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Devwudfw

Lq wklv sdshu/ zh lqwurgxfh d surfhgxuh wr wuhdw sdvvlyh
ixqfwlrqdo qrghv lq erqg judskv1 Wklv surfhgxuh lv
fduulhg rxw lq wkuhh vwhsv1 Iluvw zh dssur{lpdwh wkh
lqlwldo lq�qlwh glphqvlrqdo prgho e| d �qlwh rqh zlwk
kxjh glphqvlrq1 Wkhq zh uhgxfh lw wr d orzhu glphqvlrq
prgho1 Ilqdoo| zh uhdol}h wklv odwwhu prgho e| d oxpshg
sdudphwhu hohfwulfdo qhwzrun1

4 Sureohp Vwdwhphqw

Lq v|vwhp wkhru| dqg sduwlfxoduo| zkhq xvlqj wkh erqg
judsk dssurdfk ^8`/ wkhuh h{lvwv d orw ri wrrov wr dqdo|}h/
v|qwkhvl}h dqg frqwuro +wr phqwlrq wkh sulqflsdo duhdv,
�qlwh glphqvlrqdo prghov1 Iuhtxhqwo| zh kdyh wr ghdo
zlwk lq�qlwh glphqvlrqdo prghov exlow zkhq vwxg|lqj
glvwulexwhg sdudphwhu v|vwhpv ru ghod|hg v|vwhpv iru
h{dpsoh1 Zkhq wklv nlqg ri v|vwhp lv lqwurgxfhg lq d
erqg judsk lw fdq eh gh�qhg dv d ixqfwlrqdo qrgh ^45`1
Wklv qrgh suhyhqwv xv iurp wkh xvh ri fodvvlfdo wrrov1 Wr
ryhufrph wklv gl!fxow| zh frxog ghyhors vshfl�f wrrov
iru erqg judskv zlwk ixqfwlrqdo qrghv ru/ dv lw zloo eh
vhw rxw khuh/ dssur{lpdwh wkh ixqfwlrqdo qrghv e| �fodv0
vlfdo� qrghv +d frpelqdwlrq ri vlpsoh sdvvlyh hohphqwv
vxfk dv U/F dqg O,/ zklfk dprxqwv wr exlog dq htxl0
ydohqw hohfwulfdo flufxlw frpsrvhg ri U/ O dqg F fhoov1
Wkh prghov/ frqvlghuhg lq wklv sdshu/ duh olqhdu +O,/
wlph lqyduldqw +W1L1, dqg sdvvlyh1 Wkh sdvvlylw| sur0
shuw|/ lq wkh fdvh ri dq O1W1L1 �qlwh glphqvlrqdo prgho/
fdq eh fkdudfwhul}hg e| wkh iroorzlqj wkhruhp ^7`1

Wkhruhp 4 Dq O1W1L1 �qlwh glphqvlrqdo prgho zlwk
wudqvihu ixqfwlrq K+v, lv sdvvlyh +K+v, lv d srvlwlyh
uhdo ixqfwlrq, l�

K+v, 5 U li v 5 U dqg Uh+K+v,, � 3 li Uh+v, � 3
+4,

Wkh lqsxw x dqg rxwsxw | vljqdov duh fkrvhq khuh frqmx0
jdwh srzhu yduldeohv +yrowdjh dqg fxuuhqw ru irufh dqg
yhorflw|, vr wkdw x=| ghqrwhv wkh srzhu vxssolhg wr wkh
v|vwhp4 ^48`1

e=y

f=u

e=u

f=y

i=u

i=u

v=y

i=y

i=y

v=u

Iljxuh 4 = Erqg judsk dqg hohfwulfdo qhwzrun uhsuhvhqwd0

wlrq ri d 40sruw1

Wkh jhqhudo surfhgxuh zh zdqw wr dsso| wr wkh prgho
vwxglhg khuh fdq eh vxppdul}hg dv iroorzv =

41 dssur{lpdwlrq ri wkh lq�qlwh glphqvlrqdo prgho e|
d odujh vfdoh �qlwh glphqvlrqdo rqh +vd| ri glphq0
vlrq Q,/

51 uhgxfwlrq ri wkh prgho*v glphqvlrq wr rewdlq d
prgho ri glphqvlrq q ?? Q /

61 uhdol}dwlrq ri wkh odwwhu prgho e| d U0O0F qhwzrun
ru d erqg judsk1

Vwhsv 4, dqg 5, ri wkh surfhgxuh pxvw frqvhuyh wkh nh|
surshuw| ri wkh lqlwldo prgho/ l1h1 lwv sdvvlylw|1

4Zh vxssrvh lq wkh iroorzlqj wkdw wkh v|vwhp lv d 40sruw/ wkdw

phdqv wkdw wkh srzhu lv vxssolhg wr wkh v|vwhp e| rqh vlqjoh

dffhvv/ dv vkrzq �jxuh 41



Lq wkh vhfrqg vhfwlrq zh uhylhz vrph whfkqltxhv wr ds0
sur{lpdwh lq�qlwh glphqvlrqdo prghov e| d �qlwh gl0
phqvlrqdo rqh1 Qh{w/ wkh wklug vhfwlrq uhfdoov eulh |
d whfkqltxh xvhg lq uhgxfhg0rughu prgholqj1 Wkhq wkh
irxuwk vhfwlrq jlyhv d zd| wr uhdol}h wkh orz0glphqvlrq
prgho e| xvlqj oxpshg sdvvlyh olqhdu hohphqwv +U0O0
F w|sh,1 Ilqdoo| lq wkh vhtxho vrph qxphulfdo h{shu0
lphqwv looxvwudwh wkh zkroh surfhgxuh dqg frqfoxglqj
uhpdunv duh vwdwhg1

5 Lq�qlwh Glphqvlrqdo Prgho Dssur{lpdwlrq

Lq d ihz zrugv zh fdq vxppdul}h wkh uhgxfwlrq ru ds0
sur{lpdwlrq sureohp dv iroorzv =

0 Jlyhq d prgho/ �qg dqrwkhu rqh zklfk lv idvw wr frp0
sxwh/ uhgxfhg0rughu dqg dffxudwh1

Dprqj wkh wkuhh surshuwlhv wkdw gh�qh wkh prgho exlow
wkurxjk dq dssur{lpdwlrq ru uhgxfwlrq surfhvv/ wkh
vhfrqg +uhgxfhg0rughu, lv wkh rqo| rqh wkdw grhv qrw
qhhg wr eh ghyhorshg1 Lq idfw lw lv hdv| wr txdqwli|
wkh rughu ghfuhdvh1 Rq wkh rwkhu kdqg/ wkh udslglw| ri
wkh frpsxwdwlrq ghshqgv rq wkh qxphulfdo phwkrgv lq0
yroyhg/ w|slfdoo| lw fdq eh phdvxuhg e| wkh frpsoh{lw|1
Odvw exw qrw ohdvw/ wkh dffxudf| lv wkh prvw vxemhfwlyh
ihdwxuh wr gh�qh1 Ghshqglqj rq wkh zd| zh zdqw wr
txdqwli| wkh huuru ehwzhhq wkh ruljlqdo prgho dqg wkh
uhgxfhg0rughu rqh/ zh kdyh jrw wr fkrrvh d gl�huhqw
qrup +h1j1 K4 iru wkh vxsuhpxp,1 Ixuwkhupruh/ wkh
prgho zloo eh fdoohg dffxudwh li lw uhwdlqv vrph surs0
huwlhv olnh vwdelolw| ru sdvvlylw|1 Iru h{dpsoh/ edodqfhg
wuxqfdwlrq uhwdlqv wkh odujhvw vlqjxodu ydoxhv dqg jlyhv
dq hydoxdwlrq ri wkh K4 qrup ri wkh huuru wkurxjk wkh
vxp ri wkh uhpdlqlqj rqhv1 Lq wkh uhgxfwlrq surfhvv
xvhg lq wklv surfhgxuh/ prphqw pdwfklqj lv wkh nh|
ihdwxuh1

Wkh lq0ehwzhhq prgho lv wkh uhvxow ri d �qlwh glphq0
vlrq dssur{lpdwlrq ri wkh lqlwldo prgho1 Ixuwkhupruh
vrph surshuwlhv/ olnh vwdelolw| dqg sdvvlylw|/ pxvw uh0
pdlq1 Wkh prvw lpsruwdqw rqh lv sdvvlylw|1 Dv d pdw0
whu ri idfw/ sdvvlylw| kdv d forvxuh fkdudfwhulvwlf1 Xqolnh
vwdelolw|/ lq wkh lqwhufrqqhfwlrq ri sdvvlyh qhwzrunv/ wkh
sdvvlylw| surshuw| krog1 Dffruglqj wr wkh vruw ri lq�0
qlwh glphqvlrqdo prgho wkh sodq wr iroorz zloo gl�hu1
Wkuhh sulqflsdo fodvvhv ri prghov fdq eh vkrzq xs =

0 Sduwldo Gl�huhqwldo Htxdwlrqv +S1G1H1, prghov = iru
wklv nlqg ri prghov zh fdq iru h{dpsoh xvh d pr0
gl�hg �qlwh gl�huhqfhv vsdwldo glvfuhwl}dwlrq wr re0
wdlq wkh �qlwh glphqvlrqdo prgho1 Wklv vfkhph
jlyhv d odujh vsduvh vwuxfwxuhg pdwul{ +wulgldjrqdo
iru d vhfrqg rughu fhqwhuhg gl�huhqfhv vfkhpd,1

0 Ghod| prghov = d uhgxfwlrq surfhvv olnh wkh rqh suh0
vhqwhg lq ^47` frxog eh xvhg exw lq jhqhudo sdv0
vlylw| lv qrw suhvhuyhg1 Fhuwdlq fodvvhv ri ghod|
prghov fdq eh htxlydohqwo| ghvfulehg e| S1G1H1
prghov +olnh zdyh htxdwlrqv,1 Zh fdq dovr h{sdqg
lq vhyhudo srlqwv wkh luudwlrqdo wudqvihu ixqfwlrq wr
rewdlq d pxowlsrlqw Sdgì dssur{lpdqw ^43`1

0 Iudfwdo prghov = wkh Qxphulfdo H{shulphqwv vhfwlrq
suhvhqwv wzr zd|v wr surgxfh d �qlwh glphqvlrqdo
uhgxfhg0rughu prgho1 Wkh �uvw phwkrg jlyhv lq
rqh vwdjh dw d orz frpsxwdwlrqdo frvw wkh uhgxfhg0
rughu prgho1 Wkh vhfrqg rqh jlyhv lq wzr vwdjhv
d uhgxfhg0rughu prgho dw d pruh h{shqvlyh frvw
wkdq wkh �uvw exw zlwk orzhu rughu iru frpsdudeoh
dffxudf|1

6 Odujh Vfdoh Prgho Uhgxfwlrq

Lq wklv vhfwlrq zh zloo uhfdoo wkh Nu|ory vxevsdfhv whfk0
qltxhv xvhg lq uhgxfhg0rughu prgholqj1

Wkh suhylrxv vhfwlrq phwkrgv surylgh xv zlwk dq ds0
sur{lpdwh exw odujh vfdoh �qlwh glphqvlrqdo prgho1 Lq
vwdwh0vsdfh irupdolvp zh fdq ghvfuleh lw dv iroorzv ^:` =

�
Hb{+w, @ D{+w, . ex+w,
|+w, @ fW{+w,

+5,

Lq +5, H> D 5 U
Q�Q > e 5 UQ > dqg f 5 UQ duh jlyhq

pdwulfhv1 Wkh pdwulfhv H dqg D duh doorzhg wr eh vlq0
jxodu exw zh dvvxph wkdw wkh shqflo +vH�D, lv uhjx0
odu +wkhuh h{lvwv srlqwv/ v3 5 F/ vxfk wkdw wkh pdwul{
+v3H�D, lv uhjxodu,1 Lq wkh fdvh ri d vlqjxodu pdwul{
H wkhq wkh �uvw htxdwlrq lq +5, uhsuhvhqwv d vhw ri olqhdu
gl�huhqwldo0dojheudlf htxdwlrqv +G1D1H1,1

Dsso|lqj wkh Odsodfh wudqvirup rq +5,/ rqh rewdlqv

K+v, @ fW +vH�D,�4e +6,

Vlploduo| iru wkh uhgxfhg0rughu prgho +q, =

�
Hq b}+w, @ Dq}+w, . eqx+w,
a|+w, @ fW

q
}+w,

+7,

dqg

Kq+v, @ fW
q
+vHq �Dq,

�4eq +8,

Wkh prgho +7, pxvw/ lq d fhuwdlq vhqvh/ dssur{lpdwh
wkh prgho +5,1 Wkh fodvvlfdo uhgxfwlrq phwkrgv/ olnh ed0
odqfhg wuxqfdwlrq ru Kdqnho0qrup rswlpdo dssur{lpd0



wlrqv/ gr qrw wdnh dgydqwdjh ri wkh vwuxfwxuh ri wkh pd0
wulfhv1 Lq rxu fdvh/ wkh pdwulfhv duh odujh vfdoh/ vsduvh
dqg2ru vwuxfwxuhg1 Wkh uhgxfwlrq phwkrg suhvhqwhg
pdnhv xvh ri Nu|ory vxevsdfhv whfkqltxhv zklfk h{sorlw
wkh fkdudfwhulvwlfv ri wkh pdwulfhv1 Wkh uhgxfhg0rughu
wudqvihu ixqfwlrq pxvw pdwfk 5q prphqwv ri fhuwdlq
vhulhv h{sdqvlrqv ri wkh lqlwldo prgho wudqvihu ixqfwlrq1
D wdeoh zklfk vxppdul}hv wkh gl�huhqw pdwfklqjv fdq
eh irxqg lq ^;`1

Iru dq h{sdqvlrq srlqw v3 @ �/ lw iroorzv wkdw

K+v, @ Kq+v, .R++v� �,5q, +9,

@
5q�4[
l@3

pl+v� �,l .R++v� �,5q,

Dffruglqj wr ^;`

pl @ fW = +�+jH�D,�4H,� ~} �
I

l
+jH�D,�4e� ~} �

u

+:,

pl @ fW =+Ilu, +;,

Uhzulwlqj +:, iru rgg dqg hyhq lqgh{hv/ lw |lhogv

p5l @ ++IW ,lf,W =+Ilu, +<,

dqg

p5l.4 @ ++IW ,lf,W =I+Ilu, +43,

iru l @ 3> ===> q1

D Nu|ory vsdfh lv gh�qhg e| =

Nm+J>j, =@ vsdqij>Jj>J5j> = = = >Jm�4jj +44,

zkhuh J lv d vtxduh pdwul{ dqg j d yhfwru1

Wkh wzr Nu|ory vsdfhv

Nq+I> u, @ vsdqiu>Iu>I5u> = = = >Iq�4uj +45,

@ vsdqiy4>y5>y6> ===>yqj

Nq+I
W > f, @ vsdqif>IWf> +IW ,5f> = = = > +IW ,q�4fj

@ vsdqiz4>z5>z6> ===>zqj

doorz wkh uhwudqvfulswlrq ri +<, dqg +43, dv iroorzv

p5l @ zW
l.4=yl.4 +46,

p5l.4 @ zW
l.4=Iyl.4

iru l @ 3> ===> q1

Fodvvlfdo Sdgì dssur{lpdqw fdofxodwlrq xvhv h{solflw
prphqw pdwfklqj1 Exw h{solflw fdofxodwlrq ri wkh pl*v
jhqhudwhv wkh yhfwru vhtxhqfh u>Iu>I5u> = = = >Iqu zklfk
frqyhujhv/ vrphwlphv udslgo|/ wr wkh hljhqyhfwru dvvrfl0
dwhg zlwk wkh suhgrplqdqw hljhqydoxh ri I1 Vr wkh uh0
vxowlqj Sdgì dssur{lpdqw zloo �uvwo| h{klelw wkh prgho
ehkdylru fruuhvsrqglqj wr wkh odujhvw hljhqydoxh ri I1
Frqvhtxhqwo| zh qhhg d phwkrg wr lpsolflwo| fdofx0
odwh wkh prphqwv vxfk wkdw iy4>y5>y6> ===>yqj irup
d edvlv ri Nq+I> u, dqg iz4>z5>z6> ===>zqj d edvlv
ri Nq+I

W > f,1 Wkh Odqf}rv dojrulwkp lv dq h!flhqw
phwkrg wr vroyh wklv sureohp1

Wkh iroorzlqj jlyhv d vnhwfk ri wkh dojrulwkp/ lw |lhogv
wkh lwhudwlyh frqvwuxfwlrq ri wkh edvlv iylj

q
l@4 dqg

izlj
q
l@41

Wkh yhfwruv iylj
t.4
l@4 dqg izlj

t.4
l@4 duh elruwkrjrqdo +3 �

t � q� 4, =

z
W
m yn @

�
�m >
3>

li m @ n
li m 9@ n

m> n @ 4> 5> = = = > t . 4=

+47,

Vhwwlqj Zt @ ^z4===zt` dqg Yt @ ^y4===yt` zh kdyh

Z
W
t Yt @Gt @ gldj+�4> �5> = = = > �t, +48,

31 Vhw �4 @ mmumm5> �4 @ mmfmm5> y4 @ u@�4 dqg z4 @
f@�41

Vhw y3 @ z3 @ 3 dqg �3 @ 41

Iru q @ 4> ===> t gr =

41 Frpsxwh �q @ zW
qyq1

51 Vhw

�q @
z

W
qIyq

�q
> �q @

�q
�q�4

�q> �q @
�q

�q�4
�q 1

+49,

61 Vhw

y @ Iyq � yq�q � yq�4�q> +4:,

z @ IW
zq �zq�q �zq�4�q1 +4;,

71 Vhw �q.4 @ mmymm5> �q.4 @ mmzmm5 dqg

yq.4 @
y

�q.4
> zq.4 @

z

�q.4
+4<,

Wklv dojrulwkp |lhogv wr wkh frqvwuxfwlrq ri wzr pdwul0
fhv



Wt @

5
99999997

�4 �5 3 � � � 3

�5 �5 �6
1 1 1

111

3 �6
1 1 1

1 1 1 3
111

1 1 1
1 1 1

1 1 1 �t
3 � � � 3 �t �t

6
:::::::8

+53,

dqg

�Wt @

5
99999997

�4 �5 3 � � � 3

�5 �5 �6
1 1 1

111

3 �6
1 1 1

1 1 1 3
111

1 1 1
1 1 1

1 1 1 �t
3 � � � 3 �t �t

6
:::::::8

+54,

wkdw dssur{lpdwh/ lq d fhuwdlq vhqvh/ uhvshfwlyho| I dqg
I
W 1 Wkh iroorzlqj htxdwlrqv h{klelw krz wkh| duh uh0

odwhg1

IYt @ YtWt . ^3 � � � 3yt.4`�t.4 +55,

I
W
Zt @Zt

�Wt . ^3 � � � 3zt.4`�t.4 +56,

Xvlqj wkh elruwkrjrqdolw| surshuw| +47, zlwk +55, dqg
+56,/ lw |lhogv

Z
W
t IYt @Z

W
t Yt� ~} �
Gt

Wt.Z
W
t ^3 � � � 3yt.4`� ~} �

R

�t.4 +57,

Y
W
t I

W
Zt @ Y

W
tZt� ~} �
Gt

�Wt. Y
W
t ^3 � � � 3zt.4`� ~} �

R

�t.4+58,

@
�
Z

W
t IYt

�W
+59,

Iurp +57, dqg +58, zh ghgxfh +5:,

�W
W
tGt @ GtWt> �W

W
t @GtWtG

�4
t +5:,

Wkh pdwul{ Wt lv wkh ehvw dssur{lpdwlrq ri wkh pdwul{
I lq wkh vhqvh ri dq reoltxh surmhfwlrq rqwr Nt+I>y4,
ruwkrjrqdoo| wr Nt+I

W >z4,1 Pruhryhu Wt lv wkh ehvw
dssur{lpdwlrq ri wkh pdwul{ I lq wkh vhqvh ri pdwfklqj
wkh pd{lpdo qxpehu ri prphqwv ^:`1 Frqvhtxhqwo| zh
rewdlq�

Hq @GqWq> Dq @Gq+Lq . �Wq,>
eq @ �4h4> fq @ �4h4

+5;,

dqg wkh �qdo prgho +7, lv wkh uhvxow ri d Nu|ory0Odqf}rv
uhgxfwlrq ^44`1

7 Uhdol}dwlrq

Nqrzlqj d vwdwh0vsdfh uhsuhvhqwdwlrq ri wkh uhgxfhg0
rughu prgho zh fdq uhdol}h d qhwzrun ru d erqg judsk1

Lq wkh 40sruw fdvh wkh ghwhuplqdwlrq ri wkh hohfwul0
fdo qhwzrun ru erqg judsk frpsrqhqw*v ydoxhv fdq eh
dfklhyh wkdqnv wr wkh Euxqh surfhvv ^7`1 Lq wkh p0sruw
fdvh ydulrxv surfhvvhv ghvfulehg lq ^6` frxog eh xvhg1

] ghvljqdwhv wkh lpshgdqfh dw d sruw ri wkh vwxglhg
v|vwhp/ l1h1 lq wkh hohfwulfdo grpdlq yrowdjh gurs y

dqg fxuuhqw l duh lq uhodwlrq wkurxjk Y +v, @ ]+v,=L+v,1
Vlploduo| \ ghvljqdwhv wkh dgplwwdqfh/ l1h1 L+v, @
\ +v,=Y +v,1 Wkh wudqvihu ixqfwlrq lq wkh frpsoh{ iuh0
txhqf| grpdlq +Odsodfh wudqvirup ri wkh v|vwhp*v lp0
sxovlyh uhvsrqvh, K+v, fdq eh dq lpshgdqfh ru dq dg0
plwwdqfh vr zh fdoo lw dq lpplwwdqfh1

Lq wkh jhqhudo fdvh/ uhdol}dwlrq phwkrgv +olnh Irvwhu h{0
wudfwlrq surfhvv ^9`, edvhg rq wkh h{wudfwlrq ri srohv
dqg }hurv ri wkh wudqvihu ixqfwlrq duh qrw h!flhqw1
Wkhvh phwkrgv fdq rqo| h{wudfw srohv rq wkh lpdjlqdu|
d{lv ru rq wkh qhjdwlyh uhdo d{lv1 Lq idfw/ wkh h{wudfwlrq
surfhvv zloo vwrs zkhq d plqlpxp ixqfwlrq dsshduv1
Wkh Euxqh surfhvv suhflvho| dfklhyhv wkh uhdol}dwlrq ri
wklv w|sh ri ixqfwlrq1

8 Qxphulfdo H{shulphqwv

Wr looxvwudwh wkh surfhgxuh h{srvhg lq wkh suhylrxv vhf0
wlrqv zh pdnh vrph qxphulfdo h{shulphqwv lqyroylqj
d iudfwdo w|sh prgho1 Vxfk prghov dsshdu lq vhyhudo
dssolfdwlrqv olnh uhod{dwlrq ehkdylru ri srodul}hg lp0
shgdqfhv/ glhohfwulfv dqg lqwhuidfhv/ wudqvplvvlrq olqhv/
fdugldf u|wkp ^4` dqg iudfwdo k|gudxolf lpshgdqfh ^45`
wr vwdwh d ihz1

Iudfwlrqdo srzhu sroh prgho lv h{suhvvhg dv =

K+v, @ 4#
4.

v

sW

$
p

sW = uhod{dwlrq wlph frqvwdqw
p = srzhu idfwru/ 3 ? p ? 4

+5<,

Iru qxphulfdo frpsxwdwlrqv zh xvh sW @ 8 dqg p @
3=81

D odujh vfdoh odgghu qhwzrun +Fdxhu w|sh ^<`, sursrvhg
lq ^45`/ frqvlvwlqj ri rqh kxqguhg dqg �iw| fdsdflwruv
dqg dv pdq| uhvlvwruv/ |lhogv wr dq dssur{lpdqw ri +5<,
zlwk dq devroxwh jdlq huuru ohvv wkdq 43�48gE wkurxjk
wkh iuhtxhqf| udqjh ri lqwhuhvw 3 � 433K}1 Wkh sdud0
phwhuv ydoxhv fruuhvsrqg wr d Sdgì dssur{lpdqw ri ru0
ghu ^47<2483` dw wkh vwhdg| vwdwh iuhtxhqf|1 Wklv 483wk

prgho lv rxu vwduwlqj srlqw iru uhgxfwlrq dqg uhdol}d0

wlrq1



Wr rewdlq wkh uhgxfhg rughu prgho zh dsso| wkh Nu|ory0
Odqf}rv dojrulwkp zlwk lqwhusrodwlrq srlqwv5 = $4 @ 3>

$5 @ 493 dqg $6 @ 6:81 Zh pdwfk wzr prphqwv shu

srlqw/ frqvhtxhqwo| wkh dssur{lpdqw rughu lv vl{1

Uhpdun 4 Zh fkrrvh 6 lqwhusrodwlrq srlqwv +rughu 5

iru hdfk srlqw, ehfdxvh zh uhdfk dq dffxudf| ehwwhu wkdq
zlwk 5 srlqwv +rughu 6 iru hdfk srlqw,1
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Iljxuh 5 = Uhodwlyh huuru rq MSE�/� +(, yhuvxv /+udg1v3�,1
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Iljxuh 6 = Devroxwh skdvh huuru +udg, yhuvxv / +udg1v3�,1
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Iljxuh 7 = Uhodwlyh Jdlq Huuru iru e|� rughu +2swv = ! �dqg
! 2,+0,/ S

|�rughu +�swv = ! �c ! 2dqg ! �,+01, dqg
H
|�rughu + 2swv = ! �dqg ! 2,+11, dssur{lpdqwv1

Wkh yhul�fdwlrq/ d srvwhulrul/ ri wkh sdvvlylw| ri wkh
uhgxfhg0rughu prgho lv dfklhyhg wkdqnv wr d srvlwlyh
uhdoqhvv whvw rq wkh wudqvihu ixqfwlrq Kq+v, ^5`1

5Wkh srlqwv fkrlfh lv khxulvwlf1
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Iljxuh 8 = Devroxwh Skdvh Huuru iru d e
|� rughu +0,/

S
|�rughu +01, dqg H

|�rughu +11, dssur{lpdqw1

Srohv +sl, Uhvlgxhv +ul,

�8<55=3483 556=8758
�88:=84<6 59=;:;3
�46;=64;5 44=39:5
�6:=83:3 9=49:<
�44=39358 6=5<6;
�8=798;6 5=3654

Wdeoh 4= Sduwldo Iudfwlrq H{sdqvlrq

Wdeoh 4 jlyhv wkh uhvxow ri wkh sduwldo iudfwlrq h{sdqvlrq
ri K9+v,1

K9+v, @
9[

l@4

ul=
4

v� sl
+63,

Wkh vxp +63, fdq eh uhdol}hg e| d vhulhv frqqhfwlrq ri
sdudooho U0F fhoov1 Wkh lpshgdqfh ri d sdudooho U0F
fhoo lv jlyhq e| =

]UlFl
+v, @

Ul

� l
=

4

v.
4

� l

> � l @ UlFl= +64,

Dv d pdwwhu ri frpsdulvrq/ zh xvhg wkh phwkrg ghyho0
rshg e| D1 Fkduhi/ K1K1 Vxq/ \1\1 Wvdr dqg E1 Rqdudo
^4`1 Lw dsshduv wkdw zh qhhg d 45wk rughu dssur{lpdqw
wr dfklhyh d uhodwlyh jdlq huuru ri wkh vdph pdjqlwxgh1

9 Frqfoxglqj Uhpdunv

Lq wklv sdshu zh kdyh h{srvhg dq dssur{lpdwlrq0
uhgxfwlrq0uhdol}dwlrq surfhvv1 Wklv surfhvv dssolhv sr0
whqwldoo| wr d odujh fodvv ri lq�qlwh glphqvlrqdo prg0
hov wkurxjk ydulrxv dssur{lpdwlrq vfkhphv +�uvw vwdjh
ri wkh surfhvv,1 Frqfhuqlqj wkrvh vfkhphv/ lpsruwdqw
lvvxhv duh xqghu lqyhvwljdwlrq1 Iru h{dpsoh/ d ghod|



prgho frxog eh dssur{lpdwhg xvlqj wkh phwkrg ghyho0
rshg e| F1 Kzdqj dqg P10\1 Fkhq ^43`/ exw jhqhu0
doo| lw grhv qrw suhvhuyh sdvvlylw|1 Wkhuh dovr h{lvwv
phwkrgv/ wr dssur{lpdwh luudwlrqdo ixqfwlrqv e| udwlr0
qdo rqhv/ zklfk frxog eh xvhixo lq oxpshg dssur{lpd0
wlrq ri wkh fkdudfwhulvwlf lpshgdqfh ri UOJF wudqv0
plvvlrq olqhv ^46`1

Dw wkh vhfrqg vwdjh ri wkh surfhvv/ zklfk qhhgv wr eh
fduulhg rxw li wkh dssur{lpdqw rughu lv lpsruwdqw/ d
pxowlsrlqw Sdgì dssur{lpdqw +S1Y1O1 olnh dojrulwkp
^44`/ ^:`, lv xvhg wr uhgxfh wkh odujh vfdoh �qlwh glphq0
vlrqdo prgho vwhpphg iurp wkh dssur{lpdwlrq ri wkh
lq�qlwh glphqvlrqdo prgho1 Wr hqvxuh wkh sdvvlylw| ri
wkh uhgxfhg0rughu prgho zh pdnh d srvlwlyh uhdoqhvv
whvw rq lwv wudqvihu ixqfwlrq1 Lw zloo eh lqwhuhvwlqj wr �qg
dw ohdvw vx!flhqw frqglwlrqv hqvxulqj sdvvlylw| suhvhu0
ydwlrq1

Wkh odvw vwdjh jlyhv d uhdol}dwlrq phwkrg ri wkh
uhgxfhg0rughu prgho wkurxjk wkh Euxqh surfhvv +lq wkh
40sruw fdvh,1

Ilqdoo|/ zh kdyh jlyhq d qxphulfdo h{dpsoh zklfk looxv0
wudwhv wkh zkroh surfhvv dqg surylghv d ehqfk0pdun iru
frpsdulvrq zlwk dqrwkhu phwkrg1

Uhihuhqfhv

^4` \1 \1 Wvdr D1 Fkduhi/ K1 K1 Vxq dqg E1 Rqdudo1
Iudfwdo V|vwhp dv Uhsuhvhqwhg e| Vlqjxodulw| Ixqfwlrq1
LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ 6:+<,=4798�
47:3/ Vhswhpehu 4<<51

^5` ]1 Edl dqg U1Z1 Iuhxqg1 Hljhqydoxh0Edvhg dqg
Fkdudfwhul}dwlrq dqg Whvw iru Srvlwlyh Uhdoqhvv ri
Vfdodu Wudqvihu Ixqfwlrqv1 Whfkqlfdo Uhsruw <<06035/
Ehoo Odev/ 4<<<1

^6` Y1 Ehohylwfk1 Fodvvlfdo Qhwzrun Wkhru|1 Kroghq0
Gd|/ Vdq Iudqflvfr/ 4<9;1

^7` Rwwr Euxqh1 V|qwkhvlv ri d Ilqlwh Wzr0Whuplqdo
Qhwzrun Zkrvh Gulylqj0Srlqw Lpshgdqfh lv D Suh0
vfulehg Ixqfwlrq ri Iuhtxhqf|1 Mrxuqdo Ri Pdwkhpdwlfv
dqg Sk|vlfv +PLW,/ 43=4<4�569/ 4<641

^8` G1O1 Pdujrolv G1F1 Nduqrss dqg U1F1 Urvhqehuj1
V|vwhp G|qdplfv = D Xql�hg Dssurdfk1 Zloh|/ 4<<31

^9` U1 Irvwhu1 D Uhdfwdqfh Wkhruhp1 Ehoo V|vw1
Whfkq1 Mrxuqdo/ 6=58</ 4<571

^:` Urodqg Z1 Iuhxqg1 Uhgxfhg0Rughu Prgholqj
Whfkqltxhv Edvhg rq Nu|ory Vxevsdfhv dqg Wkhlu Xvh
lq Flufxlw Vlpxodwlrq1 Whfkqlfdo Uhsruw <;06035/ Ehoo
Oderudwrulhv/ Oxfhqw Whfkqrorjlhv/ Iheuxdu| 4<<;1

^;` H1 M1 Julpph1 Nu|ory Surmhfwlrq Phwkrgv iru
Prgho Uhgxfwlrq1 SkG wkhvlv/ Xqlyhuvlw| ri Loolqrlv dw
Xuedqd Fkdpsdljq/ 4<<:1

^<` H1 D1 Jxloohplq1 V|qwkhvlv ri Sdvvlyh Qhwzrunv1
Mrkq Zloh| dqg Vrqv/ Qhz \run/ 4<8:1

^43` Fk|l Kzdqj dqg Pxk0\dqj Fkhq1 Vroxwlrq ri
Jhqhudo Sdgì Ilwwlqj Sureohp Yld Frqwlqxhg0Iudfwlrq
H{sdqvlrq1 LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/
65+4,=8:�8</ Mdqxdu| 4<;:1

^44` H1 Julpph N1 Jdoolydq dqg S1 Ydq Grruhq1 D
Udwlrqdo Odqf}rv Dojrulwkp iru Prgho Uhgxfwlrq1 Qx0
phulfdo Dojrulwkpv/ 45=66�96/ 4<<91

^45` O1 Ohiëyuh1 Gh o*lqwurgxfwlrq g*ìoìphqwv irqfwlrq0
qhov gdqv od wkìrulh ghv erqg judskv1 SkG wkhvlv/ Xql0
yhuvlwì ghv Vflhqfhv hw Whfkqrorjlhv gh Olooh/ 4<<<1

^46` \10O1 Mldqj R1 Zlqj dqg T10M1 \x1 Udwlrqdo
Dssur{lpdwlrq ri Luudwlrqdo Ixqfwlrqv e| Olqhdu Iudf0
wlrqdo Wudqvirupdwlrqv1 LHHH Wudqvdfwlrqv rq Flufxlwv
dqg V|vwhpv 0 L = Ixqgdphqwdo Wkhru| dqg Dssolfd0
wlrqv/ 78=4549�4554/ 4<<;1

^47` Qlfkrodv I1 Gxgoh| Zdug dqg Mrqdwkdq U1 Sduw0
lqjwrq1 D Frqvwuxfwlrq ri Udwlrqdo Zdyhohwv dqg
Iudphv lq Kdug|0Vrerohy Vsdfhv zlwk Dssolfdwlrqv wr
V|vwhp Prgholqj1 VLDP Mrxuqdo ri Frqwuro dqg Rswl0
pl}dwlrq/ 69+5,=987�9:</ Pdufk 4<<;1

^48` Mdq F1 Zloohpv1 Glvvlsdwlyh G|qdplfdo V|vwhpv
Sduw L = Jhqhudo Wkhru|1 Dufk1 Udwlrqdo Phfk1 Dqdo1/
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