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Abstract

The concept of least-squares observer is revisited.
Robustness properties of this class of observers with
respect to norm-bounded measurement noise are in-
vestigated and shown to be very much dependent
on the operator chosen for the observer implemen-
tation. For the case of a harmonic oscillator, an ex-
plicit observer parameterization in terms of the im-
plementation operator and the oscillator frequency 1s
obtained, observer’s existence conditions are proven
and analyzed.

1 Imtroduction

A very common topic today is vibration and noise.
Vibrations and noise arise in all types of construc-
tions and therefore often worsen our working envi-
ronment and/or reduce the standard of living.

A very common reason for vibration is a rotating un-
balance. This kind of disturbances is special since it
is often possible to measure or estimate the angular
velocity with high accuracy. Then the measurement
or estimate of the frequency can be used as a param-
eter in a controller to cancel or isolate the vibration.

The two disturbance problems, vibration and noise,
are closely related to each other and can be termed
as periodic disturbances. However, the period of a
disturbance is very likely to change in time due to
altering working conditions. In such a case, using
active methods to control the vibration [1, 2] is a
promising way to deal with the problem.

When not only the period but as well the signal form
of the disturbance is known, a regular sinus function
(or a number of those) can be utilized to model the
disturbance. Thich leads to a harmonic oscillator.

Two control structures for disturbance rejection have
been drawing most attention, the Internal Model
Controller (IMC) and the External Model Controller
(EMC). The difference between the control struc-
tures is that the IMC has the model of the distur-
bance included in the feedback loop and is therefore
excited by the control error signal. The EMC treats
the disturbance as an autonomous system which has
no input. This naturally assumes that the distur-
bance can be described as an autonomous system. If
the disturbance is observable from the output, all the
states of the model can be reconstructed and, via a
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state feedback, fed back to the plant. It was first in-
troduced by Tomizuka, [3] and has been generalized
to a MIMO-case in [4, 5].

Together with the EMC in [4, 5, 6], a Least-Squares
Deadbeat Observer is used. In its general form, this
state estimator has been given in [7]. Compared to
a usual FIR-filter, it contains a bank of pseudodif-
ferential operators whose parameters can be chosen
e. g. to enhance observer’s robustness against plant
parameters variation and/or measurement noise.

The purpose of this paper is to shed more light on
the design aspects of least-squares state estimation,
particularly for the practically important case of the
harmonic oscillator, keeping in mind its perspective
application in active vibration or noise control sys-
tems.

The article proceeds as follows. First, a brief intro-
duction to least-squares state estimation is provided.
Then, the i1ssue of observer robustness against mea-
surement disturbances is discussed. Next, new pa-
rameterizations of the least-squares observer for the
harmonic oscillator are presented and analyzed. It
follows by a line of action for determining the design
parameters in the least-squares observer for the har-
monic oscillator. A evaluation of Fréchet derivative
and a simulation example illustrates the observer’s
robustness with respect to a structured parameter
perturbation.

2 Least-squares state estimator

Consider the autonomous system

i = Cat) 0

where z(t) € R” is the state vector with the initial
condition z(0) = zg, y(t) € R is the output vector,
the eigenvalues of F' are o(F) = {1, ..., tin}-

Let the operator (P-)(A;t), depending on parameter
A € A be defined via the Laplace inversion integral

ctoo
POt == [ pA V(e s (2)
7 Jeoo
where V(s) = (Lv)(s) and ¢ is a suitable real con-

stant and A is a nonempty real set of cardinality &.

Suppose that p(A,s) is analytic everywhere inside
any finite nonempty domain, except perhaps for the
points of removable singularities. Moreover, let the
following two conditions hold.



Assumption 1 There exist real constants ¢,7 > 0
such that the inequality

2

(c+Rcosp)T. < © S ? (3)

Ip(A, ¢+ Rel®)|< e~ g
holds for any large enough R > 0.

Assumption 2 For any given A € A and y; € o(F),
it holds that

(i) p(uz) # p(pg) if i # py

(ir) = dpls) |s u: 7 0 for every eigenvalue y; with height
of the Jordan block greater than 1.

Consider now the following observer
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As demonstrated in [8], there is always a state-space
realization of (1) such that the gramian matrix V is
equal to a unit matrix. In the sequel, the system
equations are assumed to be in a V-balanced realiza-
tion, if not stated otherwise.

Regarding observer (4), Assumption 1 specifies what
kind of operators P can be used for the least-squares
state estimation while Assumption 2 relates the de-
sign parameters A\; € A used in it to the spectral
structure of the plant model o(F).

When assumptions 1,2 are fulfilled, observer (4) pos-
sesses a deadbeat performance, in the sense that
é(t) = «(t) — #(t) = 0; t > 7 for any xo. Further-
more, the minimal number of A; € A for which the
observer always exists is equal to n, [8].

Depending on the operator in question, A can either
be integer and mean operator multiplicity or just a
real parameter. Three examples of pseudodifferential
operators used in the literature for designing state es-
timators are given in Table 1. The use of the differen-
tial operator Py is classical (e.g. [9]), while the time
delay operator P; is a more practical choice [10, 11].
More recently, it has been shown how measurement
disturbance attenuation in the least-squares state es-
timation can be improved by employing the sliding-
window convolution operator P, [8, 12].

Table 1: Operators Used in Least-Squares State Esti-

mation.
Operator mapping symbol
(Pav) (A1) v 4 Cf;—f st
(Pv)(Ast) v Syt — ) e~
(Pev)(A,m51) | v i ftt_T A=y (0) do %

3 Robustness against measurement
disturbance

Assume now that the output signal in (1) is cor-
rupted by a bounded disturbance v € L%, i. e

y(t) = Ca(t) + v()

The state estimation error of observer (4) is

e(t) = z(t) — 2(t)
2(t) = > p(i, FNCTP(y) (A t)

A EA

= 2 p(, FNCT (CP(2)(Aist) + P(o)(Aist))

A EA
From [7], it is known that
P(x)(Ai;t) = p(Ai, Fz(t)
Thus, the observer estimation error can be written

et) == > p(, FT)CTP(v)(Nist)

or, in a more concise form

e(t) = =Wy Ex(t) (5)
where
Cp(A, F) P(v)(A1;1)
Wi = : s Ek(t) = :
Cp(Ae, F) P(v)(Ag;1)

The form of (5) implies two possibilities of minimiz-
ing the observer estimation error, either by exploit-
ing geometric properties of Wy or by changing the
parameter set A.

The vector Ej; can be completely defined by its or-
thogonal projections onto Ker WkT and onto Im Wy
which are respectively given by

Mo Bx = (1= W W) B,
+
By = (W wle,
where ()+ denotes pseudoinverse.

Clearly, Ilger Er has no effect on the estimation er-
ror and, therefore, W; should be constructed so that
[Tlker Ex| is maximized. Unfortunately, for an un-
structured disturbance v, there is no other way to
pursue this approach but increasing the cardinality
of A. Whenever observer (4) exists, dim Ker W =
kf—n and, then, using more operators P(-)(A;;1),¢ =
1, ...,k enlarges the subspace Ker WkT and improves
the chances for better accommodation of the distur-
bance signal in it.

The second disturbance component, I, £, has to
be dealt with via filtering properties of the operators

P()(Asist).



Let x;

[#1, -, 2,]". Using the conventional notation for
the signal norms

€ Ls,io = 1,---,n form a vector z =

Jillo = ess sup el [zl = ma e
t

lelle= ([ " wat0 dt)%

and | - |2, |eo, | - |1 for the usual matrix norms, the
following upper bounds on the estimation error e can

be derived.

Theorem 1 Suppose Assumption 1 and Assump-
tion 2 are satisfied. Then, with respect to (5), the
following inequalities hold

el < (ZHP(MS)H@) le@ll2 (6)
i=1
lello < IWely, masx [Ip(hs ) e llo()z (7
Proof: Partition Fj(¢) in the following way
By
Bk

Direct evaluation of 2-norm of the state estimation
error gives

el = [ B W B a

oQ

IN

Wil [ Ef0B d

Since the system realization is V-balanced, the
columns of W are orthogonal and normalized vec-
tors in R** and then

1
2

WiWil, = max pul(WeWy)

= mnax. wZ(WIw,) =1

i=1

where p;(-) denotes an eigenvalue of the matrix.

Proceeding with the inequality above

le@llz < 1Bkl = (ZIIEi,kllg)
< (ZIIP(MS)II@) 1ol

In the last step, a well known system gain [13] is used

14115 < (A, 5) 12122

along with the fact that |[|P(-)(Ai; t)]|eo = ||p(Ai) 8)||oo
This completes the proof for (6).

In order to prove (7), consider oo-norm of (5)

le@lleo < IWE Tl B (O)llco = Wil (| Bk (1)]]oo

Utilizing another (|| ||z to || - ||cc ) system gain [13]
gives

1Eigllee < 1P Qs )l2[0(@)l2 = llp(As, $)[]a[[o(2)]]2

The equality is due to Parseval’s theorem. Combin-
ing two inequalities above yields (7). m

Taking advantage of the results obtained in Theo-
rem 1, one can carry out a comparison of disturbance
rejection properties among the operators in Table 1.
All necessary operator norms are evaluated in [14]
and shown in Table 2.

Noteworthy, the differential operator P, has infinite
2- and co-norms which makes it possible for e to rise
indefinitely. Therefore, pure differentiation should
be avoided in state estimation.

Turning to the delay operator P;, one notices that
its co-norm is finite (actually, ||P;||lcc = 1), whilst
2-norm 1is yet infinite. Logically, in this case, a 2-
norm bounded disturbance must produce a 2-norm
bounded response in the estimation error. Unfortu-
nately, this does not always guarantee a good design.
For example, in such a design, a Dirac delta like dis-
turbance would cause a Dirac delta like response in
the state estimates, which is an undesirable feature
for an observer to have.

From Theorem 1, it becomes evident that an appro-
priate, for observer implementation, operator has to
possess both finite co- and 2-norms. All these prop-
erties have been proven for the operator P..

Table 2: Operator norms.

[ fleo

Operator

-1
(Pgv) (A1) 0 %)
(P;v)(\ 1) 00 1
(P)Amit) | /5t | 25

Regarding the operator P, it is worth to notice that
A and 7 in it can be evaluated in terms of ||p.||, and

[1Pell o

20pll3 — lplee |
e?2 —1
e2 -1

20pll3 = e*[Iplleo

NETe
Plla — €7||Plloo
2(|pl3 — (Il

A =

Since 7 has to be positive, one of the two following
inequalities should hold
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0 < ol < Wl
2
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4 Least-squares state estimator for a
harmonic oscillator

Consider now a harmonic oscillator, ¢« e. au-
tonomous dynamic system (1) whose matrices are
the following ones

(8)

Theorem 2 Assume that for any A € A, the op-
erator P(-)(A;t) satisfies Assumption 1. Then, the
observer

)=Vt ¥ [ Pl NP1

p(= e N P(y) (A1) ] )

AEA
where
—jw _jw
U = [ 1—1jw 1+1jw ]’
1—jw 14+jw
2 . . .
p*(jw, N) p(jw, A)p(—jw, A)
1% = . / .
F 2 [ p(jw, A)p(—jw, A) PP (—jw, A)

AEA

yields the estimate #(t) = z(t),t > 7 if and only if
there is no ¢ € C such that

p(jw, A) = ep(—jw, A), YA € A (10)

Proof: For the values of the system parameters
given in (8), p(F, A) can be evaluated as the following
integral over a contour enclosing +jw

%%?{p(s,/\)(SI—F)_l ds

A direct application of the Residue Theorem results
in

_ 1 P11 P12
(I A) = 2 [ P21 P11
where
P11 p(jw, A) + p(—jw, A)
P12 —jw (p(jw, A) — p(—jw, A))
1 . .
P = j—w(P(—JW,/\)—P(JW,/\))
Further

Cp(F,\) = [ pliw,A)  p(=jw,\) JUT}

|

were
1 _ L
U—l _ w
2 1+

1—jw
14 jw

Substituting the expression for C'p(F, A) into (4) ren-
ders (9).

It is easy to see that for the case in hand
V=0"TypU!
The matrix U is always nonsingular since

1

det(U™1) = 2j(w + ~)

Cauchy’s inequality for p(jw, A) and p(—jw, A) reads

_jwa A )

where equality occurs iff (10). Noticing that

= > P w, N D P

A€EA A€A

2
(Z p(jw, \)p(—jw, A))

completes the proof. n

<Zp JW/\ZP

A€A AEA

(Z p(iw, \p(

AEA

det Vp —Jjw, A)

AEA

In practice, mostly the time delay operator is used
for the least-squares observer implementation. Thus,
this simple case deserves special consideration.

Corollary 1 For p(s,\) = e™**, A = {)\,...
observer (9) takes the form

= V1I+wV DY VAt -

AEA

’Ak}7

(11)
where o« = arctanw and

VO = [ wsin(wA + @) ]

cos(wA + )
V= 1+w? V11 V12
2 V12 Va2

wlz (k — Z cos(2wA + QQ))

vir =
AEA
1 .
vy = - Z sin(2wA + 2a)
AEA
ver = k+ Z cos(2wA + 2a)
AEA

(—jw, A)



Proof: The proof is straightforward by evaluation
of the matrix exponential of F'
| cos(wA)  —wsin(w)
exp(=FA) = % sin(w) cos(wA)

and the corresponding matrices exp(—FT)CT, V. m

When the time delays in A are taken to be commen-
surate ¢. e. Ap = pT, p=1, ..k for some T > 0, the
elements of matrix V in (9) have simpler form

1 inwkl .
v = — (k + S'I,Lsm (WwT(k+1) - ﬁ))
w sin w
sin wkT'
V12 = m COS ((.JT(]{? + 1) — 6) (12)
sinwkT' .
Voo = k— ol sin(WT'(k+1)—0)

1;::)2 . The determinant of V is also

where § = arctan
easy to derive

1+w22 sin’ wkT
det V k2
e = - - —

42 sin? wT

For each value of k, there 1s a condition on w7’ that
guarantees detV # (0. For instance, choosing 7' so
that sinw?" # 0 does the trick for the case of two A.
It is easy to see that the following inequality holds
for all &

. 2
9 _ Sin”wkT
k” > ——r
sin“ w7l
Indeed, denote
sin wkT'
Wy = ————

sin w7’

Apparently, for £ = 1 the inequality above holds and
wy = 1. Further, w; obeys a simple recursion

W1 = coswTwy 4+ coswkT

Then
w1§+1 < (k’ + 1)2

5 Observer sensitivity to frequency variation

Most of the properties of observer (4) are defined by
the symbol of the pseudodifferential operator used
for implementation. To investigate observer sensitiv-
ity to changes in the model parameters, it is reason-
able to take advantage of so-called Fréchet derivative.
For p(F, ) = exp(—F ), it leads to the following ex-
pression

S(Z) — }% exp(_(F +6Z)6/\) — exp (—F/\)

where the derivative i1s taken at 2

(5]

The special structure of Z is due to the fact that only
w can change in (8).

A straightforward calculation shows that

WﬂZﬂbaznwx<ﬁ1_“AﬁDﬂWM

DO hsinge)],

[Asin(wA)| + |wA cos(wA) + sin(wA)|)

By choosing A minimizing the value of ||S(7)||c,
minimum sensitivity of the matrix exponential, and
therefore for the whole observer, with respect to os-
cillator frequency variations is achieved.

Two observers with different choices of A are de-
signed, one with good (w. r. t. the value of
[|S(Z)]|oo) choices of A, A = {0.001,0.013} and one
with bad choices,A = {0.043,0.044}. The estimation
error for each of the observers is plotted in Fig. (1).
There, it can be seen that an appropriate choice of
the design parameters decreases the estimation error
due to frequency mismatch.

6 Simulation example

The process is oscillator (1) with w = 100. The
purpose of simulation is to investigate the observer
robustness against variation of w when utilizing P;
and P.. Both observers use only two operators
P(:)(A;t). For Py, the design parameters are cho-
sen as A = {0.001,0.013}, A = {0.043,0.044} , while
for P., the time constants are A = {—30,—35} and
7 =0.01.

In Fig. 1, a comparison of the estimation error norm
le|2 for observer (11), and a one of the form (9) is
presented. It can be clearly seen that the observer
implemented by means of the finite-memory convo-
lution operator performs better both in the transient
response and in the steady-state.

estimation error

0 001 002 003 004 005 006 007 008  0.09 0.1
time

Figure 1: |e|; for the observer with P; and good A
(dashed line), bad A (dashdotted line) and
for the observer with P. (solid line). Upper
figure - no perturbation and lower figure -
perturbation in w 10%.

Since the estimation error is periodic, after the tran-
sient time is expired, the following quadratic perfor-



mance criterion is introduced

lelle =5 [ " )ete)

where the integral is taken over an estimation error
signal period T'. Fig. 2 gives an idea why very large
values of k are needed in applications in order to
achieve reasonably low observer sensitivity when the
time delay operator is used (the usual FIRfilter).
Notice that a logarithmic scale is used to make the
figure informative.
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0 I 2 3 a s s B s 10
The error, delta, in the frequency in procent
Figure 2: |le||r for the observer with Py (dotted line)
and for the observer with P, (solid line) w.

r. t. the frequency perturbation in percent.

7 Conclusion

For a broad class of least-squares observers, upper
bounds on the estimation error for measurements
subject to Lo-disturbance are derived. It 1s demon-
strated that the choice of the implementation opera-
tor plays a crucial role in the observer design. A prac-
tically important case of state estimation of a har-
monic oscillator is investigated, new parameteriza-
tions of the least-squares observer in terms of the os-
cillator’s frequency together with observer existence
conditions are presented and proven. A simulation
example illustrates that observer robustness proper-
ties against a structured uncertainty are closely con-
nected with the choice of the parameterization oper-
ator.
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