Generalized spectral factorization problem for

discrete time polynomial matrices

via quadratic difference forms

Osamu Kaneko*, Takao Fujii
Graduate school of Engineering Science, Osaka University
Machikaneyama 1, Toyonaka, 560-8531, Osaka, Japan
fax:4+81-6-6850-6341, email: {kaneko,fujii}@sys.es.osaka-u.ac.jp

Abstract

In this paper, we address spectral factorization
problems for discrete time polynomial matrices.
Main concept used in this paper is based on
quadratic differential /difference forms and dissipa-
tiveness, similarly to [6], [10] and [8] which treat
the polynomial matrices with no zeros on the jw
axis or the unit circle. Here, by using some in-
herent techniques in discrete time, we expand the
spectral factorization algorithms for polynomial
matrices with zeros on the unit circle via quadrat-
ic difference forms. Moreover, we show that this
algorithm is also available to the singular polyno-
mial matrices in discrete time.
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1 Introduction

1.1 Problem formulation
The spectral factorization problem we consider
here is described as follows. Let

DA L) =TI 4+ + T A + 10
+ILA + -+ IL,A" (1)
denote a given polynomial matrix. Assume that
(A). I AHT =TI(A, ),
(B). M(e ™%, el¥) > 0 for all w € [0, 27),
(C). (A7, )) is not a trivial zero matrix.

Then, we consider the following two problems.

Problem 1.1 Assume (A), (B), (C), and
(D). det(IL(A=1, X)) # 0 for almost every A € C.

Then, obtain a polynomial matriz A(X\) such that
O N) = AAHTAN) and det(A(X)) # 0 for
all A € C such that |A\| < 1. O

Problem 1.2 Assume (A), (B), (C), and
(E). det(II(A=1,\)) = 0.

Then, obtain a polynomial matriz A(\) such that
OA5N) = AWNHTAN) and the rowrank of
A(X) =7 for all A € C such that |A| < 1, where r
is the normal rank of det(TI(A™1, \)). O

In this paper, we call these A(\) an almost anti-
Hurwitz spectral factor. Of course, we can also
formalize the almost Hurwitz spectral factoriza-
tion as in the same way to the above problems.
Note that the existence of the above polynomial
matrices is guaranteed in e.g., [9].

1.2 Backgrounds and motivations

As is well known, the spectral factorization is one
of the central issues in the systems and circuits
theory (cf.[3],[9] and so on). Various computation-
al algorithms of the spectral factors were studied
and developed. Except [2],[3], [4],[13] and so on,
most of those studies assumed that the polynomi-
al matrices (spectral density matrices) are positive
definite on the unit circle or jw axis. From the
practical points of view, however, it is natural to
consider that spectral density polynomial matri-
ces often have zeros on these boundaries. Thus,
it is important to consider such a spectral factor-
ization problem. As for this problem, literature
[2], [3], [4],[13] proposed some algorithms. Here,
we will take the different approach to the spectral
factorization problem from the standpoint of ap-
plication of quadratic difference forms and discrete
time dissipativeness (cf.[8]).

Main concept used in this paper is deeply related
to quadratic difference forms and dissipativeness,
similarly to [6] and [8]. They are regarded as the
application of Theorem 5.7 in [12] and Proposition
4.1 in [8]. These algorithms are equivalent to solv-
ing simple LMIs formed directly by coefficient ma-
trices of given polynomial matrices, which implies



that they are very useful from the computational
points of view. However, these spectral factoriza-
tion algortithms does not guarantee that they are
applicable to polynomial matrices with zeros on
the jw axis or the unit circle . These restriction-
s concerning zeros result from the assumptions of
Theorem 5.7 in [12] or Proposition 4.1 in [8]; 7 if
a given polynomial matrix is positive definite on
the jw axis or the unit circle, then the maximum
and the minimum storage functions for a supply
rate induced by this polynomial matrices can be
described by anti-Hurwitz and Hurwitz spectral
factors, respectively”. From the viewpoint of the-
oretical importance, it is meaningful to eliminate
such an assumption.

From these reasons, by using some inherent tech-
niques in discrete time , we show that the assump-
tion of Proposition 4.1 in [8] can be eliminated, i.e.,
7 the maximum and the minimum storage func-
tions for a supply rate induced by a given poly-
nomial matrices can be described by almost anti-
Hurwitz and almost Hurwitz spectral factors as
long as this polynomial matrix satisfies (A), (B),
(C) and (E) (or (D)) ”. Then, as an application of
this result, we provide spectral factorization algo-
rithms for discrete time polynomial matrices with
zeros on the unit circle.

2 Preliminaries

2.1 Notations

Let Z, R, and C denote the set of integers, real
numbers and complex numbers, respectively. The
notation R? (C?) denotes the set of real (complex,
respectively ) vectors of size ¢. For A € C, X de-
notes the conjugate of . For a € R?, ||a||*:=aTa.
For a € CY, a* denotes the conjugated trans-
pose of a and ||al|>:=a*a. Let R’*? denote the
set of real matrices of size p x ¢. Let (R?)Z de-
note the set of real time series vectors of size q.
For w € (R%)Z, the shift operator o is defined by
(ow)(t) := w(t+1). Forw € (RY)Z anda < b € Z,
w|[q,p) denote the behavior of w in the time in-
terval [a,b]. The notation [2 is the set of square
summable time series vectors of size ¢, i.e., w €[4
means that ;- |w(t)]|? < oo. Let 1|7 de-
note the set of square summable time series vec-
tor of size ¢ from —oo to T, i.e., w|(_oo,7] € 1|7
means that Z:z:fm lw(t)||> < oco. Similarly, we
use the notation 4|7 to denote the set of square
summable time series vector of size ¢ from T to
oo. Let R[A] denote the set of polynomials in the
indeterminate A with coefficients in R. Similarly,
RI[(, 7] denote the set of two-variable polynomial-
s in the indeterminates ¢ and n with coefficients
in R. The powers of these indeterminates may

be not only nonnegative but also negative in dis-
crete time. Particularly, R[A~!, A\] denote the set
of two-sided polynomials which are obtained by
regarding the indeterminates ¢ and 7 in RJ[(,7)
as A~! and A, respectively. Similarly, the set of
matrix version of them are written respectively by
RY\], R7*[¢,n], and R¥*9[A~1 \] for real co-
efficient matrices of size p x ¢q. For a nonsingular
polynomial matrix D()), we call it Hurwitz (anti-
Hurwitz) if det(D(A)) # 0 for all A € C such that
[A] > 1 (|A| <1, respectively). For a constant ma-
trix A, let rank(A) denote the rank of A. Finally,
let I, and 0,4 denote the unit matrix of size g x g
and the zero matrix of size p x ¢, respectively.

2.2 Quadratic difference forms

Quadratic difference or differential forms are ap-
propriate mathematical tools related to dissipa-
tiveness. See [12] and [8] for more details of the
continuous time case and the discrete time case,
respectively.

An element of R7*?[¢, 7] is described by

(¢ =D duln'. (2)
k.l

The sum in Eq.(2) ranges over the integers and is
assumed to be finite, and @, € R7*?. For ®((,n)
€ RY[¢, ], let RI*9[¢,n] denote the set of two-
variable polynomial matrices satisfying ®(¢,n) =
&(n, )T For all w & (RY)?, B(C,n) € RIV[C, 1]
induces a quadratic difference form Qg : (R?)% —
RZ as defined by

Qa(w)(t) :=> w(t+k) Suwt+1). (3)

k.l

For a given arbitrary ®(¢,n) = Y ) Pyt €
RI%4[¢,n], we define a constant matrix ® €

RIMHDxa(n+1) oo follows
(DO’O @0’1 e (PO,TL
- 10 P11 o Pua
_ | | (4)
(:Dn,() (I)n,l .. @n,n

In a similar way to the constant symmetric matrix
case, the nonnegativity of quadratic difference for-
m induced by ®(¢,n) € RI*?[(,n] is defined as
Qa(w)(t) >0 for all w € (R?)Z and for all t € Z ,
and denoted by ®(¢,n) > 0. As shown in Proposi-
tion 2.1 in [8], ®(¢,n) > 0 is equivalent to ® > 0.

2.3 Discrete time dissipativeness

Next, we formalize the notion of discrete time dis-
sipativeness by using quadratic difference forms
and two-variable polynomial matrices. Of course,
these notions are parallel with the continious time



case (cf. [12]). At first, we can regard Qg (w) in-
duced by ®(¢,n) € R2*9[(,n] as the power enter-
ing into the dynamical system ¥ = (Z,R?, (R%)%)
(the trivial dynamical system), i.e., a suppy rate.
Then, we can formalize dissipativeness of discrete
time dynamical system as follows (cf. Definition
3.1 in [8] and Definition 5.1 in [12]).

Definition 2.1 Let ®(¢,n) € RY*Y[(, n] induce a

quadratic supply rate Qg (w).
1. Qu(w) induced by ¥((,n) € RI*(,n| is
said to be a storage function for the supply

rate Qo (w), if Qu(w)(t +1) — Qu(w)(t) <
Qao(w)(t) for all t and for all w € 13.

2. Qa(w) induced by A(¢,n) € RI*(,n] is
said to be a dissipation rate for the supply

rate Qa(w), if Y=, Qa(w)(t) = >3,
Qa(w)(t), and Qa(w)(t) = 0 for all t and
for allw € 13.0

As for dissipation rates, it follows from Lemma 3.1

in [8] that >, =% Qa(w)(t) = 22", Qa(w)(t)
for all w € 12 is equivalent to saying

AN =AM (5)
for all nonzero A € C.

The relation between a supply rate, a storage func-
tion, and a dissipation rate can be formalized as
follows (cf. Proposition 3.3 in [8], Proposition 5.2
in [12]). Similarly to Theorem 5.3 in [6] in con-
tinuous time , the above theorem plays one of the
important roles in order to derive the spectral fac-
torization.

Theorem 2.1 Let ®((,n) € RI*[(,n] induce a
quadratic supply rate Qo (w). Then, the following
four conditions are equivalent.

1). Forallweld, Y70 Qa(w)(t) > 0.
2). ®(e™7% e¥) >0 for all w € [0,2m).
3). ®((,n) admits a storage function.

4). ®(¢,n) admits a dissipation rate.

Moreover, for the supply rate induced by ®((,n)
there is a one-one relation between storage func-
tions Qu(w) induced by V(¢,n) and dissipation
rates Qa(w) induced by A(¢,n), which is described

by

Qu(w)(t +1) = Qu(w)(?)
= Qa(w)(t) — Qa(w)(t) (6)

for all time t € Z, or equivalently,

(Cn—=1)¥(¢,n) = (2(¢n) —An). (1)

3 Main result

3.1 Storage functions and spectral factors
There exist maximum and minimum storage fucn-
tions for a given supply rate. The following theo-
rem is used to guarantee that the desired spectral
factors for Problem 1.1 and 1.2 are obtained from
the maximum and minimum storage functions for
the supply rate induced by a given polynomial ma-
trix.

Theorem 3.1 Let ®(C,n) = Yi,_o PucFn' €

R2*Y(,n] induce a supply rate. Assume that
DAL N) £ 0 and ®(e™7v,e/%) > 0 for all w €
[0,27). Then, for this supply rate and ¥ = (Z,
RY, (RY)?), there exist storage functions induced
by W1(¢,n) and V_(C,n) € RI*[C,n] that satisfy

for any other storage function induced by V((,n) €
R2*Y¢, n]. In addition, ¥ (¢,n) and V_(,n) are
written by

Uy (G,m) = (2(¢,m) — AT(QOAM))/(Cn —1) (9)

and

V_(¢,n) = (D(¢,m) — HT(Q)H(n))/(¢n — 1)(10)
where A(X), H(X) satisfies that

AL N) = AT(AHAWN) = HY(AHH(O) (11)

and the rank of A(N) (H(X)) is invariant for all
A€ C st [N <1 (Al > 1, respectively). O

Proof. The proof of the theorem under (E) al-
lows us to claim that the statement holds under
(D), so we focus on the former case. By using
the well known result stated in e.g., [9], it fol-
lows from ®(A71,\) # 0, det(®(A~1,\)) = 0 and
P(e79v eI) > 0 for all w € [0, 27) that there exist
a matrix V,(\) € RY9*[\] and a nonsingular diag-
onal matrix T(A71,\) € RY*9[A71, \] such that

AN = V. AHITAL VL) (12)

where I'(e ™%, e/*) > 0, w € [0,27), Vo(A) is row
full rank for all A € C, and ¢ is the normal rank of
®(A~1, ). Moreover, I'(A~1, \) can be described
by

PATLA) =Tg (AT (ATHE(NTa(A). (13)

To(N) € R\ is an anti-Hurwitz diagonal ma-
trix, and I'c(\) is a diagonal matrix whose deter-
minat has zeros on the unit circle. In addition to
Eq.(12), it is clear that

Va(OT2 (O (OTe(mTa(n)V (n) > 0,



so this is one of the dissipation rates for Qg (w).

Let Wy (C,m) = S4icg Wi ' € RIXIC,n)
induce the corresponding storage function. Note
that we do not know whether Q4 (w) induced by
U4 (¢,n) is the maximum storage function or not
at this point. From Eq.(7), we can write the rela-
tion of them as

Qu, (w)(t+1) - Qu, (w)(t) =
Qa(w)(t) — [(Te(0)Ta(0)Va(o)w)(t)[|*(14)

for all time t. Consider another storage function

induced by ¥(¢,n) = Sp_o Yuctn! € RIXI[C, 7]
and its corresponding dissipation rate induced by
A(¢,m) = X1 Auchnt € RP<I[¢,p). Subtract-
ing the dissipation relation for these ¥((,n) and
A(¢,n) from Eq.(14) yields

Qu (w)(t+1) = Qu, (w)(?)
—Qu(w)(t +1) + Qu(w)(?)
= Qa(w)(t) = |(Te(0)a(0) Va(o)w) (B (15)

We consider the following mathematical model

d=T,(0)v and v =V, (0)w. (16)

In the following discussion, we will show that there
exists a w € ¥y satisfying d = 0 in Eq.(16).
Since V,(\) € R\ is row full rank for al-
1 A € C, there exists a V() € R(qu)xq[)\] such
that [ Va(\)T Ve(A)T ]T is a unimodular matrix
in R?”*Y[\]. Using this unimodular matrix, we can
rewrite v = V,(0)w in Eq.(16) as

(17)

where
wa | ._ | Va(o)
[ws ] - [ Vil@) ]w
In order to clarifying the following proof, sup-

pose that [y (A) and [ Va(A)T Ve(A)T }T are de-
scribed by Tq(A) =: Tqo + Ta1 A+ - - - + Tgp AP and

v =L e[ el

(18)

respectively. Moreover, notice that det [I'yo| # 0
because T';()) is anti-Hurwitz.

Next, consider Eq.(17) and Eq.(18) at time ¢t = 1.
Then it is clear that w,(1) and ws(1) are unique-
ly determined by w(1) ,w(2) ,---, w(r + 1). Due
to v(1) = we(1), v(1) is also determined by w(1)

,w(2), «-+, w(r + 1). Since v(t) is also deter-
mined by w(t), w(t + 1), -+, w(t + r) for al-
1 ¢ > 2 similarly, v(1),---,v(p) are determined
by w(l),w(2), -, w(r + p). By using Eq.(16),
Eq.(17), and nonsingularity of I'yo, we can ob-
serve that there exists v(0)(= wy(0)) for arbitrary

v(1),v(2),---,v(p) such that
0=T4ov(0) + Tg1v(1) + - - + Topv(p). (19)

In addition, we can set w(0) = 0. Considering
Eq.(18) at time ¢ = 0 and substituting w,(0),
w(0) yields

e ] =] Ve e | Ve
|y e

}T

(20)

Since [ vEh v is nonsingular due to the u-

nimodularity of [ V(M) Vi(A)T }T in RT*[)\],
there exists a unique w(0) for the left hand side and
the second term of the right hand side of Eq.(20).
Similarly, repeat the above process from -1 to —oco.
As a result, we can claim that there exists w such
that

0 = Tou(t) = To(0)Va(o)w(t),t =0, -, —0c0 (21)

for arbitrary w(1),w(2), -+, w(r+p) . At the same
time, w, = v is an anti-Hurwitz trajectory and w
is 0 trajectory. Thus

=[] ]

is also anti-Hurwitz trajectory.

(22)

Define m := r + p. Moreover, define ¥,4(¢,n) =
UH(¢,n)—VY(¢,n) and h* is the degree of W4((, 7).
In the case of A* +1 > m, we can take w € lg|h*+1
such that w(h* + 1), -, w(1) € R? are arbitrary
and w(t) in t < 0 satisfies the difference equa-
tion 'y (0) Va (0)w(t) = 0. Substituting this w into
Eq.(15) and summing it from ¢t = —oo to 0 yield
w(1)

[ w(1)” w(hr + 1T ] {4} :
w(h* 4+ 1)

0
= Y Qa(w)(t) >0.

t=—o00

(23)

where Wy is defined for ¥4(¢, n) as in the same way
to Eq.(4). (Here, in the case of m’ > h* +1, it suf-
fices to consider w € 1],/ by connecting arbitrary
w(h* +2),---,w(m’) € R to this w € I&|pi1
). In the case of h* + 1 < m, we can take
w € 13|, such that w(m),---,w(1) € R? are ar-
bitrary and w(t) in ¢t < 0 satisfies the difference




equation 'y (0)V,(0)w(t) = 0. Substituting this w
into Eq.(15) and summing it from ¢ = —oo to 0
also yield Eq.(23). (In the case of m’ > m, it also
suffices to consider w € 14|, by connecting arbi-
trary w(m+1),---,w(m’) € R to thisw € 13|, )
Thus, whether h* +1 < m or h* + 1 > m, Eq.(23)
holds for arbitrary w(h* +1),---,w(1) € R%. S-
ince Eq.(23) means that a’Wga > 0 for all a €
R which implies ¥; > 0, we can conclude
that W+(¢,n) > ¥(¢,n).

As for the minimum storage function, the proof
can be shown by applying the similar discussion
as in the case of the maximum storage function,
so we omit it here. O

Remark 3.1 The basic technique of the proof of
Theorem 3.1 is the solvability of difference equa-
tions and the backward (forward) shifting , which
are inherent techniques in discrete time. That is,
e.g., if w(l),---,w(n),d(0) are given and Dy is
row full rank in a difference equation Dyw(0) +
Dyw(1) + -+ Dyw(n) = d(0), we can claim that
there exists w(0) satisfying this difference equa-
tion. Once the existence of such a w(0) can be
claimed, the backward shifting yields the trajectory
satisfying this difference equation from 0 to —oo.
This is one of main different points from the con-
tinuous time case obtained in Theorem 5.7 in [12].
O

Remark 3.2 The above proof of Theorem 3.1 is
related to Problem 1.2. By specializing thsi proof,
we can also solve Problem 1.1.

3.2 The spectral factorization

By using Theorem 3.1 we obtain the spectral fac-
torization algorithm as answer for Problem 1.1 and
Problem 1.2 as follows. The proof are similar to
that of Theorem 4.1 in [8], so we omit it here.

Theorem 3.2 Let TI(A™1,\) € RN )] de-
scribed by Eq.(1). Assume that (A),(B) and (C).
Moreover, we assume (D) or (E).

First, define the constant matriz I = TI' e
R(?+1ax(n+1)q by

roIo I, M, ; 7
n+1 n 2 H"
o M, mc LS

n+1 n
.= (24)

LA m
2 . n
o’ | o o

L 2 n+1 4

Next, consider the following inequality TI(P) > 0,
where TI(P) is defined by

P anxq :| _ |: Oqu

~ 0
II xna (o5
* [ Ogxng  Ogxq P }( )

anxq

with unknown matriz P = PT € R"™™ . Then

the following properties hold.

1). There exist a mazimum solution Py and a
minimum solution P_ of Fq.(25).

2). In the case of (D), there exist row full rank
constant matrices A and H € R+
(in the case of (E), R yhere g is
the normal rank of IL(A™*,\)) such that
I(P.)=ATA and T(P_) = HTH.

3). In the case of (D), the matrices H(X\) and
A(XN) € R[N (in the case of (E),RI*[\])
defined by A(\) == A[ I Al A ]t
and H\) == H[ I Al A1 for-
m an almost Hurwitz spectral factor and

an almost anti-Hurwitz spectral factor of
(A=, ), respectively.O

Remark 3.3 In continuous time case, Theorem
5.7 in [12] and Theorem 5.3 in [6] give the spec-
tral factorization algorithm for polynomial with no
zeros on jw axis. We expect that this assumption
about zeros on the jw azis may be eliminated by
using the continuous time version of the proof of
Theorem 8.1. This point is one of the further s-
tudies. O

4 Numerical example

4.1 Example: Problem 1.1
As one example, we consider the following polyno-
mial matrix TI(A™1, \) =

ATE 4240 A=) 0
AP x Al 46—-X 0527 —05)
0 —05A" 4050 AN 14+242

as treated in [13]. Clearly, it is easy to ver-
ify that ®(e 7%, e/*) > 0 for all w € [0,27)
and the roots of det(AI(A~!,\)) are equal to
(—1,-1,—1,—1, —13.922820325, —0.071824528).
Notice that the multiple zero of —1 yields the sin-
gularity of II(e ™7, /%) at w = 7.

Firstly, the constant matrix defined by Eq.(24) is
obtained as

1 0 0 1 -1 0
0 3 0 1 -1 -05
gl 0 0o 1 005 1
' 1 1 0 1 0 0
-1 -1 050 3 0
0 —05 1 0 0 1



for this example. Secondly, by using MATLAB
LMI Control Toolbox ([5]), we solve Eq.(25) and
find P_ and P;. Thirdly, we factorize I'(P;) and
I(P-) and construct A(A) and H(\) as stated in
Theorem 3.2. For example, we obtain

0.6547 4 0.6547A  —0.7559 — 0.7559

A(N) = | 0.2673 4+ 0.2673\  0.2315 + 0.2315\
—0.7071 — 0.7071\ —2.0266 + 0.8018)\
2.3441 x 1076
0.9354 + 0.9354\

0.3536 + 0.3536A

as an almost anti-Hurwitz spectral factor of
(A=Y, N).  Indeed, it is easy to verify that
the above A()) is the desired spectral factor of
II(A™1, A) as follows. (AL + ATAT1)(Ap + A1) is
equal to II(A~1, \) in precision of 8 decimal places.
Moreover, the roots of det(Ap+ A1) is —1, —1 and
—13.922820325.

4.2 Example: Problem 2
Next, we consider the following polynomial matrix
A5 =

05014+ 1.254+0.50 0501 +1.254+0.5) 0
052071 +1.254+ 05X 050" 1 +5254+0.5\ 4
0 4 4

The normal rank of II(A~!,)\) is equal to 2 and
the rank of TI(A~%, \) is equal to 1 for A\ = —2
and —0.5. Firstly, the constant matrix defined by
Eq.(24) is obtained as

0.625 0625 0 05 05 0
0.625 2625 2 05 05 0
A 0 2 2 0 0 0
' 05 05 0 0625 0,625 0
05 05 0 0625 2625 2
0 0 0 0 2 2

for this example. As in the same way to the previ-
ous example, we obtain an almost Hurwitz and an
almost anti-Hurwitz spectral factors. For example,
we obtain A(\) =

—0.9510 — 0.4755A  —0.3325 — 0.4755\ 0.6185
0.3092 + 0.1546A  0.2211 + 0.1546X  1.9020

as the almost anti-Hurwitz spectral factor of
(A1, N). Indeed, (AT + ATAT1)(Ap + A1) is
equal to II(A™1, \) in precision of 8 decimal places.
In addition, the row rank Ay + A;\ is equal to 1
for A = —2.

5 Conclusion

In this paper, we have provided spectral factoriza-
tion algorithms for discrete time polynomial ma-
trices by using some inherent techniques in dis-
crete time. The key point of this paper is Theo-
rem 3.1. This theorem says; as long as ®(¢,n)(#

0) € RZ*?[¢(,n] that induces a suppy rate satis-
fies ®(A"1,A) > 0 on the unit circle, its maxi-
mum (minimum) storage function corresponds to
the dissipation rate formed by almost anti-Hurwitz
(Hurwitz, respectively) spectral factor.
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