been constructed so that the unique
solution corresponds to (z1,z2,x3) = (1,1,1). In this
case, n = 3, m = 3. Hence, y € R* (with 24, = 1)
and the dimension of y{"} in (2) is d = 20. We use
the MATLAB LMI Control Toolbox [15] to solve the
optimization problem (12) and we obtain a kernel £* =



Ker(M(a*)) of dimension i* = 1. The base matrix V'
in (13) is given by

V =[] = —0.2236 - 1y,

where 1, € R is a vector whose entries are all equal
to 1. Since ¢* < 4 we are in case [. Now, recalling that
the vector y{™}, with 2, = 1, takes on the form

my __ 3 ,.2 2 2 2 !
y{ } - [ml,mlmg,mlx;g,ml,m1m2,m1x2x3,x1m2,...,1]

the procedure described in Section 4 just requires to
scale vector v; in order to obtain 1 on the last entry.
Then, one can read directly the solution (z1, s, z3) =
(1,1,1) in the entries of v; corresponding to z1, za, x3
respectively.

Let us consider now the polynomial resultants method
applied to this case. We obtain a polynomial equation
in the variable x3 of degree 27. This gives 22 complex
solutions and 5 real solutions, the closest to 1 being
x3 = 1.032. Similar results are obtained by solving
with respect to x; or zs.

Example 2. Let us consider the polynomial system

{ (z1 —1)*(z2 — 1) = 0,

(22 + 23 — 221 — 229 + 2)(z2 — )2 = 0.

It is easy to see that the solutions of this system are
(1,1) and (1,7). Here, » = 2, m = 4 and d = 15.
The obtained kernel K£* has dimension i* = 3. Re-
call that if (z1,22) is a solution of the system S, then

yi = (ml,xQ,l)'{4} must belong to K* and, hence,
there exists u € R® such that V= y{*}. Since i* < 5,
we are in case I. Now, let us start the pivot procedure
and perform just the first step. Matrix V' is transformed
into the following matrix

0.3434 1.0846 1.7799 —  row corresp. to z}
—0.0209  0.0141  1.0131 — D
—0.0001  0.0000  1.0002 - z3
—0.0860  0.0580  1.0528 — a2x
—0.0208  0.0140  1.0128 - ziwo
—0.0000  0.0000  1.0000 - z3
_ —0.2902  0.1960  1.1778 — z1zs
V=1 -0.0858 0.0579 1.0526 — T125
—0.0207  0.0140  1.0127 — T122
0.0000  —0.0000 1.0000 - z1
—0.9330  0.6304  1.5706 - z5
—0.2904  0.1962  1.1777 — x5
—0.0858  0.0580  1.0526 — z3
—0.0207  0.0140  1.0127 - T2
0 0 1.0000 - 1

It obvious that yu satisfies Vi = yt*} if and only if
us = 1. Now, if we look at row 10 (corresponding to
the monomial 1), we see that the first two entries of
this row are zero. Hence, from [0,0,1]p = z; we can
conclude that z; = 1 is the only solution in the variable
x1. Since we already know 1, we can reduce matrix Vv
by eliminating the rows containing x; and keeping just
the last five rows. Completing the pivot with respect
to z2, we obtain the final matrix

0.0000 45.023 —44.024 - oz

: 0.0000 14.012 —13.012 - @
Ve =] 0.0000 4.1417 —3.1417 - 3
0 1.0000 0 - @

0 0 1.0000 - 1

As we can see from the third row (corresponding to z3),
we cannot terminate the procedure being zero the first
entry of this row. Hence, according to (17), we write
the following equation for x» (notice that ps = x2)

r3 = 4.1417z5 — 3.1417

which gives o = 1 and =2 = 3.1417.

Use of the polynomial resultants method for this case,
provides polynomial equations of degree 14 in x; or
T3, whose roots are all complex and quite far from
the true solutions. This is not surprising, because it is
well known that algebraic geometry methods introduce
many spurious solutions, and suffer from the presence
of multiple solutions.

Example 3. Let us consider the system

(z1 — 1)(z2 +1) =0,
{ (1 + 22 — 3) (1 — 222 = 7) = 0. (18)

Here: n = 2, m = 2, d = 6, but from the optimiza-
tion (12) we get i* = 4. Therefore, we are in case II.
Moreover, the pivoting procedure described in section 4
does not stop at any monomial of type mf with &k < m,
and hence we do not obtain any equation in one only
variable.

Now, according to Conjecture 1, let us consider the fol-
lowing system

(21 = 1)(@2 + 1(af +23+1) =0,
(#1 + 22— 3) (71 — 222 — T)(2? + 23 + 1) = 0.

Notice that no new solution has been introduced with
respect to (18), but the degree has been increased to
m = 4. From LMI optimization we obtain ¢* = 4 and
hence the new system satisfies the condition of case I.
By applying the pivoting procedure with respect to the
variable 1, one obtains the basis V= [01, 02, 03, D4]
and the equation

z$ = 1023 — 29z, + 20.

Three solutions are found, namely z; = 1, z; = 4
and x; = 5. Then, we can consider the reduced ma-
trix V,.(z1) = [01, 2302 + 2103 + 04] for each value ob-
tained for z;. When z; = 1, further pivoting pro-
vides the equation z2 = —z» + 6, leading to the so-
lutions £ = 2 and z5 = —3. The same can be done
for x; = 4 (obtaining z2 = —1) and for z; = 5
(z2 = —1). Hence, the solutions of the initial system are
(371,372) = (152)7 (371,372) = (17_3)7 (561,562) = (47_1)
and (z1,z2) = (5,—1). Notice that the four solutions
of the system have been found by solving an equation
of degree 3. This example clearly shows that the pres-
ence of coincident solutions can be easily handled by
the proposed technique.

Example 4. This example is taken from [2]. Let us
consider the bilinear system of differential equations

j?l = air1 + azxro + bﬁﬂ'}% + b7$1$2

To = QX1 + aqx2 + agrz + bgxr1To
+boz173 + b1271

T3 = asTy + arr3 + bior123 + bi571

(19)



where @ € R’ and b € R are given by
a = (—1.02e —2,2.98¢ — 3,10.66e — 2,—3.29¢ — 2,
3.12¢ — 2, 26.7, —27.49)’
b = (—0.768,8.8¢ —3,—9.2¢ — 2,9.2¢ — 2, —0.768,

—8.8¢ — 3,1.47e — 3, —1.47¢ — 3, 23.04, —22.27,
5.2¢ — 2, —1.52¢ — 2,0.38, 2.5¢ — 2, —0.61)’
In order to compute the equilibrium points of (19), we
must solve the quadratic system

a1r1 + asxrs + bﬁl‘% + b7£L’1£L’2 =0

a2T1 + a4x2 + agrs + b8$11'2 + b9$11’3 + b121'1 =0

asxz + arrz + bior123 + bisr =0

(20)

By applying the technique introduced, one finds that
K* has dimension i* = 5 and therefore we are in case
II. Nevertheless, after two steps of the pivoting proce-
dure with respect to 3, the matrix V turns out to be

—0.000 —0.000 0.000 3.134 —0.002 — z%
—0.000 —0.001 0.001 —0.062 —0.018 —  T1T2
—0.000 —0.000 0.000 —1.160 —0.000 —  T1x3

—0.000 —0.000 —0.000 —2.706 0.000 — Ty

V= 32.70 664.9 746.4 —18.68 —155.3 — zg
9.981 —0.749 0.220 0.796 4.802 —  To2x3

0.000 0.000 —0.000 0.000 0.000 — T2

—0.008 —0.075 0.068 —0.047 —0.147 — zg

0 0 0 1.000 0 — T3

0 0 0 0 1.000 — 1

From rows 3, 4 and 7, we get the equations

r1ry = —1.1603373
ry = —27055373
o = 0.0001z3

that immediately provide the solutions (x1,x2,z3) =
(0,0,0) and (z1,z2,23) = (—1.1603,1.2e — 4,0.4289).
Hence, in this case it is possible to find the solutions
directly, after suitable pivoting, without increasing the
degree of the system, even if we are in case II.

6 Conclusions

In this paper a novel approach for determining the so-
lution set of polynomial systems is developed. First,
an equivalent representation of the solution set is in-
troduced by means of a quadratic homogeneous form,
defined by a symmetric matrix with entries depending
affinely on a parameter vector. It is shown that all the
solutions of the polynomial system belong to the kernel
of such a symmetric matrix. Moreover, it is pointed
out that the matrix with the smallest kernel can be
computed via the solution of a suitable LMI. Succes-
sively, the problem of computing the solutions from the
obtained kernel is addressed. Here, the main result is
that the computation is quite straightforward if the di-
mension of the smallest kernel is less than the degree of
the polynomial system.

Based on these results and the analysis of several ap-
plication examples, it appears that the proposed ap-
proach can be considered an appealing alternative to
algebraic geometry and homotopy methods. In par-
ticular, it is expected that the method developed here
performs much better, especially when the number of

the solutions is small with respect to the degree of the
polynomial system.

Another interesting conjecture concerning the proposed
method is that it always provides a polynomial equa-
tion in one variable, whose degree is equal to the num-
ber of distinct solutions for that variable (i.e., spurious
solutions are never introduced). This has never been
contradicted by all the examples worked out. Further
investigations in this respect will be the subject of fu-
ture research.
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