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Abstract

In this paper, we introduce a procedure to treat passive
functional nodes in bond graphs. This procedure is
carried out in three steps. First we approximate the
initial infinite dimensional model by a finite one with
huge dimension. Then we reduce it to a lower dimension
model. Finally we realize this latter model by a lumped
parameter electrical network.

1 Problem Statement

In system theory and particularly when using the bond
graph approach [5], there exists a lot of tools to analyze,
synthesize and control (to mention the principal areas)
finite dimensional models. Frequently we have to deal
with infinite dimensional models built when studying
distributed parameter systems or delayed systems for
example. When this kind of system is introduced in a
bond graph it can be defined as a functional node [12].
This node prevents us from the use of classical tools. To
overcome this difficulty we could develop specific tools
for bond graphs with functional nodes or, as it will be
set out here, approximate the functional nodes by “clas-
sical” nodes (a combination of simple passive elements
such as R,C' and L), which amounts to build an equi-
valent electrical circuit composed of R, L and C cells.
The models, considered in this paper, are linear (L),
time invariant (T.I.) and passive. The passivity pro-
perty, in the case of an L.T.I. finite dimensional model,
can be characterized by the following theorem [4].

Theorem 1 An L.T.I. finite dimensional model with

transfer function H(s) is passive (H(s) is a positive

real function) iff

H(s)e Rifse€R and Re(H(s))=0if Re(s) 20
(1)

The input u and output y signals are chosen here conju-
gate power variables (voltage and current or force and
velocity) so that u.y denotes the power supplied to the
system! [15].
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Figure 1 : Bond graph and electrical network representa-
tion of a 1-port.

The general procedure we want to apply to the model
studied here can be summarized as follows :

1. approximation of the infinite dimensional model by
a large scale finite dimensional one (say of dimen-
sion N),

2. reduction of the model’s dimension to obtain a
model of dimension n << N,

3. realization of the latter model by a R-L-C network
or a bond graph.

Steps 1) and 2) of the procedure must conserve the key
property of the initial model, i.e. its passivity.

!'We suppose in the following that the system is a 1-port, that
means that the power is supplied to the system by one single
access, as shown figure 1.



In the second section we review some techniques to ap-
proximate infinite dimensional models by a finite di-
mensional one. Next, the third section recalls briefly
a technique used in reduced-order modeling. Then the
fourth section gives a way to realize the low-dimension
model by using lumped passive linear elements (R-L-
C type). Finally in the sequel some numerical exper-
iments illustrate the whole procedure and concluding
remarks are stated.

2 Infinite Dimensional Model Approximation

In a few words we can summarize the reduction or ap-
proximation problem as follows :

- Given a model, find another one which is fast to com-
pute, reduced-order and accurate.

Among the three properties that define the model built
through an approximation or reduction process, the
second (reduced-order) is the only one that does not
need to be developed. In fact it is easy to quantify
the order decrease. On the other hand, the rapidity of
the computation depends on the numerical methods in-
volved, typically it can be measured by the complexity.
Last but not least, the accuracy is the most subjective
feature to define. Depending on the way we want to
quantify the error between the original model and the
reduced-order one, we have got to choose a different
norm (e.g. Heo for the supremum). Furthermore, the
model will be called accurate if it retains some prop-
erties like stability or passivity. For example, balanced
truncation retains the largest singular values and gives
an evaluation of the H., norm of the error through the
sum of the remaining ones. In the reduction process
used in this procedure, moment matching is the key
feature.

The in-between model is the result of a finite dimen-
sion approximation of the initial model. Furthermore
some properties, like stability and passivity, must re-
main. The most important one is passivity. As a mat-
ter of fact, passivity has a closure characteristic. Unlike
stability, in the interconnection of passive networks, the
passivity property hold. According to the sort of infi-
nite dimensional model the plan to follow will differ.
Three principal classes of models can be shown up :

- Partial Differential Equations (P.D.E.) models : for
this kind of models we can for example use a mo-
dified finite differences spatial discretization to ob-
tain the finite dimensional model. This scheme
gives a large sparse structured matrix (tridiagonal
for a second order centered differences schema).

- Delay models : a reduction process like the one pre-
sented in [14] could be used but in general pas-
sivity is not preserved. Certain classes of delay
models can be equivalently described by P.D.E.
models (like wave equations). We can also expand
in several points the irrational transfer function to
obtain a multipoint Padé approximant [10].

- Fractal models : the Numerical Experiments section
presents two ways to produce a finite dimensional
reduced-order model. The first method gives in
one stage at a low computational cost the reduced-
order model. The second one gives in two stages
a reduced-order model at a more expensive cost
than the first but with lower order for comparable
accuracy.

3 Large Scale Model Reduction

In this section we will recall the Krylov subspaces tech-
niques used in reduced-order modeling.

The previous section methods provide us with an ap-
proximate but large scale finite dimensional model. In
state-space formalism we can describe it as follows [7] :

Ex(t) = Ax(t) + bu(t)
{ y(t) = T x(t) @)

In (2) E, A € RY*N b e R¥, and ¢ € RY are given
matrices. The matrices Eand A are allowed to be sin-
gular but we assume that the pencil (sE — A) is regu-
lar (there exists points, sg € C, such that the matrix
(soE — A) is regular). In the case of a singular matrix
E then the first equation in (2) represents a set of linear
differential-algebraic equations (D.A.E.).

Applying the Laplace transform on (2), one obtains

H(s) =c’(sE —~ A)~'b (3)

Similarly for the reduced-order model (n) :

E,z(t) = A,z(t) + byu(t)
{5t 2 et W
and
H,(s) =cL(sE, — A,)"'b, (5)

The model (4) must, in a certain sense, approximate
the model (2). The classical reduction methods, like ba-
lanced truncation or Hankel-norm optimal approxima-



tions, do not take advantage of the structure of the ma-
trices. In our case, the matrices are large scale, sparse
and/or structured. The reduction method presented
makes use of Krylov subspaces techniques which exploit
the characteristics of the matrices. The reduced-order
transfer function must match 2n moments of certain
series expansions of the initial model transfer function.
A table which summarizes the different matchings can
be found in [8].

For an expansion point sqg = o, it follows that

H(s) = Hu(s)+0((s —0)™) (6)
= Z my(s — o) + O((s — 0)*™)

According to [§]

m; = cf. (—(6E—A)"'E)(cE—A)"'b (7)
F r
m; = cl . (F'r) (8)

Rewriting (7) for odd and even indexes, it yields
ma; = ((F7)'e)".(F'r) 9)
and
maip1 = (FF)'e)" . F(F'r) (10)
fori =0,...,n.

A Krylov space is defined by :

K;(G,g) := span{g, Gg, G3g, ..., Gj_lg} (11)

where G is a square matrix and g a vector.
The two Krylov spaces

Kn(F,r) span{r, Fr,F?r,... F"'r} (12)

= span{vy,va,vs, ..,V }
Kn(FT c) = span{c,FTc,(FT)%c,..., (F1)" Ic}

span{wi, Wa, W3, ..., Wy, }

allow the retranscription of (9) and (10) as follows

mo; = wiT+1.vi+1 (13)

T
M2ir1 = Wi .Fvipg

fori =0,...,n.

Classical Padé approximant calculation uses explicit
moment matching. But explicit calculation of the m;’s
generates the vector sequence r, Fr, F2r, ... F"r which
converges, sometimes rapidly, to the eigenvector associ-
ated with the predominant eigenvalue of F. So the re-
sulting Padé approximant will firstly exhibit the model
behavior corresponding to the largest eigenvalue of F.
Consequently we need a method to implicitly calcu-
late the moments such that {vi,vs,vs, ..., v,} form
a basis of K, (F,r) and {wy, wo,ws,...,w,} a basis
of K,(FT,c). The Lanczos algorithm is an efficient
method to solve this problem.

The following gives a sketch of the algorithm, it yields
the iterative construction of the basis {v;} , and

{witi,.

The vectors {v;}¢*! and {w;}?"! are biorthogonal (0 <
g<n—1):

6;, ifj=k .

T 3s —

WV = {07 it Lk 5L k=1,2,...,q+ 1.
(14)

Setting W, = [wy...w,| and V, = [v1...v,] we have
W, 'V, =D, = diag(61,62,...,8,) (15)
0. Set py = [Irfl2, m = [lell2; v = r/p; and wy =
c/m.
Set vg = wg = 0 and 6g = 1.

Forn=1,...,qdo:

1. Compute 6,, = WZ;Vn.

2. Set
wlFv, 3 On on
Qp = ——(—, n — ny n— ¢ Pn-
6n 6n71 g 7 6”*1 P
(16)
3. Set
v = Fvn — VpQypy — vnflﬁny (17)
w=Flw, — wna, — Wn_17,, (18)

4. Set p, 1 = ||V|]2, Nper = [|W]l2 and

v
— Wnp41 =
n+1 77n+1

(19)

Vp4+1 =

This algorithm yields to the construction of two matri-
ces



(a1 By O 0 7
py a2 B
Te=] 0 p; ° (20)
. ﬂq
L 0 0 pq aq .
and
(a1 vy O 0 7
o G2 73
SR "
L 0 PR 0 nq aq ]

that approximate, in a certain sense, respectively F and
F7T. The following equations exhibit how they are re-
lated.

FV, =V T+ [0 0v4i1]pgs (22)

FTWq = qui‘q +10---0 Wq+1]77q+1 (23)
Using the biorthogonality property (14) with (22) and
(23), it yields
WIFV, =WV, T+ WI0--0vg1] pqy  (24)
SN—— —

D, o

VIF'W, = VIW,T,+ VI0-- 0wgi1] n,(35)
N’ D ——
D, o
T T
= (WIFV,) (26)

From (24) and (25) we deduce (27)

T'D,=D,T,, T!=D,T,D.! (27)

The matrix Ty is the best approximation of the matrix
F in the sense of an oblique projection onto K, (F,vy)
orthogonally to K,(FT,wy). Moreover T, is the best
approximation of the matrix F in the sense of matching
the maximal number of moments [7]. Consequently we

obtain
E, = DnTny A, = Dn(In + O—Tn)y
bn =761, Cn = fre1

(28)

and the final model (4) is the result of a Krylov-Lanczos
reduction [11].

4 Realization

Knowing a state-space representation of the reduced-
order model we can realize a network or a bond graph.

In the 1-port case the determination of the electri-
cal network or bond graph component’s values can be
achieve thanks to the Brune process [4]. In the m-port
case various processes described in [3] could be used.

Z designates the impedance at a port of the studied
system, i.e. in the electrical domain voltage drop v
and current ¢ are in relation through V(s) = Z(s).I(s).
Similarly Y designates the admittance, ie. I(s) =
Y (s).V(s). The transfer function in the complex fre-
quency domain (Laplace transform of the system’s im-
pulsive response) H(s) can be an impedance or an ad-
mittance so we call it an immittance.

In the general case, realization methods (like Foster ex-
traction process [6]) based on the extraction of poles
and zeros of the transfer function are not efficient.
These methods can only extract poles on the imaginary
axis or on the negative real axis. In fact, the extraction
process will stop when a minimum function appears.
The Brune process precisely achieves the realization of
this type of function.

5 Numerical Experiments

To illustrate the procedure exposed in the previous sec-
tions we make some numerical experiments involving
a fractal type model. Such models appear in several
applications like relaxation behavior of polarized im-
pedances, dielectrics and interfaces, transmission lines,
cardiac rythm [1] and fractal hydraulic impedance [12]
to state a few.

Fractional power pole model is expressed as :

H(s) = L pr : relaxation time constant
(H—i) m : power factor, 0 <m <1
pr
(29)

For numerical computations we use py = 5 and m =

0.5.

A large scale ladder network (Cauer type [9]) proposed
in [12], cousisting of one hundred and fifty capacitors
and as many resistors, yields to an approximant of (29)
with an absolute gain error less than 10~°dB through
the frequency range of interest 0 — 100H 2. The para-
meters values correspond to a Padé approximant of or-
der [149/150] at the steady state frequency. This 150"
model is our starting point for reduction and realiza-
tion.



To obtain the reduced order model we apply the Krylov-
Lanczos algorithm with interpolation points? : wq = 0,
ws = 160 and ws = 375. We match two moments per
point, consequently the approximant order is six.

Remark 1 We choose 3 interpolation points (order 2
for each point) because we reach an accuracy better than
with 2 points (order 3 for each point).
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Figure 2 : Relative error on He(iw) (%) versus w(rad.s™1).
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Figure 4 : Relative Gain Error for 4" order (2pts : ! 1and
I 2)(-), 6" order (3pts: ! 1,! sand ! 3)(-.) and
8" order ( 2pts: ! jand ! 2)(..) approximants.

The verification, a posteriori, of the passivity of the
reduced-order model is achieved thanks to a positive
realness test on the transfer function H,(s) [2].

9 . . . . .
“The points choice is heuristic.
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Figure 5 : Absolute Phase Error for a 4** order (-),
6""order (-.) and 8" order (..) approximant.

| Poles (p;) | Residues (r;) |

—5922.0150 223.5425
—557.5193 26.8780
—138.3182 11.0672
—37.5070 6.1679
—11.06025 3.2938
—5.46583 2.0321

Table 1: Partial Fraction Expansion

Table 1 gives the result of the partial fraction expansion
of Hg(s).

Hols) = 3 rioet (30)

—
i=1 pi

The sum (30) can be realized by a series connection of
parallel R-C cells. The impedance of a parallel R-C
cell is given by :

ZRiC,t(S) == —Z.—l, T; = RZCZ (31)

As a matter of comparison, we used the method devel-
oped by A. Charef, H.H. Sun, Y.Y. Tsao and B. Onaral
[1]. It appears that we need a 12" order approximant
to achieve a relative gain error of the same magnitude.

6 Concluding Remarks

In this paper we have exposed an approximation-
reduction-realization process. This process applies po-
tentially to a large class of infinite dimensional mod-
els through various approximation schemes (first stage
of the process). Concerning those schemes, important
issues are under investigation. For example, a delay



model could be approximated using the method devel-
oped by C. Hwang and M.-Y. Chen [10], but gener-
ally it does not preserve passivity. There also exists
methods, to approximate irrational functions by ratio-
nal ones, which could be useful in lumped approxima-
tion of the characteristic impedance of RLGC trans-
mission lines [13].

At the second stage of the process, which needs to be
carried out if the approximant order is important, a
multipoint Padé approximant (P.V.L. like algorithm
[11], [7]) is used to reduce the large scale finite dimen-
sional model stemmed from the approximation of the
infinite dimensional model. To ensure the passivity of
the reduced-order model we make a positive realness
test on its transfer function. It will be interesting to find
at least sufficient conditions ensuring passivity preser-
vation.

The last stage gives a realization method of the
reduced-order model through the Brune process (in the
1-port case).

Finally, we have given a numerical example which illus-
trates the whole process and provides a bench-mark for
comparison with another method.
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