
ON ESTIMATORS FOR NONLINEAR SYSTEMS IN Lp

SPACES

A. Alessandri�, M. Sanguineti��

� Naval Automation Institute, CNR-IAN National Research Council of Italy,

Via De Marini 6, 16149 Genova, Italy. Email: angelo@ian.ge.cnr.it

�� Department of Communications, Computer and System Sciences,

DIST{University of Genoa, Via Opera Pia 13, 16145 Genova, Italy. Email: marcello@dist.unige.it

Abstract

Estimation problems are addressed for continuous-time,
nonlinear dynamic systems in a general Lp framework.
In this setting, the connection between the observation
and the �ltering problems is investigated. Under some
regularity assumptions for the nonlinearities and suit-
able bounds on the Lp norm of the noises, it is proved
that the same hypotheses su�cient to design an expo-
nential observer for a system without noises enable one
to design a �lter which is L -stable with respect to sys-
tem and measurement noises. An illustrative example
is �nally presented.

1 Introduction

In the wide literature on estimation, the problems of
designing state observers and �lters are usually consid-
ered. An observer is a state estimator for a dynamic
system without noises, where uncertainties are due to
the unknown initial state and to inaccessible compo-
nents of the state vector. In �ltering the problem is
made harder for the presence of noises, acting on the
system and on the measurement channel.

The design of observers for nonlinear dynamic systems
may rely on various approaches, but the fundamental
requirement is stability: a Lyapunov function is usu-
ally considered, in order to ensure convergence of the
estimation error. The simplest choice is a constant-
gain observer: suitable conditions on the gain allow to
obtain stability of the error dynamics. Constant-gain
observers with a moderate computational burden have
been introduced to perform state estimation for nonlin-
ear systems, where the nonlinearity is accounted for by
considering its Lipschitz constant [1].

Another solution to the observer problem consists in
applying a canonical state-space transformation [2, 3].
This representation of the system dynamics enables

one to easily �nd an observer with linear error dy-
namics in the transformed state-space. The so-called
high-gain observers have been considered, for example,
in [4], where a fast convergence of the estimation er-
ror is obtained for general nonlinear systems by per-
forming a state transformation. Following a di�erent
approach, variable-structure observers have been pro-
posed to deal with the problem of uncertainties [5]. The
design of sliding-mode observers with nonlinear dynam-
ics has been faced in [6] and [7], where the focus is
more on robustness with respect to bounded nonlinear-
ities/uncertainties. An analysis of the noise e�ects in
sliding-mode observers has been made in [8].

Filtering refers to the case in which disturbances a�ect
both the system and the measurement channel. The
noises can be regarded either as unknown determin-
istic inputs or as stochastic random variables within
a probabilistic framework. The former approach en-
ables one to design recursive estimators, according to
a least-squares estimation criterion. The probabilistic
approach has brought to di�erent kinds of solutions;
the reader is referred to [9] for an introduction to this
subject.

In this paper the estimation problem is addressed for
continuous-time nonlinear dynamic systems in a general
framework of Lp signals; in such a context, the connec-
tion between the observation and the �ltering problems
is investigated. Basic notations and de�nitions are sum-
marized in Section 2. In Section 3 we show that, under
some regularity assumptions on the nonlinearities and
suitable bounds on the Lp norm of the noises, the same
hypotheses su�cient to design an exponential observer
for a system without noises allow to design a �lter that
is L -stable with respect to system and measurement
noises. In other words, we prove the input-to-state L
stability of the error dynamics, where the inputs are the
process and channel noises. Section 4 provides an illus-
trative example. A conclusive discussion and prospects
for future work are contained in Section 5.



2 Notations and de�nitions

The following notations and de�nitions will be used
throughout the paper.

� Given a 2 R
n , for any n 2 N

+ , kak de-
notes its Euclidean norm; for A 2 R

n�m ,

kAk 4= sup
a2Rn; kak=1

kAak denotes the induced ma-

trix norm.

� Lm
p , for p 2 [1;1] and m 2 N

+ , is the set of all
piecewise-continuous functions u : [0;1) ! R

m

with the Lp norm, de�ned as

kukLp
4
=

�Z 1

0

ku(t)kp dt
�1=p

; p 2 [1;1);

and

kukL1
4
= sup

t�0
ku(t)k :

� The extended space Lm
p e is de�ned as Lm

pe
4
=�

uju� 2 Lm
p ;8 � � 0

	
, where

u� (t)
4
=

�
u(t) ; t � �
0 ; t > � :

For every p 2 [1;1] and m 2 N
+ , Lm

p e is a
subset of Lm

p ; it allows to consider unbounded
signals, and then to deal with unstable dynamic
systems. Note that Lm

p is a Banach (i.e., com-
plete normed linear) space for every p 2 [1;1] ,
while Lm

p e is linear, but not even normed.

� A continuous function � : [0;1) ! [0;1) belongs to
class K1 if it is strictly increasing, lim

r!1
�(r) =

1, and �(0) = 0 .

� A mapping F : Lm
p e ! Ln

q e is L-stable if there exist
a function � : [0;1) ! [0;1) of class K1 and
a nonnegative constant � such that

k(Fu)�kLq � �
�
ku�kLp

�
+ � (1)

for all u 2 Lm
p e and � 2 [0;1) . Moreover, it

is �nite-gain L-stable if there exist nonnegative
constants 
 and � such that

k(Fu)�kLq � 
 ku�kLp + � (2)

for all u 2 Lm
p e and � 2 [0;1) .

If p = q = 1, the de�nition of L stability is
the well-known notion of bounded input-bounded
output (BIBO) stability for dynamic systems.

� A mapping F : Lm
p e ! Ln

q e is small-signal L-stable
(small-signal �nite-gain L-stable) if inequality
(1), ((2), respectively) is satis�ed for u 2 Lm

p e

with sup
0�t��

ku(t)k � r . When dealing with dy-

namic systems, these concepts allow to consider
input-output relationships de�ned only for a sub-
set of the input space.

� H�older's inequality: if f; g 2 L1
p e , where p 2 [1;1]

and 1=p+ 1=q = 1 , then f g 2 L1
1 e , and

Z �

0

kf(t)g(t)k dt � kfkpkgkq =

�Z �

0

kf(t)kp dt
�1=p �Z �

0

kg(t)kq dt
�1=q

(3)

for every � 2 [0;1) .

3 L stability of the �ltering mapping

In the following we consider an unforced dynamic sys-
tem described by

� :
x= f (t; x; w)
y = h (t; x; v) :

(4)

For every t � t0 , x(t) 2 X
4
= fx 2 Rn j kxk < �x ; �x > 0g

is the state vector, y(t) 2 Y
4
= fy 2 Rm j kyk < �y ; �y > 0g

is the output vector, w(t) 2W
4
= fw 2 Rr j kwk < �w ;

�w > 0g is the system noise, and v(t) 2 V
4
=

fv 2 Rs j kvk < �v ; �v > 0g is the measurement noise.
We now make the following assumption.

Assumption 3.1

(i) f : [t0;1) � X � W ! R
n is piecewise-

continuous in t and locally Lipschitz in (x;w) ;
more speci�cally, there exist Lx

f ; L
w
f 2 R

+ such
that kf(t; x1; w1)�f(t; x2; w2)k � Lx

f kx1�x2k+
Lw
f kw1 � w2k, for all x1; x2 2 X ;w1; w2 2 W ,

and t 2 [t0;1) .

(ii) h : [t0;1) � X � V ! R
m is piecewise-

continuous in t and locally Lipschitz in (x; v) ;
more speci�cally, there exist Lx

h; L
v
h 2 R

+ such
that kh(t; x1; v1)� h(t; x2; v2)k � Lx

h kx1 � x2k+
Lv
h kv1� v2k, for all x1; x2 2 X , v1; v2 2 V , and

t 2 [t0;1) .

If Assumption 3.1 (i) is satis�ed, the existence and
uniqueness of a local solution of the di�erential equation
describing the dynamics of the system (4) is guaranteed
(see, for example, [10]).



A quite general form of an estimator for system (4) is

:

x̂= f(t; x̂; 0) + g (t; x̂; y � h (t; x̂; 0)) (5)

where x̂(t) 2 X , t � t0 , is the state estimate. The esti-
mator dynamics is the summation of the system dynam-
ics and an innovation term, represented by the function
g ; in the following, y � h(t; x̂; 0) and g will be called,
respectively, innovation and innovation function. Such
a function is required to satisfy the following assump-
tion.

Assumption 3.2

(i) g (t; x̂; 0) = 0 , 8t � t0 ;

(ii) g : [t0;1)�X�Z ! R
n is piecewise-continuous

in t and locally Lipschitz in (x̂; z) , where z
4
= y�

h (t; x̂; 0) and Z
4
= fz 2 Rm j kzk < �z ; �z > 0g .

More speci�cally, there exist Lx
g ; L

z
g 2 R

+ such
that kg(t; x1; z1) � g(t; x2; z2)k � Lx

g kx1 � x2k +
Lz
g kz1 � z2k for all x1; x2 2 X ; z1; z2 2 Z , and

t 2 [t0;1) .

We call functions g : X � Z ! X satisfying Assump-
tion 3.2 admissible innovation functions.

Assumption 3.2 (ii) is a su�cient requirement for hav-
ing a unique local solution of the di�erential equa-
tion (5) describing the estimator. In addition, Assump-
tion 3.2 (i) is necessary to ensure convergence. The in-
novation function has been considered of this form for
sake of simplicity, although it may be taken of a more
general type [11], i.e., ~g (t; x̂; h(t; x; v); h(t; x̂; 0)), where
~g (t; x̂; h(t; x; v); h(t; x̂; 0)) = 0 if h(t; x; v) = h(t; x̂; 0) .

Depending on the presence or not of disturbances on
the system and channel equations, the estimator (5)
is referred to as �lter or observer, respectively. Thus,
an observer is an estimator for the system where the
disturbances w and v are identically zero, namely

� :
x= f (t; x; 0)
y = h (t; x; 0) :

(6)

If the estimation error is de�ned as e(t)
4
= x(t)� x̂(t) ,

t � t0 the error dynamics for the observer and for the
�lter are given, respectively, by

� :
e= f(t; x; 0)� f(t; x̂; 0)� g (t; x̂; y � h (t; x̂; 0))
y = h (t; x; 0)

(7)

and

� :
e= f(t; x; w) � f(t; x̂; 0)� g (t; x̂; y � h (t; x̂; 0))
y = h (t; x; v) :

(8)

In the following we denote E
4
= fe 2 R

n j kek < �e ,
�e > 0g . We now recall the following de�nitions.

De�nition 3.3 (Exponential observer) (5) is a
(global) exponential observer for the system (6) if the
estimation error with dynamics described by (7) has 0
as a (global) exponentially stable equilibrium point.

De�nition 3.4 (Finite-gain L-stable �lter) (5) is
a (small-signal) �nite-gain L-stable �lter for the sys-
tem (4) if the estimation error with dynamics described
by (8) has bounded (small-signal) Lp norm.

If we introduce the mapping

E : Lr
p e �Ls

p e ! Ln
p e (9)

such that e = E(w; v), where
:
e= f(t; x; w) � f(t; x �

e; 0) � g (t; x� e; y � h (t; x� e; 0)) , y = h (t; x; v) ,
then De�nition 3.4 is equivalent to requiring that
E(w; v) is a (small-signal) �nite-gain L-stable mapping.

The problem of �nding suitable innovation functions
g is di�cult to solve for general nonlinear dynamic
systems. Consequently, we introduce the following as-
sumption, that restricts the class of admissible innova-
tion functions for a given system to those admitting a
Lyapunov function for the corresponding error dynam-
ics. For the sake of notational simplicity and without
any loss of generality, in the following we let t0 = 0

Assumption 3.5
There exist a Lyapunov function V : [0;1) � E !
[0;1) and positive constants c1 , c2 , c3 , and c4 such
that

(i) c1 kek2 � V (t; e) � c2 kek2 ;

(ii)
@V

@t
+
@V

@e
[ f(t; x; 0)� f(t; x̂; 0)

�g (t; x̂; h (t; x; 0)� h (t; x̂; 0)) ] � �c3 kek2 ;

(iii)





@V@e




 � c4 kek .

Assumptions 3.1, 3.2 and 3.5 guarantee that the esti-
mator (5) is an exponential observer for the system (6).
When system and measurement noises a�ect the dy-
namics and channel equations, it is not possible to ob-
tain the convergence to zero of the estimation error, but
one can try to design a �lter that is non-divergent [12].
The following theorem guarantees that, under suitable
regularity hypotheses on the functions f , g, and h, and
for L1 e system and channel noises, the error of the
�lter is an Lp e signal.



Theorem 3.6 Suppose that Assumptions 3.1, 3.2, and
3.5 are veri�ed. Then for each e(0) such that

ke(0)k < �e
q

c1
c2

, the mapping (9) is small-signal,

�nite-gain L -stable for each p 2 [1;1] . More
speci�cally, for each w 2 Lr

p e and v 2 Ls
p e

such that sup
0���t

kw(�)k < min

 
�w;

c1c3�e

2c2c4Lx
f

!
, and

sup
0���t

kv(�)k < min

�
�v;

c1c3�e

2c2c4Lv
hL

z
g

�
, there exist non-

negative constants 
 , � , and � such that

ke�kLp � 
 kw�kLp + � kv�kLp + � (10)

for all � 2 [0;1) with 
 =
c2 c4L

x
f

c1 c3
, � =

c2 c4 L
v
hL

z
g

c1 c3

and � =

r
c1
c2
ke(0)k � , where

� =

8<
:

1 ; p = 1�
2 c2
c3 p

�1=p

; p 2 [1;1) :

If, in addition, w 2 Lr
p , v 2 Ls

p , sup
�2[0;1)

kw(�)k < min�
�w;

c1c3�e

2c2c4Lx
f

�
, and sup

�2[0;1)

kv(�)k <min
�

�v;
c1c3�e

2c2c4Lv
hL

z
g

�
,

(10) holds with the subscript � dropped.

Proof. The evaluation of the derivative of V (t; e) gives

:

V (t; e) =
@V

@t
+
@V

@e
[ f(t; x; w) � f(t; x̂; 0)

�g (t; x̂; h (t; x; v)� h (t; x̂; 0)) ] =
@V

@t
+
@V

@e
[

f(t; x; 0)� f(t; x̂; 0) + g (t; x̂; h (t; x; 0)� h (t; x̂; 0)) ]

+
@V

@e
[ f(t; x; w) � f(t; x; 0)� g(t; x̂; h (t; x; v)

�h (t; x̂; 0)) + g (t; x̂; h (t; x; 0)� h (t; x̂; 0)) ] (11)

� �c3ke(t)k2 + c4ke(t)k
�
Lx
fkw(t)k+ Lv

hL
z
gkv(t)k�

If we let W (t)
4
=
p
V (t; e(t)) , in the lines of [10, The-

orem 6.1] it is possible to verify that

D+W (t) � � c3
2c2

W (t)+
c4

2
p
c1

�
Lx
f kw(t)k+ Lv

h L
z
gkv(t)k�

where D+W (t) denotes the upper right-hand deriva-
tive of W (t) (see [10, p. 651]). Then the comparison
lemma (see Lemma 2.5 of [10]) gives

W (t) � e
�

c3

2c2
t
W (0) +

c4
2
p
c1

n

Lx
f

Z t

0

e�
c3

2c2
(t��) kw(�)k d�

+Lv
hL

z
g

Z t

0

e�
c3

2c2
(t��) kv(�)k d�

o

Using Assumption 3.5(i), the above-written inequality
gives

ke(t)k �
r
c2
c1
ke(0)k e�

c3

2c2
t +

c4
c1

n

Lx
f

Z t

0

e�
c3

2c2
(t��) kw(�)k d�+

Lv
hL

z
g

Z t

0

e�
c3

2c2
(t��) kv(�)k d�

o

It is easy to check that, if ke(0)k < �e

r
c1
c2

,

sup
0���t

kw(�)k < c1c3�e

2c2c4Lx
f

, and sup
0���t

kv(�)k <
c1c3�e

2c2c4Lv
hL

z
g

, then e(t) is inside the domain of validity

of the assumptions.

By letting k1
4
=

r
c1
c2
ke(0)k , k2

4
=

c4
2c1

Lx
f , k3

4
=

c4
2c1

Lv
hL

z
g , and �

4
=

c3
2c2

, the previous inequality can

be rewritten as

ke(t)k � k1 e1(t) + k2 e2(t) + k3 e3(t) ;

where e1(t)
4
= e�� t , e2(t)

4
=

Z t

0

e�� (t��) kw(�)k d� ,

e3(t)
4
=

Z t

0

e�� (t��) kv(�)k d� . As regards e1(t) , it is

easy to verify that ke1 �kLp � � , where � is de�ned
in the statement of the theorem. As regards e2(t) and
e3(t) , in the lines of [10, Example 6.2] we get

ke2 �kLp �
kw�kLp

�
; ke3 �kLp �

kv�kLp
�

Putting all together, we obtain (10).

According to Theorem 3.6, if suitable Lipschitz con-
ditions are satis�ed by the system, channel and inno-
vation nonlinearities, and if the noises belong to L1 e,
then the Lp norm of the estimation error e� is bounded
by a linear combination of the Lp norms of the noises
w� and v� , plus a term due to the initial uncertainty
on the state value. In other words, by means of suit-
able Lipschitz regularity conditions for f , g, and h, the
belonging of the noises to L1 e implies the belonging of



the estimation error to Lp e. Obviously, when the as-
sumptions of Theorem 3.6 are satis�ed globally, it is not
necessary to restrict ke(0)k; kw(t)k and kv(t)k : equa-
tion (10) holds true for every e(0) 2 Rn; w 2 Lr

p e; v 2
Ls
p e.

Remark 3.7 From inspection of the proof of The-
orem 3.6, it results that only the following Lip-
schitz conditions of f and h with respect to
the noises and of g with respect to the in-
novation are necessary: kf(t; x; w) � f(t; x; 0)k �
Lw
f kwk , kh(t; x; v) � h(t; x; 0)k � Lv

h kvk , and
kg(t; x̂; z1)� g(t; x̂; z2)k � Lz

g kz1 � z2k . However, to
guarantee the existence and uniqueness of a local so-
lution to the system (6) and estimator (7) equations,
f and h have to be Lipschitz in x and g has to be
Lipschitz in x̂ , respectively. For this reason, in the
hypotheses of Theorem 3.6 we have included Assump-
tions 3.1 and 3.2 in their entirety.

4 An illustrative example

The following example illustrates two main aspects of
the proposed approach.

� The existence of a Lyapunov function in the noiseles
framework ensures non-divergence for the estima-
tion error in the noisy case.

� Once a Lyapunov function is considered to guarantee
the stability of the error dynamics for the system
without noises, the class of admissible innovation
functions turns out to be restricted, by imposing
an upper bound on their Lipschitz constant.

Let us consider a dynamic system whose dynamics is
the summation of a linear term and a nonlinear one,
with a linear measurement channel:

� :
x= Ax + f(x)
y = C x ;

(12)

where for every t � 0 , x(t) 2 X
4
= fx 2 R

n j kxk <
�x ; �x > 0 g and y(t) 2 Y

4
= fy 2 Rm j kyk < �y ; �y > 0g .

Let f : X ! R
n be piecewise-continuous and locally

Lipschitz in x , with Lipschitz constant  Lx
f , and sup-

pose that (A;C) is detectable. An observer for such a
system can be written as:

:

x̂= A x̂ + f(x̂) + g (y � C x̂) ; (13)

with an innovation function g : Z ! R
n locally Lips-

chitz in z , where z
4
= y�C x̂ . Let g be chosen as the

summation of two contributions, i.e.,

g (y � C x̂) = D (y � C x̂) + 
 (y � C x̂) ; (14)

where D is a n�m matrix and 
 : Z ! R
n is locally

Lipschitz in z , with Lipschitz constant Lz

 .

4.1 Convergence in the noiseless framework
We �rst study under which hypotheses the convergence
of the estimation error can be guaranteed; this evi-
dences how Assumption 3.5 about the existence of a
Lyapunov function restricts the class of admissible in-
novation functions.

The estimation error e(t)
4
= x(t)� x̂(t) is given by

:
e= (A�DC ) e + f(x)� f(x̂)� 
 (y � C x̂) : (15)

We now introduce the Lyapunov function V
4
= eT P e ,

where the matrix P is positive de�nite and symmetric.
The derivative of V is given by

:

V = eT
h
(A�DC)

T
P + P (A�DC)

i
e

+2 [f(x)� f(x̂)]
T
P e� 2 
T (C e) P e : (16)

As it is usually done in the design of observers for dy-
namic systems with Lipschitz nonlinearities [13, 14], by
a simple algebra we can compute upper bounds to the
last two terms of (16):

2 [f(x)� f(x̂)]
T
P (x� x̂) � 2Lx

f kx� x̂k kP (x� x̂)k
� (Lx

f )2 (x� x̂)T P P (x� x̂) + (x� x̂)T (x� x̂)

and

�2
T [C (x� x̂)] P (x� x̂) � 2Lz

 kC (x� x̂) k �

kP (x� x̂)k � (Lz

)2 kCk2 (x� x̂)T P P (x� x̂)

+ (x� x̂)
T

(x� x̂)

From (16), using the above-written inequalities, we ob-
tain

:

V� eT
h
(A�DC)

T
P + P (A�DC)

+
�
(Lx

f )2 + (Lz

)2 kCk2� P P + 2 I

i
e :

If there exists a gain matrix D and a symmetric posi-
tive de�nite matrix Q such that A�DC is stable and
the algebraic Riccati equation

(A�DC)
T
P + P (A�DC) +

�
(Lx

f )2

+(Lz

)2 kCk2�P P + 2 I = �Q (17)



has a symmetric, positive de�nite matrix P as solution,
then the observer (13) is asymptotically stable. Note
that the detectability hypothesis of (A;C) is a neces-
sary condition for the existence of such a solution. The
requirement that (17) has a solution for a given value
of Lx

f determines an upper bound �L on the Lipschitz
constant Lz


 ; consequently, the class of admissible in-

novation functions has to satisfy the condition L � �L
(see Assumption 3.2). In other words, such a class con-
tains functions with a Lipschitz constant bounded by
the largest value of Lz


 for which the Riccati equation
(17) has a solution.

4.2 Non-divergence in presence of noises
Suppose that additive noises a�ect the system and
channel equations, i.e.,

� :
x= Ax + f(x) + w
y = C x + v ;

(18)

recall that w 2 W
4
= fw 2 Rr j kwk < �w ; �w > 0g and

v 2 V
4
= fw 2 Rs j kwk < �v ; �v > 0g . As a conse-

quence, the error dynamics is

:
e= (A�DC ) e + f(x)� f(x̂) + w �Dv

�
 (C e + v) : (19)

By using the previous inequalities, we get

:

V� �eT Qe +
�
2 (kwk+ kDk kvk) kPk

+Lz

 kvk kPk2

� kek � �eT Qe + c kek ; (20)

where c
4
= 2 ( �w + kDk�v) kPk + Lz


 �v kPk2 . It is easy
to verify Theorem 3.6, i.e., the satisfaction of the Ric-
cati equation (17) enables one to �nd a non-divergent
�lter in the noisy framework. Indeed, in this example,
the derivative of the Lyapunov function becomes nega-
tive when the estimation error increases over a certain
threshold, i.e.,

kek � �e
4
=

c

�min (Q)
) :

V (e) � 0: (21)

Thus, the estimation error is bounded and its upper
bound is �e ; in other words, there exists a closed ball
B(�e) of radius �e and centered in the origin, such that
e(t) 2 B(�e) , 8t � 0 .

5 Conclusions

The relationship between the observation and the �l-
tering problems has been investigated within an Lp

framework for continuous-time, nonlinear dynamic sys-
tems. An illustrative example has been considered, to
show how the proposed method can be applied to dy-
namic systems with Lipschitz nonlinearities.

Future work will concern the design of estimators for
Lipschitz nonlinear dynamic systems in an Lp frame-
work.
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