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Abstract

This paper presents a new hand over method of un-
stable object using robot manipulators by an approach
of continuously switching of controllers. Each of robot
manipulator can be considered as a controller to sta-
bilize the object. It is needed to switch from one con-
troller to another so that the input of the system does
not exceed the value which is required to stabilize the
object. However, it is known that if the controller
switches at unsuitable time, the system may become
unstable. The idea of a new method that is presented
here is to make a switching of the controllers based
on Double Bracket Flow. It will be shown that even
if switching time is done at any time, the system re-
mains stable. Experimental results using two Puma-
like 6 D.O.F. robot to hand over an inverted pendulum
from one robot to another are included.

1 Introduction

Hand over control of an inverted pendulum as unsta-
ble object using robot manipulators has been success-
fully done using reliable design method [1, 2]. In this
method, the unstable object corresponds to the plant
which should be reliably stabilized, and the manipula-
tors which are applying forces to the object correspond
to the reliable controllers. The design of controller was
reformulated as a reliable stabilization problem against
controller failures. Thus, the controllers should be de-
signed to be able to stabilize the plant together or in-
dividually. The manipulator which did not hold the
object was regarded as in failure. Thus, there was a
possibility that the system input exceeded the suitable
one, especially when the object was held by two ma-
nipulators. While, force was thought as an input to the
system which handed over inverted pendulum in this
problem, the excess of applied forces will change into
internal force. Even if theoretically, this internal force
can be suppressed, the experimental result showed that
the internal force was quite big. This internal force
could damage the plant.
To minimize the internal force which occurred in using

reliable design method to hand over unstable object,
switching of the controllers which stabilizes the plant
could be a possible way to carry out. However, switch-
ing of the controllers discontinuously at unsuitable time
may enable the system to become unstable [3].
On the other hand, Double Bracket Flow that was in-
troduced by Brockett [4, 5] can be used to sort real
numbers continuously under some appropriate assump-
tions. The characteristics of Double Bracket Flow that
sort real numbers continuously, can be used to param-
eterize the input which is applied into the plant. Thus,
the input will be given from one controller to another
as the change in sorting. And it will become one of
tools to schedule the controllers in this problem. Thus,
Double Bracket Flow is reformulated to switch the con-
trollers continuously. It will be shown that the input of
the system will not exceed the suitable one to stabilize
the object. And then, handing over of unstable object
can also be done while the object moving.

Figure 1: Hand over control of inverted pendulum

Hand over of unstable object using manipulators can be
treated as a constrained robot manipulators problem,
thus it is formulated using Differential Algebraic Equa-
tions (DAE) to make an easier analysis of the problem
in the design of controllers.
To hand over the object from one robot to another one,
the procedure consists of three phases, i.e. (i) stabiliza-
tion of the object by one robot, (ii)stabilization of the



object by both of robots, and (iii) stabilization of the
object by another robot.
The aim of this research is to propose a new method
of switching of the controllers by using Double Bracket
Flow as a tool. The stability of switching of the con-
trollers in this form was firstly studied and proposed
by Fukui [3]. The works of this research based on it
and implement the method to an application of hand-
ing over of unstable object.
The plant which is treated in this paper is supposed to
be linear system and does not have direct feedthrough
term, that is the plant that can be described as follows

Σ :

�
ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t),

and is referred to

Σ =

�
A B

C 0

�
.

And the dynamic controllers to be switched which
can stabilize the plant above are supposed to be time-
invariant and referred to

Ki =

�
Aci Bci

Cci Dci

�
.

Ki is regarded as the i-th controller for multiple con-
trollers. These controllers consist of feedback and ob-
server assembled together.

2 Preliminaries

In this section, some basic theories of Double Bracket
Flow and Linear Parametrically Varying System used
in this paper are described.

2.1 Double Bracket Flow
Double Bracket Flow was firstly introduced by Brockett
in 1988 as a new class of isospectral flows on the set of
real symmetric matrices. It is shown that it can be used
to solved various combinatorial optimization tasks such
as linear programming problems and the sorting of lists
of real numbers [7].

Definition 1 (Double Bracket Flow)[4]
Double Bracket Flow is the ordinary differential equa-
tion which is defined as

Ḣ(t) = [H(t), [H(t),N ]], H(0) = Ho, (1)

where [A,B] := AB − BA denotes the Lie bracket for
square matrices, Ho is a symmetric matrix and N is an
arbitrary real symmetric matrix.

This equation, under suitable assumptions on N , diag-
onalizes any symmetric matrix H(t) for t → ∞ [7]. It
has characteristics that:

i . The eigen values of H do not change as time
evolves.

ii . The solution H is also symmetric matrix.

iii . The diagonal parts of H will be rearranged in
the order of the eigen values of N .

iv . The solution H exists when N and H have
unrepeated eigen values.

If matrix H has dimension n by n with distinct eigen
values, Double Bracket Flow has n! equilibrium points.
Even if it reaches the equilibrium point it will not stay
at the point. The addition of a linear term of the form
[H, Ω] in the equation will leave this problem out. And
the next lemma will be valid.

Lemma 1 The addition of linear term into Double
Bracket Flow to get [6]

Ḣ(t) = [H(t), [H(t),N ]] + [H(t),Ω], H(0) = Ho, (2)

where H(t) and N are symmetric and Ω is restricted
to skew symmetric matrix. This equation has n! equi-
librium points exactly one of which is asymptotically
stable.

The addition of the linear term in the equation does
not change the characteristics of Double Bracket Flow
as shown above, however it makes the Double Bracket
Flow asymptotically converge into exactly one of the
equilibrium point.

2.2 Linear Parametrically Varying System
Linear Parametrically Varying (LPV) System is a finite
dimensional, linear system whose state-space entries de-
pend continuously on a time-varying parameter vector
ρ(t) ∈ R

s. The complete formulation of an LPV is given
by the following definition.

Definition 2 (Linear Parametrically Varying
System) [8]
Assume that the followings are given: a compact
set P ⊂ R

s, and continuous, bounded functions
A : R

s → R
n×n, B : R

s → R
n×nd, C : R

s → R
ne×n.

These represent an n-th order open-loop linear para-
metrically varying system (LPV) with scheduling
parameter ρ whose dynamics evolve as

�
ẋ(t)
y(t)

�
=

�
A(ρ(t)) B(ρ(t))
C(ρ(t)) 0

� �
x(t)
u(t)

�
, (3)

where ρ ∈ Fρ, and Fρ is the Parameter Variation Set
which is the set of all piecewise continuous functions
mapping R into P .

Suppose that there exist a dynamic controller, whose
state-space entries depend continuously on ρ ∈ P.
Specifically, there exist a nonnegative integer m, and
continuous, bounded functions AK : R

s → R
m×m,

BK : R
s → R

m×ny , CK : R
s → R

nu×m, and DK :
R

s → R
nu×ny , such that the dynamical, ρ-dependent

feedback can be described as follows:�
u(t)
ẋc(t)

�
=

�
DK(ρ(t)) CK(ρ(t))
BK(ρ(t)) AK(ρ(t))

� �
y(t)
xc(t)

�
.



Using xs =
[
xT xT

c

]T as natural coordinates of
the closed-loop system, time-varying dynamics are gov-
erned by

ẋs = Asxs, (4)

where

As =

�
A(ρ) + B(ρ)DK(ρ)C(ρ) B(ρ)CK(ρ)

BK(ρ)C(ρ) AK(ρ)

�
.

The controller synthesis related to quadratic stability
can be stated as follows.

Definition 3 (Quadratic Stability) [8]
Suppose that the set of scheduling parameter P ∈ R

s is
a compact set , and the LPV system consists of contin-
uous functions. The LPV system is quadratically stable
over scheduling parameter ρ ∈ P with the dynamic con-
troller defined above, if for all ρ ∈ P

AT
s P + PAs < 0, (5)

there exist a P ∈ R
n×n, P = P T > 0.

3 Problem formulation

In this section, the switching problem of controllers
and modeling of a pendulum and manipulators are de-
scribed.

3.1 Double Bracket Flow as a switching tool
The switching of the controllers that is meant in this
problem can be described as the switching between two
controllers continuously, so that the plant remains sta-
ble, and as much two controllers give the input to the
plant.
It is recommended to design identical controllers to sta-
bilize the object, since the system can be reformed into
the simple one. Thus, it is easier to find Lyapunov func-
tion P that fulfill the Quadratic Stability shown in the
previous section. From this merit, the controllers that
are treated here are supposed to have identical struc-
ture.

Definition 4 (Switching of controllers)
Assume that there are n identical controllers. Switching
of the controllers is defined as to switch active controller
Ki into Kj so that Kj is activated and Ki becomes in-
active. Here, i �= j and switching parameters ρi of the
controllers have an affine form relation that

nX
i=1

ρi = 1, (6)

for all ρi ∈ P and ρi ∈ [0, 1].

The switching of the controllers can be conducted
in two ways, i.e. discontinuously and continuously.
However, switching the controllers discontinuously will
cause discontinuous change in controllers, and since

controllers correspond to manipulators in our prob-
lem, such discontinuity occurs in the joint acceleration
of manipulators. And the stability in this case also
depends on the switching time. Thus, continuously
switching of the controllers is recommended.
This problem can be thought as the sorting problem of
two real numbers, that is zero and one. Using one of
the benefits of Double Bracket Flow which has a fea-
ture to sort real numbers dynamically and change con-
tinuously, the switching problem of the controllers is
reformulated. By taking diagonal parts of H in Double
Bracket Flow as the switching parameters of the con-
trollers , the system forms Linear Parametrically Vary-
ing system (LPV). Thus, the stability of the system
with switching parameters ρ is treated as Quadratic
Stability in LPV system. Since switching parameters
are used to parameterized the input to the plant so
that the input does not exceed the required one, these
switching parameters do not depend on state variable
of the system.
Switching time can be adjusted by changing anti-
diagonal parts of Ω. The bigger absolute value of anti-
diagonal parts of Ω, the less switching time will be oc-
curred.
Consider that there are n time-invariant controllers
that can stabilize the plant individually and are de-
scribed as

Ki =

�
AK BK

CK DK

�
i = 1 · · ·n.

Define all controllers with switching parameters as

K(ρ) =

�
AK(ρ) BK(ρ)

CK(ρ) DK(ρ)

�
,

where

AK(ρ) =

nX
i=1

ρiAK , BK(ρ) =

nX
i=1

ρiBK ,

CK(ρ) =

nX
i=1

ρiCK , DK(ρ) =

nX
i=1

ρiDK .

As the problem is restricted to the controllers which
have same dynamics, the closed-loop system of As be-
comes

As =

�
A +

Pn
i=1 ρiBDKC

Pn
i=1 ρiBCKPn

i=1 ρiBKC
Pn

i=1 ρiAK

�
. (7)

Since the switching parameters of the controllers fulfill
an affine form relation, all controllers with switching pa-
rameters will form the same dynamics as a controller.
Thus, the system input will equal as input that is gen-
erated by a controller.

Lemma 2 The closed-loop system which is defined in
equation (7) is stable in the sense of Quadratic Stability.

Proof:
Using the definition of Quadratic Stability in equation



(5) causes the sufficient condition of the closed-loop sys-
tem becomes

AT
s P + PAs < 0,�

A +
Pn

i=1 ρiBDKC
Pn

i=1 ρiBCKPn
i=1 ρiBKC

Pn
i=1 ρiAK

�T

P +

P

�
A +

Pn
i=1 ρiBDKC

Pn
i=1 ρiBCKPn

i=1 ρiBKC
Pn

i=1 ρiAK

�
< 0.

Since
∑n

i=1 ρi = 1, positive and continuous for all
ρ ∈ R

s, and matrix functions in the closed-loop sys-
tem As fulfill time-invariant Quadratic Stability, the
closed-loop system is stable in the sense of Quadratic
Stability. �

3.2 Modeling of a pendulum and manipulators
Based on Differential Algebraic Equations (DAE) which
was firstly proposed by McClamroch [9], modeling of a
pendulum and manipulators are carried out [10]. The
modeling in this form will cause the controller design
become easier.
Pendulum is overlaid on the base and to stabilize pen-
dulum, the robot hold the base and applies appropriate
force. Let qo be the state of position and posture of the
pendulum, and the equation of motion is

M(qo)q̈o + F (qo, q̇o) =

�
Ip

0

�
f. (8)

The equation of motion of two robot manipulators
which hold the base of pendulum can be described as
follows

M1(q1)q̈1 + F1(q1, q̇1) = τ1 + τo1, (9)

M2(q2)q̈2 + F2(q2, q̇2) = τ2 + τo2, (10)

where, M(qo), M1(q1) and M2(q2) are inertial
parts which are positive definite matrices, F (qo, q̇o),
F1(q1, q̇1) and F2(q2, q̇2) are Colioris, Centrifugal, grav-
ity and friction parts which are brought together. f
is generalized force applied to the base of pendulum.
Ip is identity matrix whose size depends on the degree
of freedom of the base motion and for simplicity let
Ipo =

[
Ip 0

]T . τ1 and τ2 are torques which applied
to each of joint manipulator. τ01 and τ02 are additional
joint torques due to the constraint.
When robot manipulator holding base of pendulum, the
following constrains will be comprised.

8>>>><
>>>>:

0 = φ1(q1) − qo1

0 = φ2(q2) − qo1

τo1 = J1(q1)
T f1

τo2 = J2(q2)
T f2

f = −(f1 + f2)

(11)

where, φ1 and φ2 are smooth functions which denote
position of robot hands and J1(q1) = (∂φ1(q1)/∂q1) and
J2(q2) = (∂φ2(q2)/∂q2). f1 and f2 are applied forces at
robot hands. Describe the system in DAE form and
reduce it into Ordinary Differential Equations (ODE)
will result state equation that only consists of pendulum
parameters [10]

d

dt

�
qo

q̇o

�
=

�
q̇o

−M−1F

�
+

�
0 0

−M−1Ipo −M−1Ipo

� �
f1

f2

�
.

The forces which are the inputs of the system are gener-
ated by robot manipulators by applying torque to each
of joint of robot manipulators by relation

τi = MiJ
−1
i

n
−IT

poM
−1 (F + Ipo(f1 + f2))− J̇iq̇i

o
+

Fi − JT
i fi, i = 1, 2

(12)

4 An application to hand over of an inverted
pendulum

In this section, a concrete design of switching of the
controllers to hand over an inverted pendulum based
on Double Bracket Flow is described. In the actual ex-
periments, the inverted pendulum is controlled in three
dimensions of motion. However, for simplicity the ex-
planation in this section is restricted to one dimension
of motion as others have same characteristics.

θ

M

0

u

m, J

2 × l

y2r=y1

Figure 2: Pendulum on the base

4.1 Pendulum model
Pendulum is overlaid on the base as shown in Figure 2.
The equations of motion can be described as

(M + m)r̈ + mlθ̈ cos θ −mlθ̇2 sin θ = u,

mlr̈ cos θ + (J + ml2)θ̈ −mlg sin θ = 0,

where M is the mass of the base of pendulum, and m,
2 × l, J are the mass, length and moment inertia of
pendulum, respectively. r is the horizontal position of
the base and θ is the deviation of the pendulum from
upright position. u is the input of the system which is
force in this case. The parameter value of pendulum
and base are: M = 0.70[kg], m = 0.66[kg], l = 0.40[m],
and J = 0.033[kg.m2].
The state vector is chosen as x = [r, θ, ṙ, θ̇] and the
output of the system is chosen as the positions of the
base and the top of pendulum, that is y = [r, r + 2lθ].

4.2 Controller design
Since the motion of pendulum is restricted in one di-
mension, linearization of equation of motion around the
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Figure 3: System configuration

equilibrium point will result the plant as follows

Σ =

2
6666664

0.0 0.0 1.0 0.0 0.0 0.0
0.0 0.0 0.0 1.0 0.0 0.0
0.0 −7.51 0.0 0.0 −1.52 −1.52
0.0 32.98 0.0 0.0 2.90 2.90

1.0 0.0 0.0 0.0 0.0 0.0
1.0 0.8 0.0 0.0 0.0 0.0

3
7777775

.

The controller was designed based on Linear Quadratic
Control. The elements of cost function of the state were
used 1000 to weight the position of the base, 1 to weight
the posture of pendulum and 1 to weight the velocity.
The input weighting was set to be 1. The velocity of
the state was estimated using Observer with poles at
0.8. Both of the controllers have same dynamics, and
can be described as

K1 = K2 =

2
4 0.887 0.073 −13.957 6.521

−0.165 0.660 17.798 −29.031

−21.070 −17.870 157.324 −1592.658

3
5 .

The initial value of Double Bracket Flow to switch the
controllers was given by

Ho =

�
1.0 0.0
0.0 0.0

�
N =

�
0.0 0.0
0.0 1.0

�
Ω =

�
0.0 0.02

−0.02 0.0

�
.

In this case, switching time that was occurred is about
5 sec.

4.3 Experiments
Experiments have been done using two 6 D.O.F
Puma-like robot manipulators which have mechanical
hands(Figure 1). The experiment was done in two ways,
that is hand over of inverted pendulum when the base
of pendulum stopped and the base of pendulum was
moving at constant velocity 3 [cm/sec]. Both of exper-
iments have been successfully done. The control laws
were computed using a 400 MHz Intel Processor with
real-time OS VxWorks which executed the computa-
tions of inverse dynamics and coordinate transforma-
tions every 3 msec. The top position of pendulum was
measured by a CCD camera and then the posture of
pendulum was computed based on measurement results
and position of the base. Since the CCD camera can
only measure in two dimensions, the measurement was
made by assuming that the pendulum stay in the same
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Figure 4: Experimental results when the base of pendulum
stopped

height during the experiment was being done. System
configuration of all system is shown in Figure 3. Ex-
perimental results of handing over when the base of
pendulum stopped are shown in Figure 4. And those
when the base of pendulum was moving are shown in
Figure 5.
At first, the pendulum was stabilized by the first ma-
nipulator and second manipulator tracked the motion
of the first manipulator. If the tracking error was get-
ting small, the base of pendulum was gripped by both
of manipulators. And here, the switching from the first
manipulator to the second manipulator was carried out.
Finally, when switching was completed the first manip-
ulator releases the base and hand over of pendulum was
completed. The curves of switching of the controllers
are shown in Figure 4(e) and 5(e).
Figure 4(c) and 5(c) show the force which was applied
to the base of pendulum to stabilize pendulum. The
sharing force changed continuously from the first ma-
nipulator to the second one. The internal force that
occurred during hand over operation is less than 4 [N]
and is shown in Figure 4(d) and 5(d). Thus, compared
to reliable design method, this force is small. So, the
objective to reduce internal force which occurred can
be achieved.
There are offsets in positions of base and posture of pen-
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Figure 5: Experimental results when the base of pendulum
was moving at constant velocity

dulum which are caused by the position measurement
errors by CCD camera.

5 Conclusions

Hand over control of unstable object using manipula-
tors by an approach of continuously switching of con-
trollers has been conducted. Experiments have been
carried out successfully, not just limited to an inverted
pendulum which was stopped, but also successfully
done while the inverted pendulum was moving at con-
stant velocity. The method of switching of the con-
trollers could become a new way to design coordinated
controllers of cooperating manipulators, since reliable
design method has some limits. For example, the hand-
ing over of an object by either/both of the manipulators
remains stable if and only if a pair of the controllers
achieves reliable stabilization of the plant. In other
words, it is possible if and only if the object is strongly
stabilizable. Thus, the design of the controllers become
very complicated.
Since the experimental results depend on the control
rate, it is preferable to try an experiment with shorter
control rate to see the internal force that may occur in
the object. At this moment there is no the best way to
find a suitable value for initial of Double Bracket Flow.

The design of Double Bracket Flow to recognize the
environment and to decide switching of the controllers
will become the future work of this research. The anal-
ysis of switching of the controllers that have different
dynamics is also important to think about.
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