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Abstract

A two finite Markov chains repeated zero-sum stochas-
tic game with unknown transition matrices and payoffs
is considered. The control objective is to obtain the
equilibrium point based only on current measurements.
The behavior of each players is modelled by a finite
controlled Markov chain. A novel adaptive policy is
developed based on Lagrange multipliers involved into
”learning through reinforcement” procedure. A regu-
larized Lagrange function and a new normalization pro-
cedure are introduced. The saddle-point of this func-
tion is shown to be unique. The convergence properties
are proved and the order of almost sure convergence is

estimated as (n_%) .

Keywords: Repeated stochastic game; adaptive con-
trol; controlled Markov chains, learning, reinforce-
ment.

1 Introduction

A lot of engineering, business and economic problems
can be formulated as stochastic games (see, for example
[1]). Finite stochastic games can be regarded as com-
petitive Markov Decision Processes [2] where there are
two or more controllers (players). There is an exten-
sive literature on the existence of optimal strategies [5],
[14], [11] and [6]. Several studies have been dedicated
to the development of algorithms for the computation
of equilibrium points and optimal strategies in stochas-
tic games [10], [12], [4] and [13]. The term ”algorithm”
was interpreted broadly enough [10]. An adaptive or
learning algorithm (recursive) can be defined as a pro-
cedure which forms a new estimate, incorporating new
information (realizations), from the old estimate using
a fixed amount of computations and memory.

This paper presents a novel algorithm for two finite
Markov chains repeated zero-sum stochastic game with
incomplete information on the transitions and payoffs.
The characteristics (statistics, etc.) of the game are a

priori unknown. Only the realizations (states and re-
alized payoffs) of the game are available at each stage.
Each player is modelled by a finite controlled irre-
ducible Markov chain [9]. The control objective cor-
responds to the optimization of the random limiting
average payoff which captures the long-run average per-
formance. The algorithm presented in this paper is
adaptive in the sense that it provides learning control
policies for both players (Markov chains). It is based on
the Lagrange multipliers approach and a new normal-
ization procedure in order to preserve the probability
measure.

2 System Description

Introduce the following notations:

X = (2" (1), ...,a"% (Ky)) is the finite state spaces as-
sociated respectively to the first player (kK =1) and to
the second (k = 1) player;

U = (uF (1),...,uF (N))) is respectively the set of ac-
tions;

{n,,} is a sequence of Borel functions (below, payoffs)
1,2 1 02

N, = Tn (waxru I'mu'mun)
we Nzl e X1,22 € Xo,ul €Uy, u2 € Uy

given at a probability space (€2, F, P) with a fixed flow
F.. C Fny of o-algebras. Here zF,u” (k = 1,2) are the
current states and control actions.

The behavior of each player is modelled by a finite ho-
mogeneous controlled Markov chain. These Markov
chains are assumed to be irreducible (completely er-
godic, that is, each state can be visited infinitely often)

[9].

The game is played in stages (n = 1,2,...). The play
starts at stage 1 in the initial states #1 and 2%. Each
of the players is allowed to randomize over pure ac-

tion choices (u}l € U; and u? € Us). These choices



induce immediate random payoffs n; and so on. The
first player tries to maximize the payoff he can guaran-
tee himself by playing appropriate. The second player
is interested in the minimization of the payoff which he
at most has to pay.

Definition 1 {n,} (n =1,2...) is said to be the pay-
off function sequence for the first player (loss func-

tion for the second one) if |n,,| a'gs' ot < oo and
E{n, | @, =2t (i), 23 =22 (§) ;

ul = (1) 2 = ()} = vl

i= 17K17j = 17K27l = 17N17T = 17N2

The play moves to new states (z3 and x3) according to
the transition probabilities

g

* = [w’?zl] (k=1,2)
The element

ijl(z =1,.

Kk;j = 1,...,Kk and [ = 1,...,Nk)

represents at time m (n =1,2,...) the probability of
transition from state x*(i) to state z¥(j) under the
action u*(l) € U*, that is,

k,l ; ) ’
Ty = P{Iferl = Ik(]) | xﬁ =

A sequence of random stochastic matrices {dfl} is said
to be an admissible randomized (mixed) control
strategy D* for the k' player if

1) it is causal (independent on the future), that is,
ko [ kil
d,, = [d,; ]i:l,...,Kk.;l:L...,Nk.

is F,,_1-measurable, where

o ko k. ..k k
F,_1 .—(r(acl,ul,,....,acnfl, Uy 1}

k=1,2)

is the o-algebra generated by the random variables
(a:’f,u’f, Jeees; a:,’,j_l,u,’,j_l) up to time n — 1;

2) the random variables (uf,...,u¥_,) represent the re-
alizations of the control actions, taking values on the
finite sets UF = {u®(1),....u* (Ng)}, and satisfying
the following property:

dyt = Pr {uf, = u* (1) | & = «"(i) AFaa}

Denote by ©* the class of all randomized strategies
for the k' player, that is, ¥% = {{dF}}.The con-
ditional transition probability matrix IT1¥(d®) can be
defined as

N II*(dy;) = [Wfb’ij(dn)]z Lo Kig=1, o K
71—517@1 (dfz) =P {wn+1 - Ik(]) k = (Z) A anl}

a.s. Z ’vldkzl

represents the law of motion among states. The average
payoff vl of the 1?" player at the n” stage is given by
1 =V (dl d2)

K],KN?V z m.n Nl
= 21 Z Z 2 viipy () Py (5) dd?”
1=17=11l=1r=1

where p¥ (i1,) is the probability for the k" player to be
in the state 2” (i;,) at time n verifying

Z m (d )i, (1)

i=1

- ; (; wffdfzﬂl) P ()

Pn+1 ( )

Introduce the following functions

1 n
q)n - f
and
Tp— n vf:lzn:v(dl d3)
" nz‘:l nt:l v

Lemma 2 Under the accepted assumptions
P,=V,, + o, (nl_g) ,e>0

with probability one.

Proof: It follows immediately from Lemma 3 for
vy == 1, and a, = n, and Lemma 4 for 7,, := n'=¢
(Appendix A, in [9]). ]

The strategy of the k' player consists of any ad-
missible matrix sequences D* = {dk} (k =1,2) with
F,—1—measurable elements.

Definition 3 The pair of strategies D' and D? is said
to be the non-cooperative equilibrium strategy (in the
Nash sense) if for any admissible D' and D?

¥ (p',0?) < ¥ (D',5?)
:=min liminf V,, a; % (Dl, D2)

1 22 n—o00
1,72

Remark 4 It is evident (Flesch et al., 1997) that in
the case of irreducible controlled finite Markov chains
(Poznyak et al., 1999), the set of all equilibrium strate-
gies DY and D? contains the set of stationary strategies
{d7”} (k =1,2) where (Jl, cp) represents a saddle-point
(may be not unique) of the function V (d',d?) which
satisfies

V(&) <V (d'\d®) <V (d"d)



for any d* € DF where the simplex D¥ is defined as
follows

DF := {d* = ||d*"|| (i =1, Kx; L = 7, Ng,)

Ny
Ao > e > 0,3 dbit = 1
- = ?
=1

This fact follows from: i) the continuity property of the
function V (dl, dz), ii) the compactness of the sets DF,
and i) Von Neumann theorem.

3 Problem Setting

Introduce the following variable change [9]
il = pk (7) dP (k=1,2)

We are concerned with a constrained optimization
problem: c®# must verify (for each & = 1,2 and
j =1, K}) the constraint:

Ne K. N

kil _ kl kil
D=2 > mye
=1 i=1 1=1

Consider the following regularized Lagrange function

(6 >0)

5 :
K K: N,
_ l’r 1 il 2 il
z; j=ll=1r=1
2 Ky, Ny Ki Ng
k k k|l
POV WP [z chit — 3 5% o
k=1 j=1 =1 =11=1
2 N ©\?
F(6/2) X (DY X3 () 2 (X))
=1 i=1i=1 =]
e i (P11 N, R BT kKGN
T

given in the set (Sé(lNl X RKT) X (Sé(zNz X RKQ)

with
ke RNeEKr | chil > 2 >
KI\NI\ [ Kk Nk
Be= > 3 okl =1 (i = TR = T)
1=11l=

The saddle-point of this regularized (augmented) La-
grange function will be denoted by

( 1’*,03’*,)\:’*,A3’*) .
arg max mln mln max L (1)
lESKlN] zEusNz/\]ERKIAQERK2

The function L,_,

ci’* and Af *, and is strictly convex with respect to

c>* and )\3* It follows that its saddle-point is unique

6

is strictly concave with respect to

and possess the Lipshitz property with respect to the
parameter 0:

It has been shown (see Theorem 2 of section 4.3 in [8])
that if & — 0, the saddle-point (cl*,c2* AL A>*)

converges to the solution (cj™,c>* )\1 * )\2 *) of the

2

2 (J o]« -

k=1 1 2
< Const |61 — 62|, k=1,2

kyx _ Lk
s, — e,

’ 0
optimization problem (1) with § = 0, which has the
minimal norm (in the case of an irreducible chain this
point is also unique):

ch* b= arg min
4 50 0 0 ESKlNl Akoxe RER
k
<H°o

)

(the minimization is done over all saddle-points of the
nonregularized Lagrange functions).

2 (2)
+ H)\O’

Now the main problem considered in this paper can be
formulated as follows: for the given zero-sum stochas-
tic game with incomplete information, find an adaptive
non-cooperative equilibrium strategies D' and D? using
only the on-line (current) information. To achieve this
objective, the recursive procedures (adaptive policies)

k _ Lk k k.. _
cn+1 - cn—i—l ( nanna n—i—l:cru k= 172)

should be constructed generating the sequences {cf’I
which converges in some probability sense to the so-
lutions cj™* defined by (2). In this process the
player’s actions are selected according to the random-
ized (mixed) rule

dkll_ckll/E ckll

(the denominator must be strictly positive). The need
of randomization is intuitively obvious when playing
against an intelligent opponent.

4 Adaptive Strategy

Consider the following iterative procedure:

Step 1. Use the available data

xfz = Ik(ak)auﬁ_ k(ﬁk) M
Iﬁ-ﬁ-l = 2" (v e (]“l>0) An

to built the following functions



and use the following normalization procedure

G i= 1= (ay€, + BY) o™
¢% = (285 +b2) Jen

ko (olot2)) Nk
ay = (2 — + Nk}qi on

bt ==al (o +2X\))

Step 2. Calculate the elements c,, _‘;1 and )\n 1 as

Cn I + ’Ynyc(]' —Cn T gﬁ)
(i:ak,j:’yk)/\l:ﬁk

kil k
Cnt1 = Bl ke | kil Cn

Cr Tn Cr NkKk 1

(i # o, J # Vi) VI F By,

yk¢ € 10,1], and the Lagrange multipliers are adjusted
as follows:

k,j k,j j /\¢+1
)‘n-i-l - |:A ' +,Yn1/]n, :| At

n+41

N
gl = (1) [Z il _x (H(j) = 2k ) + w’fﬂ]
=1

: +
)‘:;+1 y if Yy 6 I:_)\n+_~1_7 )\;‘7?4»1]
[ ]_)\+ = )‘n+1 ify >4 (4)
" At if y < =M

Step 3. Construct the stochastic matrices
-1

Ny,

kal kil k,ir . o

dn+1 cn+1 < n+1> (Z - 17Kkyl - 1:Nk)
r=1

and according to
kv
Pr {un+1 =u ( ) | InJrl = (,Yk /\ ‘/’T } dnll
generate randomly new discrete random variables u” 11
as in learning stochastic automata implementation [7],
and get the new observation (realization) 7,,,, which
corresponds to the transition to states % 11

Step 4 return to Step 1.

The positive sequences {en}, {6}, {AF}, {vh¢} and
{72} will be defined in what follows.

The normalization procedure (3) is an affine transfor-
mation. It is a kind of mapping or projection scheme
for obtaining a new variable, namely Cf; which belongs
to the unit segment in order to preserve the probabil-
ity measure. In view of Lemma 2 in Chapter 2 [9] it
follows that if v%¢ € [0,1], ¢k € SE&Nk je., c2F > ¢,

and 6, | 0, then ¥ ¢ [gﬁ’*,cﬁﬂ C [0, 1] where

(T =1—alé,, (v =aké,/ (V1K —1)

ChT =@k, (Y =1 apbn/ (NaKs — 1)
Cpy € SEK

5 Convergence Analysis

Introduce the following Lyapunov function

W—z(

starting from

ko,
6‘174

2
+ ||k = ag

3

Theorem 5 If the suggested adaptive control is used

with the design parameters e, o, )\+, B and 'y; sat-

isfying the following conditions

k
c,—cC

)

n >inf {t P max HA?:

>1

0<68,10, 0< ) Too, ¥o¢e(0,1)

A o NkKk k C k —1 _
’Yn - NkKk 1771 n? Z’Y 571 n ) =00
then
1) if
>y <o
n=1
where

—1
Mgy = (677, - 6n+1)2 )\I <mkln ’Y'I:;,cené'n) + maX (’Y’Z )2
160 a2 (1 (1 8,00 0

then, for any fized distribution of the initial states of
the Markov chains associated to the players, the control
policy converges with probability one to the equilibrium
point of the game, that is, with probability one

Wy,—0

2) if
1Ay
Endn mkin yfl’c

then, we obtain the convergence in the mean squares

sense:
E{W,}—0

Proof:  The regularized Lagrange function (77), is
strictly concave with respect to ¢! and A% and strictly
convex with respect to ¢2 and A', hence (see Lemma 1
Chapter 4 in [8])

(AL él)TTVALL (c!,c? )\11)\22)
— ”* ClL A A
DR O e
(C 7(3(7 ) Cz (C C ) (5)

— (A2 =X VL, (!l e, AL A?)
2
(6/2) Z <|| k f;* JrHAk Ak*

)



Making use of the identity

E{Z|zp=xz(a)ANFp_1} =
B{zxezsel [, 1} p(a) > 0

it follows

E{$h | Fua} = (-1 L, (', A1 X?)
e (o ka)T

where the Nj Kj,—dimensional vector e (x,, A uy,) is de-
fined as follows

[ x (2 =2 (1),u) = (1) ]
x (k= 2% (K)  ub =k (1)
e(ch Aut) = | x (ek = o* (1), uf = ub (1)
X (@ = a* (Ky) uf, = u* (1))
| x (2 = 2 (Ky) uly = u(Ng))

To make the analysis easy, let us rewrite the algorithm
in a vector form

k

n

ciy=ck+ke(e(af Aul)—c

e eVl — Ny Kpe (a:fl A uf’l)
" N K, — 1
P DU b
n+1 — n 771 n _at
n+1

[/ &
>y
i=1

+ 8, —e (2% )

X Kyl
> eptte
=1

where e (2F ) is defined as follows: for 2%, = 2" (ix)
T

e(a:]fH_l) = .., 0] € REx

Therefore, using the property of the projection opera-
tor (4)

k LIy AI?H k,*
|:An+7n ’Ipn:| At — g

_ 617,+l
n+41

< |k k- Ay

6n+l

and taking into account that

k] < const s (14 8.5

it follows
Wit < Wi 4 Const - iy, /Wy, + Const - iy, + ¢,
/'Ll,n = |6n - 6n+1‘
2 k,c\2 2
#Q,n = Z (’)/ny ) + (671 - 6n+1) +

+ (14600 (72)2

2
+ 165 = St (Z T+ va (1+ M:))
k=1

2 & T
eni=2 3 Ak (k=) (e (eh Aub)—ch
k=1
Lo Nifie (o A uh)
" Ny K — 1

2 T
+29, 3 (Af‘i — Ay ) Yk
k=1
Notice that

N Ky
(ck—ck’*>T—e - =0
n T ) NLKg — 1

The assumptions of this theorem, and the strict convex
property (5) lead to

E{(pn ‘ F’n—l} a.:S.S _’Y:L(San

The last inequality implies

E{Wpi1 | Faca} < 1 1- 7;6n) Wi,
+Const (“1,n W, + :LLQ,n)
In view of
2019 VWi < /Jinp;l + Wopn

(which is valid for any p, > 0) for p, := 7,6, one
establishes

1
20y VWi < (lu’l,n)2 ('sz‘%) + Wn’Y;‘Sn

In view of the following estimation

2/ a .\ 1
()u’l,n) (,Yné‘n) + Ko n < Const - Hop,

from the previous inequality we finally, obtain
EWnit | Foa} S (1 - ygan) Wi, + Const -, (6)

Observe that a® = O (g,/A;}). It follows from (6) that
{W,,F,} is a nonnegative quasimartingale. Appeal-
ing to the assumptions of this theorem, and Robbins-
Siegmund theorem [9])the convergence with probability
one is obtained . n



Corollary 6 If the design parameters of the adaptive
algorithm belong to the following class of parameters

Ep 1= T—
o 14nclnn

(o o) o)

bn =24 (60,6 > 0)
A =M (1+ntnn) (AF >0, A>0)
K
7= (v €(0,1), v>0)
with
Yyte+A+6<1, 6<e
then

1. the convergence with probability one is achieved
if
l—e-A+6>v>1/2

2. the mean squares convergence is ensured if

min{2—-2(y+e+A),y—e— A6,
1+2(6-N}>0

Theorem 7 Assume that the conditions of the previ-
ous theorems are fulfilled, then for the class of parame-
ters defined in the previous corollary, there exists v > 0
such that

W, =0 ()
O<v<min{l—vy—e—X+6 2y—1;26}
=v*(7,6,6,\)

The proof of this theorem is essentially that of Theorem
2 of chapter 2 in [8].

The optimal convergence rate is given by the next corol-
lary.

Corollary 8 The following optimal parameters

e*, 6", \" and ~*
1 2

6:6*:6:6*267 A:)\*:O,’Y:’Y*:g

lead to the mazximum convergence rate

1
YA =2 -1 =5
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