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Abstract

In this paper T-S fuzzy observers and controllers, built
for the plants represented by T-S models, are analyzed
from the interpolation viewpoint. The notion of fuzzy
stability covering condition is defined extending the def-
inition given in [7, 10, 11, 12]. Assuming slow varia-
tion of a so-called interpolating variable, sufficient con-
ditions are given in order to generate stable parameter-
varying family of observers and controllers that estimate
the states and, stabilize nonlinear plants.
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1 Introduction

In this paper T-S fuzzy observers and controllers, built
for the plants represented by T-S models, are analyzed
from the interpolation viewpoint. Using T-S models and
controllers along with the T-S inference, one obtains a
nonlinear model, where nonlinear vector fields and func-
tions result from the interpolation of local A;, B; and Cj.
The global controllers and observers result from the in-
terpolation, through the membership functions of fuzzy
sets, of local linear controllers and observers. The latter
are designed to stabilize the process or estimate its states
around operating points. It is however well known that
interpolating locally stabilizing controllers or observers,
does not always guarantee the global stability of the sys-
tem. Most of the results on the analysis of robustness
and stability of T-S controllers, appeared in the litera-
ture [1, 3, 4, 13] do not explicitly address the problem.
In the literature investigating the stability of T-S-type
controllers or observers, very little attention has been
directed toward interpolation an important step in the
synthesis of gain-scheduled controllers. This is also the
problem of “classical” gain scheduling approaches. De-
tailed elucidation of this problem can be for example
found in [5, 6, 9, 10, 11]. The desire to use linear con-
trollers in the synthesis T-S-type gain scheduled con-
trollers or observers demands a careful inspection of the
interpolation problem, and this is the main motivation

for this work. In this work we extend some “classical”
results of scheduling-interpolation methods and partic-
ularly those presented in [7, 10, 11, 12].

2 Problem Statement

Consider a nonlinear dynamic process represented by the
following equations

Cl.71 = I3

2
iy = u—exp(—3F) (1)
y = T

The problem now is, to know if this process could be
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represented by a TSK fuzzy model and then be con-

trolled the same way. The scheduling variable given by
2
the equilibrium manifold (mg =0,u = exp(—%l)). Let
2
us approximate exp(—ﬂ—l), using a TSK model and so
obtain a fuzzy partition on it. If we use only three fuzzy
set to perform this approximation, one obtains the parti-
tion represented by the figure 1(a). Local linear models

are obtained linearizing (1) around operating points rep-



resenting the core! of fuzzy sets f:S’l, .E/S2 and HS'3. The
Jacobian linearization corresponding to (1) is given by

j?l _ 0 1 X1 0
iy ) =\ lyeiet o z )T )
2 21‘16 ¢ op. pt. 2

(2)
Evaluating (2) for the values of z, corresponding to the
cores of ES’l, LS, and LS, (i.e. —3.5,0,3.5), we obtain
three linear models M1, My, M3. We can describe the
process by

IfzeLS then M =M,;,i=123 (3)

Let us compute now for Ms and M3 a state feedback

placing the eigenvalues of the closed loop system at —0.5.

For My and M3 one obtains Ky = (0.25, l)T and K3 =

(0.33,1)T respectively. Let us evaluate the linearized
3.5

model at the intermediate point =? = 1.75, denoted by

Mo_3. Applying TSK method one obtains

K273 _ ,LLE‘E2 (175) K2 + /J/l’/‘ég (175) K3
pis, (1.75) + pig, (1.75)

~ (0.29,1)" .
(4)

A state feedback with this gain places the eigenvalues
of Ms_3 at 0.11 and —1.11. It shows that interpolating
two linear controllers stabilizing the process around op-
erating points does not guaranty local stability of any
intermediate operating point. Let us compute now the
gains K> and K3 placing the eigenvalues of M, and
Ms at —1.5. one obtains K, = (2.25,3)" and K3 =
(2.33,3)" respectively. This time K»_5 ~ (2.29,3)" and
it places the eigenvalues of My_3 at —0.89 and —2.11.
In the second case the stability is preserved and, in the
first case it is not.

Let us consider the same process with another partition
of the steady state characteristics given in the Figure
1(b), and five linear models defined at the core of LS;,
i=1,---,5. The TSK model is now

fzeLlS thm M=M;,i=1,---,5  (5)

Let us compute the state feedback gains for M3 (defined
at z;1 = 0) and My(defined at z; = 1.8) such that
the eigenvalues are placed at —0.5. One obtains K3 =
(0.25,1)" and K4 = (0.65,1)". Let us consider the in-
termediate point z; = 0.9 and compute the linearized
model at this point, denoted by M3_4. Analogous com-
putation to (4) gives Ks_4 ~ (0.45,1)". We can verify
that this gain places the poles of M3 4 at —0.1 and
—0.9.

Is is worth noticing that the in both cases the equilib-
rium manifold is well approximated by the fuzzy rela-
tions defined by (3) and (5). However in the first case,
the interpolation does not satisfies the satisfy the fuzzy
stability covering condition and, in the two last cases it
does.

IThe core of a fuzzy set A = {m €A pz(z) = 1}

Definition 1 Suppose that HS'i, defines a fuzzy par-
tition of the equilibrium manifold. Suppose that lin-
ear controllers A;,---, Ay have been designed at points
p1ycc e, pu, with pe—i(p) = 1,1 <4 < M. If A
stabilizes M; = M(p;), it is known that there exists
an open neighborhood of p;, Up, containing p;, such
that A; stabilizes M(p), for each p € U,,. We say
that the fuzzy stability covering condition is satisfied,

. M Tt M
if Ui:l S'UIPPQLX - Ui:l Up -

Suppose that the nonlinear plant to be controlled can
be represented by

X = JX0,U0) ©
() = hX(@)

with X € X C R*, U € U € R™. Suppose there exists
an equilibrium manifold of (6) that can be parameterized
by a scheduling variable, ¢ € ¥ C R, ¥ a connected
compact set. That is, there exist continuous functions,
X0:R — R and U : Rl — R™ such that

F(X%0),U%0)) =0 (7)

for all ¢ € X. The scheduling variable, o, can be a
function of the state, input, and an exogenous signal.
For each o, the linearization of the nonlinear plant is
written as,

z(t) = A(o)x(t) + B(o)u(t),
v = Clo)l) ®)
with
af(X) Af(X)
Alo) = ———= o) = 2/
@) 82);)‘)(:)(0(0) Blo) U |x—xo(s)
C(O'): a—X‘X:XO(O_) U_U—UO 0')

(9)
Considering a set of values of (.) : 01(.),--,on(.) one
obtains a set of (4;,B;,C;),i=1,---, M.

Let us assume that (6) can be approximated by the fol-
lowing T-S-type model
RP: TIfoi() € LS;
Then P; : { ;(t)
i=1,- M

= A,:L‘(t) + Biu(t),

|
Q

5
~—~
N

with o3() = (ou(), --,0q()" and LS; =
—  \T

(LSila"‘:LSil) yAi = A(oy), Bi = B(oy), C; =

C (o). The common approach to control the nonlinear

plant, is to design a series of linear controller designed
for linear plants.

RL:Ifo;(.) € LS; Then u = Kz (11)

2Support of a fuzzy set A: {m,uj(m) #£0}




and the global controller is then built as

M M
= [Zuﬁi(g())uil/ lZqui(a(.))]_
- - (12

The theoretical works on the analysis of the global stabi-
lizing property of u(o(.)) hide two important issues. The
first is how local controller should be designed to guar-
antee a locally robust stabilization. The second is how
the scheduling and interpolation should be performed to
guarantee the global stability.

3 Stability preserving fuzzy
Scheduling-Interpolation

Suppose that several points have been chosen on the
equilibrium manifold parameterized by scheduling vari-
able 0 : 01,09,---,0,, as shown in the Figure 2. Sup-
pose that each of those points are the core of a fuzzy set,
LS;, in (10). Each fuzzy set LS;, fuzzily delimitate a re-
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gion where a local model M(o;) : (A(0;), B(0i),C(03)).
Suppose that a local controller A; is designed for each
M; = M(o;), such that (M;, A;) is stable. The crucial
question is how a global stabilizing controller A, could
be obtained interpolating the A;.

For the sake of clearness, we first consider the interpola-
tion of two state feedback gains with a scalar scheduling
variable. We will associate to each fuzzy set LS; a mem-
bership function 5 and suppose that:

. r 1 _ 1
Hypothesis 1 Wrg (0) =1 uL~Si+1(a),VU eEX

andi=1,---,M — 1,

c0<ppg () <Li=1,---
1,Vo € X.

M and 3=, g, (0) =
* pppg, (o)) =04

The above hypothesis suggest the following remarks:

Remark 1 Under the above hypothesis, we can
associate to the scheduling variable o, an inter-
polating variable uf. Two particular examples of
u!, are shown in the Figure 3: p/' and p/? with
p't =1 — pf2. They are obtained by connecting
LS;, LS,+2, LS4, -+ This connection along with
the above hypothesis guaranty the continuity of pu'!
and p'2. We also assume their smoothness. For
the sake of clearness we drop the superscript and,
the scheduling variable is just denoted p. Also, in
the following p; as on the figure 4, will denote a
particular extreme value (0 or 1) of the interpolat-
ing variable u, and is different of the function e
We will also distinguish p; and py, (I=a,b,c,d,---).
while p; only represents an extreme point (0 or 1),
py, takes its values between 0 and 1.

e Under the above hypothesis and remark, one
can show that a bijective relation exists between
scheduling and interpolating variables. This allows
us to address the problem of stability preserving in-
terpolation directly in terms of interpolating vari-
able. This variable has also the advantage of being
bounded by 0 and 1.

Let us consider now a particular portion of y in the Fig-
ure 2. Suppose K, and K3 both asymptotically stabi-
lize My = M(u,) and Mz = M(us): Releig (A(x;)
+B(p;)K;)] < 0,i = 2,3. It is well known that
there exists a neighborhood of p;,M; containing pu,
such that Releig(A(u) + B(u)K;)] < 0,i = 2,3, for
each p € M;, ¢« = 2,3. Our goal is to find a
parameterized state feedback gain, K(u), such that
Releig (A(u) + B(p) K (1))] < 0, for each p € [py, pg] =
[0,1]. Suppose that Releig(A(n) + A(p)K>2)] < 0, for
€ [0, (@) = [0, 11,) and, Refeig (A() + B(u)Ks)] <
0, for pu € (1 (b),1] = (pp, 1] with py < py < prg < pig.
Obviously Releig (A(n) + B(p)K;)] < 0,i = 2,3 for
€ (g, o). In this situation, one says that K, and
K3 cover [puy, ).

Since Ky and K3 stabilize the system, for pu € (i, it,),
there exist matrices P, = PI > 0,i = 2,3, and an inter-
val [u(d) , p(¢)] = [pg, ] C (b, 1) such that

Pi[A(p) + B K" +[A(p) +
(13)

for all p € [uy, .. We can show that the interpolated
gain,

KQ, ne [Oaud)
<&;ﬁm&+ﬁ1ﬂ&%
K (,U,) — /J’c /J’d /J’c 'Ud—l

[e — p = p
< P2+ dp3> 7,“’6[lu’dﬂlu’c]
He — Kg He — Kg

K3, NG(NCJ]

that is continuous and, it stabilizes (A (u),B(u)), for
each fixed u € [, p3] = [0,1]. So far the stability pre-
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serving interpolation has been derived in terms of frozen
values of the interpolating variable u. When the inter-
polating variable is time—varying, stability is established
by imposing a bound on the rate of variation of wu.

Theorem 1 Suppose the state feedback gains K; have
been designed for M; : (A;,B;,C;),i =1,---, M. If for
each i, there exists a matriz P; = PZ»T > 0,7 >0 and an
open set M; containing p;, such that

Pi[A () + BWK]" +[A (1) + B Ki] P < =1,
YueM;,i=1,---,M
(14)
if M N M1 # 0, then there exist pairs of pints pg,, jt..
(see the Figure 4 (b)),

[m, M] C M; N1 M1 N [min(ﬂj,ﬂj-i-l),max(ﬂj:,uj+1)] )
i=1---,M
(15)
with m = min (,udl,,,ucl,) and M = max (udi,ucl,), such
that if u(t) satisfies

Q(t) < min, [ = e

MMay 7 Feil 5 16
s T o (1e)

there exist a continuous state feedback gain,

K;, w € [0,m)
<M = PPt

Ku=q \Mom
A’}_szl%)P(u)_l, p € [m, M]
Kl) e (M71]
P;, w € [0,m)

M—p p—m \
P =
(k) (M_ Pi+ 0 P,> 1 € [m, M]
P, p € (M,1]
(17)
with

J=4,0=i+1df max(u;,pir1) = Piva
j :Z+ ]-)l =1 Zf max(p’i:,ui+1) = :uz

M
such that for all u(t) € I'= |J M;, the closed-loop time—
i=1

Figure 4:

varying system,

X () = (A (u(t)) + B (1)) K (u(t)) X(2),t > 0, (18)

is exponentially stable.

Proof: see the Appendix A.

Theorem 1 shows that it is desirable to find solutions
of (14) that are “close together” in norm. If the solu-
tions of (14) are all the same, then there is an infinite
stability margin on the rate of variation of the schedul-
ing parameter [11]. In this case, the stability preserving
interpolation reduces to linear interpolation. A continu-
ous, interpolated state observer gain, L (1), can be built
the same way.

Theorem 2 Suppose the state observer gains L; have
been designed for the linear plants, (A;,C;) =
(A(u;),Ci (1;)), where, p; € T'yy=1,---, M. Suppose
also that for each i, there exists a matriz QQ; = Q; > 0
and an open interval M;, such that

(A (1) + LiC (1) Qi + Qi (A () + LiC () < =71,
pweEM;,y>0,0=1,--- M
(19)
with T C; M; and M; "M 11 # 0,then there exists pairs
Of points B, s He;»

[m, M] C M; N Mgy N [min(p,, ), max(py, iy )]
=1, M—1

with m = min (,udl,,,ucl,) and M = max (udi,ucl,),such
that if p = u(t) satisfies

|te; — 1a,
t < mln ———"t>0 20
A < Qe — @il 20
there exists a continuous state observer gain,
L; w € [0,m)
M—p
(M mL @it
L(p) = .

™, B M

M—m lQl)Q(H) ) p € [m, M]

Lla IS (M7 1]
(21)



Qj7 L IU’E [Oam)
- 3 _
Q=1 (§=ta+ 2=ma) pe )
Ql) ,LLE (M71]
with

J=4,0=i+1df max(u;, pip1) = Piva
j =i+ lal =1 Zf max(uinu’i+1) = M

such that the closed—loop time—varying system,

X (1) = [AGu0) + L (u() O (u(e)] X (1) (22)

1s exponentially stable.

Proof: similar to the proof of 1, via minor modifications.

The above theorems show that stable T-S state feed-
back controllers and observers can be built separately
by interpolating local stables state feedback controllers
and observers, in such a way that the fuzzy stability
covering conditions is satisfied and u(t) is slowly vary-
ing with time. The very important problem is now to
know, how would behave the parameter-varying closed-
loop system, when the parameter-varying state feedback
controller uses the estimated states from the parameter-
varying observer, both assumed to be exponentially sta-
ble.

Theorem 3 If the hypotheses of theorems 1 and 2 are
satisfied. If the gains K(u) and L(u) are given by (17)
and (21), respectively. If u = p(t) satisfies the bounds,
(16) and (20), then

—B (p) K ()
A() + L (1) C () ) 2(23)

. T
is exponentially stable, with z(t) = [XT(t),XT(t)} .

A Proofs

Lemma 4 ([12])

Suppose , W(p) : T C R — R"*™ is a continuous, piece-
wise affine matrix-valued function with corner points
{c1,-+-,¢.}. For any € > 0, there exists § > 0 and a

continuouslydifferentiable function, W(p) : I' ¢ R —
R**™ and 6 > 0, such that
HW H e pelei—0/2,¢+0/2)
p ¢ ci—0/2,¢; +0/2)
d
— max
0] e |

A.1 Proof of Theorem 1
Define A. (1) = A(u) + B () K (@) then from (14) and
(17),

P(p) AL () + Act (0) P (p) < —yI,y > L,u €T (25)

Since P(u) = P(u)" > 0 for each p € T and T is
compact, there exists dp > 0 such that

P>dpl (26)

Let us choose
e <uin{ (- 1/ (2max 40 1) G0} (20)

and a continuously differentiable approximation, P (1),
as in Lemma 4. The approximation error, P (u) =
P (u) — P (p) satisfies

ax P <e< —
max (1) (v

0/ (2ma a0l @9
ner
This expression along with the Shwartz inequality give

|20 AT () + 40 () P ()| < N
2 (m |2 (u)H) (mx 1A (u)ll) <yt
From (29) and (14), we obtain

P () ALy (1) + At () P () < =1 (30)

From (24), (26) and (27) we deduce P (u)—P (u) < el <
6pI, and then P () > 0. For any given p (), let choose
the Lyapunov function, V(X,t) = XTP (u)~" X. Since
I" is compact, there exist positive constants, §; and ds,
such that

o1 IX11* < VX, t) < 6a || X[ (31)

Using again, the compactness of I' and computing the
derivative of V (X, t)along the trajectories of (18)

VX, = XT AT P ()" + P () Aa ()
+EP ] X
< XTP(u) [-I- &P W] Pw™ X

if max H%P(N)H < 1, there exists 63 > 0 such that

pel’
4V (X,t) < —8 || X|]*(T compact). From Lemma 4,

ma |4 ()| =max (4P ()] (1) # ot
t=1,- -1}
Thus,
0, o 1€ [0, 1) U (k1]
d -~ Lt
— Y P, — P
5P < O 1R = Pl )

i=1,--,M—1



and (18) is exponentially stable if (16) is satisfied
(Lemma 4).

This is similar to those presented for the “classical” in-
terpolation in the [10, 11, 12]

A.2 Proof of the Theorem 3
Let us consider the Lyapunov function

V(Z,t) — ZT(t) ( Slpil (,U(t)) 2?71 (M(t)) ) ZT(t)

~ v

M
(32)
with P and Q defined in theorems 1 and 2 and, a > 0.
It is obvious that M = MT > 0. In the following, for
the sake of notational clearness, the dependencies with
respect to p(t) will be omitted.

a (Ag;f’—l + P 1A, + %P—l)

LV (z,t) =27 o (BE)T P
—aP~!' (BK)
(Aae@ ' + Q14T + £Q) ]
£ .TNz.

N < 0 if and only if (LMI Lemma [2])
a (Adﬁ—l + P1AT 4+ 113—1) <0
N N N N —1
aP 1 (BK) (A0,Q ' +Q 1A%, + £Q71) .
(BK)' P~ — (Ag;ﬁ—l + P 1A, + 113—1) < 0

The first inequality is satisfied by hypothesis, and the
second is satisfied if

Aar < Am (33)
with
. : T p—1
Am = inf cig (Acl (W) P~ () +
P () Aa(p) + £ P (1))

M =sup eig [aﬁ_l (B(p)K (1)) (Aclo(H)Q_l(N)+
ner

QAL+ #07)  (BR)T P

where eig represents the eigenvalue. From the LMI
Lemma and the compactness of I' we know that there
always exists an « such that (33) is satisfied.
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