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Devwudfw

D wzr �qlwh Pdunry fkdlqv uhshdwhg }hur0vxp vwrfkdv0
wlf jdph zlwk xqnqrzq wudqvlwlrq pdwulfhv dqg sd|r�v
lv frqvlghuhg1 Wkh frqwuro remhfwlyh lv wr rewdlq wkh
htxloleulxp srlqw edvhg rqo| rq fxuuhqw phdvxuhphqwv1
Wkh ehkdylru ri hdfk sod|huv lv prghoohg e| d �qlwh
frqwuroohg Pdunry fkdlq1 D qryho dgdswlyh srolf| lv
ghyhorshg edvhg rq Odjudqjh pxowlsolhuv lqyroyhg lqwr
�ohduqlqj wkurxjk uhlqirufhphqw� surfhgxuh1 D uhjx0
odul}hg Odjudqjh ixqfwlrq dqg d qhz qrupdol}dwlrq sur0
fhgxuh duh lqwurgxfhg1 Wkh vdggoh0srlqw ri wklv ixqf0
wlrq lv vkrzq wr eh xqltxh1 Wkh frqyhujhqfh surshuwlhv
duh suryhg dqg wkh rughu ri doprvw vxuh frqyhujhqfh lv

hvwlpdwhg dv
�
q�

4

6

�
1

Nh|zrugv = Uhshdwhg vwrfkdvwlf jdph> dgdswlyh frq0
wuro> frqwuroohg Pdunry fkdlqv� ohduqlqj/ uhlqirufh0
phqw1

4 Lqwurgxfwlrq

D orw ri hqjlqhhulqj/ exvlqhvv dqg hfrqrplf sureohpv
fdq eh irupxodwhg dv vwrfkdvwlf jdphv +vhh/ iru h{dpsoh
^4`,1 Ilqlwh vwrfkdvwlf jdphv fdq eh uhjdughg dv frp0
shwlwlyh Pdunry Ghflvlrq Surfhvvhv ^5` zkhuh wkhuh duh
wzr ru pruh frqwuroohuv +sod|huv,1 Wkhuh lv dq h{whq0
vlyh olwhudwxuh rq wkh h{lvwhqfh ri rswlpdo vwudwhjlhv ^8`/
^47`/ ^44` dqg ^9`1 Vhyhudo vwxglhv kdyh ehhq ghglfdwhg
wr wkh ghyhorsphqw ri dojrulwkpv iru wkh frpsxwdwlrq
ri htxloleulxp srlqwv dqg rswlpdo vwudwhjlhv lq vwrfkdv0
wlf jdphv ^43`/ ^45`/ ^7` dqg ^46`1 Wkh whup �dojrulwkp�
zdv lqwhusuhwhg eurdgo| hqrxjk ^43`1 Dq dgdswlyh ru
ohduqlqj dojrulwkp +uhfxuvlyh, fdq eh gh�qhg dv d sur0
fhgxuh zklfk irupv d qhz hvwlpdwh/ lqfrusrudwlqj qhz
lqirupdwlrq +uhdol}dwlrqv,/ iurp wkh rog hvwlpdwh xvlqj
d �{hg dprxqw ri frpsxwdwlrqv dqg phpru|1

Wklv sdshu suhvhqwv d qryho dojrulwkp iru wzr �qlwh
Pdunry fkdlqv uhshdwhg }hur0vxp vwrfkdvwlf jdph zlwk
lqfrpsohwh lqirupdwlrq rq wkh wudqvlwlrqv dqg sd|r�v1
Wkh fkdudfwhulvwlfv +vwdwlvwlfv/ hwf1, ri wkh jdph duh d

sulrul xqnqrzq1 Rqo| wkh uhdol}dwlrqv +vwdwhv dqg uh0
dol}hg sd|r�v, ri wkh jdph duh dydlodeoh dw hdfk vwdjh1
Hdfk sod|hu lv prghoohg e| d �qlwh frqwuroohg luuh0
gxfleoh Pdunry fkdlq ^<`1 Wkh frqwuro remhfwlyh fru0
uhvsrqgv wr wkh rswlpl}dwlrq ri wkh udqgrp olplwlqj
dyhudjh sd|r� zklfk fdswxuhv wkh orqj0uxq dyhudjh shu0
irupdqfh1 Wkh dojrulwkp suhvhqwhg lq wklv sdshu lv
dgdswlyh lq wkh vhqvh wkdw lw surylghv ohduqlqj frqwuro
srolflhv iru erwk sod|huv +Pdunry fkdlqv,1 Lw lv edvhg rq
wkh Odjudqjh pxowlsolhuv dssurdfk dqg d qhz qrupdo0
l}dwlrq surfhgxuh lq rughu wr suhvhuyh wkh suredelolw|
phdvxuh1

5 V|vwhp Ghvfulswlrq

Lqwurgxfh wkh iroorzlqj qrwdwlrqv=

[n @
�
{n +4, > ===> {n +Nn,

�
lv wkh �qlwh vwdwh vsdfhv dv0

vrfldwhg uhvshfwlyho| wr wkh �uvw sod|hu +n @ 4, dqg wr
wkh vhfrqg +n @ 4, sod|hu>

Xn @
�
xn +4, > ===> xn +Qn,

�
lv uhvshfwlyho| wkh vhw ri df0

wlrqv>

i�qj lv d vhtxhqfh ri Eruho ixqfwlrqv +ehorz/ sd|r�v,

�q @ �q
�
$> {4q> {

5
q> x

4
q> x

5
q

�
$ 5 
> {4q 5 [4> {

5
q 5 [5> x

4
q 5 X4> x

5
q 5 X5

jlyhq dw d suredelolw| vsdfh +
>I> S , zlwk d �{hg  rz
Iq � Iq.4 ri �0dojheudv1 Khuh {

n
q> x

n
q +n @ 4> 5, duh wkh

fxuuhqw vwdwhv dqg frqwuro dfwlrqv1

Wkh ehkdylru ri hdfk sod|hu lv prghoohg e| d �qlwh kr0
prjhqhrxv frqwuroohg Pdunry fkdlq1 Wkhvh Pdunry
fkdlqv duh dvvxphg wr eh luuhgxfleoh +frpsohwho| hu0
jrglf/ wkdw lv/ hdfk vwdwh fdq eh ylvlwhg lq�qlwho| riwhq,
^<`1

Wkh jdph lv sod|hg lq vwdjhv +q @ 4> 5> ===,1 Wkh sod|
vwduwv dw vwdjh 4 lq wkh lqlwldo vwdwhv {44 dqg {541 Hdfk
ri wkh sod|huv lv doorzhg wr udqgrpl}h ryhu sxuh df0
wlrq fkrlfhv +x44 5 X4 dqg x54 5 X5,1 Wkhvh fkrlfhv
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lqgxfh lpphgldwh udqgrp sd|r�v �4 dqg vr rq1 Wkh
�uvw sod|hu wulhv wr pd{lpl}h wkh sd|r� kh fdq jxdudq0
whh klpvhoi e| sod|lqj dssursuldwh1 Wkh vhfrqg sod|hu
lv lqwhuhvwhg lq wkh plqlpl}dwlrq ri wkh sd|r� zklfk kh
dw prvw kdv wr sd|1

Gh�qlwlrq 4 i�qj +q @ 4> 5===, lv vdlg wr eh wkh sd|0

r� ixqfwlrq vhtxhqfh iru wkh �uvw sod|hu +orvv ixqf0

wlrq iru wkh vhfrqg rqh, li m�qm
d=v=

� �. ?4 dqg

H
�
�q m {

4
q @ {4 +l, > {5q @ {5 +m, >

x4q @ x4 +o, > x5q @ x5 +u,
�
@ youlm

l @ 4>N4> m @ 4>N5> o @ 4>Q4> u @ 4> Q5

Wkh sod| pryhv wr qhz vwdwhv +{45 dqg {55, dffruglqj wr
wkh wudqvlwlrq suredelolwlhv

�n @
k
�
n>o
lm

l
+n @ 4> 5,

Wkh hohphqw

�
n>o
lm +l @ 4> ===>Nn> m @ 4> ===>Nn dqg o @ 4> ===>Qn,

uhsuhvhqwv dw wlph q +q @ 4> 5> ===, wkh suredelolw| ri
wudqvlwlrq iurp vwdwh {n+l, wr vwdwh {n+m, xqghu wkh
dfwlrq xn+o, 5 Xn/ wkdw lv/

�
n>o
lm @ S

�
{nq.4 @ {n+m, m {nq @ {n+l,> xnq @ xn+o,

�
D vhtxhqfh ri udqgrp vwrfkdvwlf pdwulfhv

�
gnq
�
lv vdlg

wr eh dq dgplvvleoh udqgrpl}hg +pl{hg, frqwuro
vwudwhj| Gn iru wkh nwk sod|hu li

4, lw lv fdxvdo +lqghshqghqw rq wkh ixwxuh,/ wkdw lv/

gnq @
�
gn>loq

�
l@4>===>Nn>o@4>===>Qn

lv Iq�40phdvxudeoh/ zkhuh

Iq�4 =@ �
�
{n4 > x

n
4 > > ====>{

n
q�4> x

n
q�4> n @ 4> 5

�
lv wkh �0dojheud jhqhudwhg e| wkh udqgrp yduldeohv�
{n4 > x

n
4> > ====>{

n
q�4> x

n
q�4

�
xs wr wlph q� 4>

5, wkh udqgrp yduldeohv
�
xn4 > ===> x

n
q�4

�
uhsuhvhqw wkh uh0

dol}dwlrqv ri wkh frqwuro dfwlrqv/ wdnlqj ydoxhv rq wkh
�qlwh vhwv Xn @

�
xn +4, > ===> xn +Qn,

�
/ dqg vdwlvi|lqj

wkh iroorzlqj surshuw|=

gn>loq @ Su
�
xnq @ xn+o, m {nq @ {n+l, a Iq�4

�
Ghqrwh e| 	n wkh fodvv ri doo udqgrpl}hg vwudwhjlhv
iru wkh nwk sod|hu/ wkdw lv/ 	n @

��
gnq
��

1Wkh frq0
glwlrqdo wudqvlwlrq suredelolw| pdwul{ �n+gnq, fdq eh
gh�qhg dv

�n+gnq, @
�
�n>lmq +gq,

�
l@4>===>Nn>m@4>===>Nn

�n>lmq +gnq, =@ S
�
{nq.4 @ {n+m, m {nq @ {n+l, a Iq�4

�
d=v=
@

QnS
o@4

�
n>o
lm g

n>lo
q

uhsuhvhqwv wkh odz ri prwlrq dprqj vwdwhv1 Wkh dyhudjh
sd|r� y4q ri wkh 4wk sod|hu dw wkh qwk vwdjh lv jlyhq e|

y4q @ Y
�
g4q> g

5
q

�
=@

N4S
l@4

N5S
m@4

Q4S
o@4

Q5S
u@4

youlms
4
q +l, s

5
q +m,g

4>lo
q g5>muq

zkhuh snq +ln, lv wkh suredelolw| iru wkh n
wk sod|hu wr eh

lq wkh vwdwh {n +ln, dw wlph q yhuli|lqj

snq.4 +m, @
NnS
l@4

�n>lmq +gnq,s
n
q +l,

@
NnS
l@4

�
QnS
o@4

�
n>o
lm g

n>lo
q

�
snq +l,

Lqwurgxfh wkh iroorzlqj ixqfwlrqv

�q =@
4

q

q[
w@4

�w

dqg

Yq =@
4

q

q[
w@4

yw @
4

q

q[
w@4

Y
�
g4w > g

5
w

�

Ohppd 5 Xqghu wkh dffhswhg dvvxpswlrqv

�q@Yq . r$
�
q4�%

�
> % A 3

zlwk suredelolw| rqh1

Surri= Lw iroorzv lpphgldwho| iurp Ohppd 6 iru
yw =@ �q/ dqg dq =@ q/ dqg Ohppd 7 iru �q =@ q4�%

+Dsshqgl{ D/ lq ^<`,1

Wkh vwudwhj| ri wkh nwk sod|hu frqvlvwv ri dq| dg0
plvvleoh pdwul{ vhtxhqfhv Gn @

�
gnq
�
+n @ 4> 5, zlwk

Iq�4�phdvxudeoh hohphqwv1

Gh�qlwlrq 6 Wkh sdlu ri vwudwhjlhv �G4 dqg �G
5 lv vdlg

wr eh wkh qrq0frrshudwlyh htxloleulxp vwudwhj| +lq wkh
Qdvk vhqvh, li iru dq| dgplvvleoh G4 dqg G5

hY �
G
4> �G5

� d=v=

� hY �
�G
4> �G5

�
=@plq

{4
4
>{5
5

olp lqi
q$4

Yq
d=v=

� hY �
�G
4>G5

�

Uhpdun 7 Lw lv hylghqw +Iohvfk hw do1/ 4<<:, wkdw lq
wkh fdvh ri luuhgxfleoh frqwuroohg �qlwh Pdunry fkdlqv
+Sr}q|dn hw do1/ 4<<<,/ wkh vhw ri doo htxloleulxp vwudwh0
jlhv �G4 dqg �G

5 frqwdlqv wkh vhw ri vwdwlrqdu| vwudwhjlhv�
�gn
�
+n @ 4> 5, zkhuh

�
�g4> �g5

�
uhsuhvhqwv d vdggoh0srlqw

+pd| eh qrw xqltxh, ri wkh ixqfwlrq Y
�
g4> g5

�
zklfk

vdwlv�hv

Y
�
g4> �g5

�
� Y

�
�g4> �g5

�
� Y

�
�g4> g5

�
s1 5



iru dq| gn 5 G
n
% zkhuh wkh vlpsoh{ Gn

% lv gh�qhg dv
iroorzv

G
n
% =@

�
gn @

��gn>lo�� �l @ 4>Nn> o @ l> Qn

�
=

gn>lo � % � 3>
QnS
o@4

gn>lo @ 4

�

Wklv idfw iroorzv iurp= l, wkh frqwlqxlw| surshuw| ri wkh
ixqfwlrq Y

�
g4> g5

�
/ ll, wkh frpsdfwqhvv ri wkh vhwv Gn

% /
dqg lll, Yrq Qhxpdqq wkhruhp1

6 Sureohp Vhwwlqj

Lqwurgxfh wkh iroorzlqj yduldeoh fkdqjh ^<`

fn>lo =@ sn +l,gn>lo +n @ 4> 5,

Zh duh frqfhuqhg zlwk d frqvwudlqhg rswlpl}dwlrq
sureohp= fn>lo pxvw yhuli| +iru hdfk n @ 4> 5 dqg
m @ 4>Nn, wkh frqvwudlqw=

Qn[
o@4

fn>mo @

Nn[
l@4

Qn[
o@4

�
n>o
lm f

n>lo

Frqvlghu wkh iroorzlqj uhjxodul}hg Odjudqjh ixqfwlrq
+� A 3,

O
�
=@ O

�
+f4> f5>�4>�5,

@
N4S
l@4

N5S
m@4

Q4S
o@4

Q5S
u@4

youlmf
4>lof5>lo

�
5S

n@4

+�4,n
NnS
m@4

�nm

�
QnS
o@4

fn>mo �
NnS
l@4

QnS
o@4

�n>olm f
n>lo

�

.+�@5,
5S

n@4

+�4,n
#

NnS
l@4

QnS
o@4

�
fn>lo

�5
�

NnS
m@4

�
�nm

�5$

f
n =@

�
fn>44> ===> fn>4Qn > ===> fn>Nn4> ===> fn>NnQn

�W
�
n =@

�
�n4 > ===> �

n
Nn

�W
5 UNn

jlyhq lq wkh vhw
�
VN4Q4

3 �UN4

�
�
�
VN5Q5

3 �UN5

�
zlwk

VNnQn
%@3 =@

;?
=

f
n 5 UQnNn m fn>lo � % � 3

NnS
l@4

QnS
o@4

fn>lo @ 4 +l @ 4>Nn> o @ 4> Qn,

<@
>

Wkh vdggoh0srlqw ri wklv uhjxodul}hg +dxjphqwhg, Od0
judqjh ixqfwlrq zloo eh ghqrwhg e|�

f
4>�
�
> f5>�

�
>�4>�

�
>�5>�

�

�
=@

duj pd{
f
45V

N4Q4
3

plq
f
55V

N5Q5
3

plq
�45UN4

pd{
�55UN5

O
�

+4,

Wkh ixqfwlrq O
�A3

lv vwulfwo| frqfdyh zlwk uhvshfw wr

f
4>�
�

dqg �
5>�
�

/ dqg lv vwulfwo| frqyh{ zlwk uhvshfw wr

f
5>�
�

dqg �4>�
�

1 Lw iroorzv wkdw lwv vdggoh0srlqw lv xqltxh

dqg srvvhvv wkh Olsvklw} surshuw| zlwk uhvshfw wr wkh
sdudphwhu �=

5S
n@4

����fn>�
�4

� f
n>�
�5

���. ����n>�
�4

� �n>�
�5

����
� Frqvw m�4 � �5m > n @ 4> 5

Lw kdv ehhq vkrzq +vhh Wkhruhp 5 ri vhfwlrq 716 lq ^;`,
wkdw li � $ 3> wkh vdggoh0srlqw

�
f
4>�
�
> f5>�

�
>�4>�

�
>�5>�

�

�
frqyhujhv wr wkh vroxwlrq

�
f
4>�
3 > f5>�

3
>�4>�

3
>�5>�

3

�
ri wkh

rswlpl}dwlrq sureohp +4, zlwk � @ 3> zklfk kdv wkh
plqlpdo qrup +lq wkh fdvh ri dq luuhgxfleoh fkdlq wklv
srlqw lv dovr xqltxh,=

f
n>�
�

$
�$3

f
n>��
3 =@ duj plq

f
4>�

3
5V

N4Q4
3

>�n>�5UNn����fn>�3 ���5 . ����n>�3 ���5� +5,

+wkh plqlpl}dwlrq lv grqh ryhu doo vdggoh0srlqwv ri wkh
qrquhjxodul}hg Odjudqjh ixqfwlrqv,1

Qrz wkh pdlq sureohp frqvlghuhg lq wklv sdshu fdq eh
irupxodwhg dv iroorzv= iru wkh jlyhq }hur0vxp vwrfkdv0
wlf jdph zlwk lqfrpsohwh lqirupdwlrq/ �qg dq dgdswlyh
qrq0frrshudwlyh htxloleulxp vwudwhjlhv �G4 dqg �G

5 xvlqj
rqo| wkh rq0olqh +fxuuhqw, lqirupdwlrq1 Wr dfklhyh wklv
remhfwlyh/ wkh uhfxuvlyh surfhgxuhv +dgdswlyh srolflhv,

f
n
q.4 @ f

n
q.4

�
{nq> x

n
q> �q> {

n
q.4> f

n
q> n @ 4> 5

�
vkrxog eh frqvwuxfwhg jhqhudwlqj wkh vhtxhqfhv

�
f
n
q

�
zklfk frqyhujhv lq vrph suredelolw| vhqvh wr wkh vr0
oxwlrqv fn>��3 gh�qhg e| +5,1 Lq wklv surfhvv wkh
sod|hu*v dfwlrqv duh vhohfwhg dffruglqj wr wkh udqgrp0
l}hg +pl{hg, uxoh

gn>loq @ fn>loq @

Qn[
o@4

fn>loq

+wkh ghqrplqdwru pxvw eh vwulfwo| srvlwlyh,1 Wkh qhhg
ri udqgrpl}dwlrq lv lqwxlwlyho| reylrxv zkhq sod|lqj
djdlqvw dq lqwhooljhqw rssrqhqw1

7 Dgdswlyh Vwudwhj|

Frqvlghu wkh iroorzlqj lwhudwlyh surfhgxuh=

Vwhs 41 Xvh wkh dydlodeoh gdwd

{nq @ {n +�n, > x
n
q @ xn +�n, > �q

{nq.4 @ {n +�n, > f
n
q

�
fn>loq A 3

�
>�q

wr exlow wkh iroorzlqj ixqfwlrqv

�nq =@ �q � +�4,
n
�
�
n

�n
� �

n

�n

�
. +�4,

n
�qf

n>�n�n
q
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dqg xvh wkh iroorzlqj qrupdol}dwlrq surfhgxuh

�4q =@ 4�
�
d4q�

4
q . e4q

�
@f
4>�n�n
q

�5q =@
�
d5q�

5
q . e5q

�
@f
5>�n�n
q

+6,

dnq =@

�
5
+�.5�.q ,

%q
. QnNn

QnNn�4
�q

��4
enq =@ dnq

�
� . 5�.q

�
Vwhs 51 Fdofxodwh wkh hohphqwv fn>loq.4 dqg �n>mq.4 dv

fn>loq.4 @

;AAAAA?
AAAAA=

f
n>�n�n
q . �n>fq +4� f

n>�n�n
q � �nq,

+l @ �n> m @ �n, a o @ �n

fn>loq � �n>fq

#
fn>loq �

�nq
QnNn � 4

$

+l 9@ �n> m 9@ �n, b o 9@ �n

�n>fq 5 ^3> 4` > dqg wkh Odjudqjh pxowlsolhuv duh dgmxvwhg
dv iroorzv=

�n>mq.4 @
k
�n>mq . �

�

q#
n>m
q

l�.
q.4

��.
q.4

#n>m
q @ +�4,

n

%
Q[
o@4

fn>moq � "
�
{n+m, @ {nq.4

�
. �q�

n>m
q

&

^|`
�.
q.4

��.
q.4

=@

;?
=

| li | 5
�
��.q.4> �

.
q.4

�
�.q.4 li | A �.q.4
��.q.4 li | ? ��.q.4

+7,

Vwhs 61 Frqvwuxfw wkh vwrfkdvwlf pdwulfhv

gn>loq.4 @ fn>loq.4

#
Qn[
u@4

fn>luq.4

$�4 �
l @ 4>Nn> o @ 4> Qn

�
dqg dffruglqj wr

Su
�
xnq.4 @ xn+o, m {nq.4 @ {n+�n, a Iq

�
@ gn>�oq.4

jhqhudwh udqgrpo| qhz glvfuhwh udqgrp yduldeohv xnq.4
dv lq ohduqlqj vwrfkdvwlf dxwrpdwd lpsohphqwdwlrq ^:`/
dqg jhw wkh qhz revhuydwlrq +uhdol}dwlrq, �q.4 zklfk
fruuhvsrqgv wr wkh wudqvlwlrq wr vwdwhv {nq.41

Vwhs 7 uhwxuq wr Vwhs 41

Wkh srvlwlyh vhtxhqfhv i%qj/ i�qj/
�
�.q
�
/
�
�n>fq

�
dqgq

�
�

q

r
zloo eh gh�qhg lq zkdw iroorzv1

Wkh qrupdol}dwlrq surfhgxuh +6, lv dq d!qh wudqviru0
pdwlrq1 Lw lv d nlqg ri pdsslqj ru surmhfwlrq vfkhph
iru rewdlqlqj d qhz yduldeoh/ qdpho| �nq zklfk ehorqjv
wr wkh xqlw vhjphqw lq rughu wr suhvhuyh wkh suredelo0
lw| phdvxuh1 Lq ylhz ri Ohppd 5 lq Fkdswhu 5 ^<` lw
iroorzv wkdw li �n>fq 5 ^3> 4` > fnq 5 VNnQn

%q
/ l1h1/ f��q � %q

dqg �q & 3/ wkhq �nq 5
k
�n>�q > �n>.q

l
� ^3> 4` zkhuh;?

=
�4>�q @ 4� d4q�q> �

4>.
q @ d4q�q@ +Q4N4 � 4,

�5>�q @ d5q�q> �
5>.
q @ 4� d5q�q@ +Q5N5 � 4,
f
n
q.4 5 VNnQn

%q.4

8 Frqyhujhqfh Dqdo|vlv

Lqwurgxfh wkh iroorzlqj O|dsxqry ixqfwlrq

Zq =@
5[

n@4

����fnq � f
n>�
�q

���5 . ����nq � �n>��q
���5�

vwduwlqj iurp

q �lqi
w�4

�
w = pd{

n

����n>��q
��� � �.q

�

Wkhruhp 8 Li wkh vxjjhvwhg dgdswlyh frqwuro lv xvhg

zlwk wkh ghvljq sdudphwhuv %q> �q> �
.
q > �

n>f
q dqg �

�

q vdw0
lvi|lqj wkh iroorzlqj frqglwlrqv

3 ? �q & 3> 3 ? �.q %4> �n>fq 5 +3> 4,

�
�

q @
QnNn

QnNn � 4
�n>fq dnq>

4[
q@4

�n>fq %q�q
�
�.q
�
�4

@4

wkhq

4, li
4[
q@4

�q ?4

zkhuh

�q =@ +�q � �q.4,
5
�.q

�
plq
n

�n>fq %q�q

�
�4

. pd{
n

�
�n>fq

�5
. m�q � �q.4m pd{

n
�n>fq

�
4 .

�
4 . �q�

.
q

�5
%q@�

.
q

�
wkhq/ iru dq| �{hg glvwulexwlrq ri wkh lqlwldo vwdwhv ri
wkh Pdunry fkdlqv dvvrfldwhg wr wkh sod|huv/ wkh frqwuro
srolf| frqyhujhv zlwk suredelolw| rqh wr wkh htxloleulxp
srlqw ri wkh jdph/ wkdw lv/ zlwk suredelolw| rqh

Zq$3

5, li
�q�

.
q

%q�q plq
n

�n>fq

$3

wkhq/ zh rewdlq wkh frqyhujhqfh lq wkh phdq vtxduhv
vhqvh=

H iZqj$3

Surri= Wkh uhjxodul}hg Odjudqjh ixqfwlrq +BB,/ lv
vwulfwo| frqfdyh zlwk uhvshfw wr f

4 dqg �5 dqg vwulfwo|
frqyh{ zlwk uhvshfw wr f

5 dqg �4/ khqfh +vhh Ohppd 4
Fkdswhu 7 lq ^;`,�

�
4 � �4>�

�

�W u�4O�

�
f
4> f5>�4>�5

�
� �f4 � f

4>�
�

�W u
f
4O

�

�
f
4> f5>�4>�5

�
.
�
f
5 � f

5>�
�

�W u
f
5O

�

�
f
4> f5>�4>�5

�
� ��5 � �5>�

�

�W u�5O�

�
f
4> f5>�4>�5

�
� +�@5,

5S
n@4

���
f
n � f

n>�
�

��5 . ����n � �n>�
�

���5�
+8,
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Pdnlqj xvh ri wkh lghqwlw|

H i] m {q @ { +�, a Iq�4j @
H
q
] "+{q@{+�,,

s+�, m Iq�4
r
> s+�, A 3

lw iroorzv

H
�
�4qh

�
{4q a x4q

� m Iq�4� d=v=
@

4� d4q
C
Cf4

O
�

�
f
4> f5>�4>�5

�� e4qh
Q4N4

H
�
�5qh

�
{5q a x5q

� m Iq�4� d=v=
@

d5q
C
Cf5

O
�

�
f
4> f5>�4>�5

�
. e5qh

Q5N5

H
q
#
n
q m Iq�4

r
d=v=
@ +�4,n C

C�n
O
�

�
f
4> f5>�4>�5

�
#n
q =@

�
#4
q> ===> #

Nn

q

�W
zkhuh wkh QnNn�glphqvlrqdo yhfwru h +{q a xq, lv gh0
�qhg dv iroorzv

h

�
{nq a xnq

�
=@

5
9999999999997

"
�
{nq @ {n +4, > xnq @ xn +4,

�
===
"
�
{nq @ {n +Nn, > x

n
q @ xn +4,

�
===
"
�
{nq @ {n +4, > xnq @ xn +o,

�
===
"
�
{nq @ {n +Nn, > x

n
q @ xn +o,

�
===
"
�
{nq @ { +Nn, > x

n
q @ x +Qn,

�

6
::::::::::::8

Wr pdnh wkh dqdo|vlv hdv|/ ohw xv uhzulwh wkh dojrulwkp
lq d yhfwru irup

f
n
q.4 @ f

n
q . �n>fq

�
h

�
{nq a xnq

�� f
n
q

.�nq
h
QnNn �QnNnh

�
{nq a xnq

�
QnNn � 4

$

�nq.4 @
k
�
n
q . �

�

q#
n
q

l�.
q.4

��.
q.4

#
n
q @ +�4,n

5
9999997

3
EEEEEEC

QnS
o@4

fn>4oq

�
�

QnS
o@4

fn>Nno
q

4
FFFFFFD. �q�

n

q�h
�
{nq.4

�
6
::::::8

zkhuh h
�
{nq.4

�
lv gh�qhg dv iroorzv= iru {nq.4 @ {n +ln,

h

�
{nq.4

�
=@

5
973> ===> 3> 4� ~} �

ln

> 3> ===> 3

6
:8
W

5 UNn

Wkhuhiruh/ xvlqj wkh surshuw| ri wkh surmhfwlrq rshud0
wru +7, ����k�nq . �

n>�

q #
n
q

l�.
q.4

��.
q.4

� �n>��q.4
����

�
����nq . �

�

q#
n
q � �n>��q.4

���

dqg wdnlqj lqwr dffrxqw wkdw���#n
q

��� � Frqvw �
�

q

�
4 . �q�

.
q

�
lw iroorzv

Zq.4 �Zq . Frqvw � �4>q
s
Zq . Frqvw � �5>q . *q

�4>q =@ m�q � �q.4m
�5>q =@

5S
n@4

�
�n>fq

�5
. +�q � �q.4,

5
.

.
�
4 . �q�

.
q

�5 �
�
�

q

�5
. m�q � �q.4m

�
5S

n@4

�n>fq . ��q
�
4 . �q�

.
q

��

*q =@ 5
5S

n@4

�n>fq

�
f
n
q � f

n>�
�q

�W �
h

�
{nq a xnq

�� f
n
q

.�nq
h
QnNn �QnNnh

�
{nq a xnq

�
QnNn � 4

$

.5�
�

q

5S
n@4

�
�nq � �n>��q

�W
#
n
q

Qrwlfh wkdw �
f
n
q � f

n>�
�q

�W h
QnNn

QnNn � 4
@ 3

Wkh dvvxpswlrqv ri wklv wkhruhp/ dqg wkh vwulfw frqyh{
surshuw| +8, ohdg wr

H i*q m Iq�4j d=v=
@ � ���q�qZq

Wkh odvw lqhtxdolw| lpsolhv

H iZq.4 m Iq�4j
d=v=�

�
4� �

�

q�q
�
Zq

.Frqvw
�
�4>q

s
Zq . �5>q

�
Lq ylhz ri

5�4>q
s
Zq � �54>q�

�4
q .Zq�q

+zklfk lv ydolg iru dq| �q A 3, iru �q =@ �
�

q�q rqh
hvwdeolvkhv

5�4>q
s
Zq �

�
�4>q

�5 �
�
�

q�q

�
�4

.Zq�
�

q�q

Lq ylhz ri wkh iroorzlqj hvwlpdwlrq

�
�4>q

�5 �
�
�

q�q

�
�4

. �5>q � Frqvw � �q
iurp wkh suhylrxv lqhtxdolw| zh �qdoo|/ rewdlq

H iZq.4 m Iq�4j
d=v=�

�
4� �

�

q�q
�
Zq.Frqvw ��q +9,

Revhuyh wkdw dnq @ R
�
%q@�

.
q

�
1 Lw iroorzv iurp +9, wkdw

iZq>Iqj lv d qrqqhjdwlyh txdvlpduwlqjdoh1 Dsshdo0
lqj wr wkh dvvxpswlrqv ri wklv wkhruhp/ dqg Ureelqv0
Vlhjpxqg wkhruhp ^<`,wkh frqyhujhqfh zlwk suredelolw|
rqh lv rewdlqhg 1
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Fruroodu| 9 Li wkh ghvljq sdudphwhuv ri wkh dgdswlyh
dojrulwkp ehorqj wr wkh iroorzlqj fodvv ri sdudphwhuv

%q =@ %3
4.q% oqq#

%3 5
%
3>

�
pd{
n

QnNn

�
�4
$
> % � 3

$

�q =@ �3
q�

+�3> � A 3,
�.q =@ �.3

�
4 . q� oqq

� �
�.3 A 3> � � 3

�
�n>fq =@

�n3
q�

�
�n3 5 +3> 4, > � � 3

�
zlwk

� . %. �. � � 4> � � %

wkhq

41 wkh frqyhujhqfh zlwk suredelolw| rqh lv dfklhyhg
li

4� %� �. � A � A 4@5

51 wkh phdq vtxduhv frqyhujhqfh lv hqvxuhg li

plqi5� 5 +� . %. �, > � � %� �� �>
4 . 5 +� � �,j A 3

Wkhruhp : Dvvxph wkdw wkh frqglwlrqv ri wkh suhyl0
rxv wkhruhpv duh ixo�oohg/ wkhq iru wkh fodvv ri sdudph0
whuv gh�qhg lq wkh suhylrxv fruroodu|/ wkhuh h{lvwv � A 3
vxfk wkdw

Zq
d=v=
@ r + 4

q
� ,

3 ? � ? plq i4� � � %� �. �> 5� � 4> 5�j
=@ ��+�> %> �> �,

Wkh surri ri wklv wkhruhp lv hvvhqwldoo| wkdw ri Wkhruhp
5 ri fkdswhu 5 lq ^;`1

Wkh rswlpdo frqyhujhqfh udwh lv jlyhq e| wkh qh{w fruro0
odu|1

Fruroodu| ; Wkh iroorzlqj rswlpdo sdudphwhuv
%�> ��> �� dqg ��

% @ %� @ � @ �� @
4

9
> � @ �� @ 3> � @ �� @

5

6

ohdg wr wkh pd{lpxp frqyhujhqfh udwh

��+��> %�> ��> ��, @ 5�� � 4 @
4

6

Uhihuhqfhv

^4` Jdugqhu U1 Jdphv iru Exvlqhvv dqg Hfrqrplfv1
Mrkq Zlooh| ) Vrqv/ Lqf1 4<<81

^5` Ilodu/ M1 dqg Yulh}h/ N1 +4<:<,1 Frpshwlwlyh

Pdunry Ghflvlrq Surfhvvhv1 Vsulqjhu0Yhuodj/ Ehuolq1

^6` Iohvfk/ M1/ Wkxlmvpdq/ I1 dqg Yulh}h/ R1 M1
+4<<:,1 Pdunry vwudwhjlhv duh ehwwhu wkdq vwdwlrq0
du| vwudwhjlhv1 Uhsruw P <:03</ Pddvwulfkw Xqlyhuvlw|/
Pdwkhpdwlfv/ Wkh Qhwkhuodqgv1

^7` Nudxv}/ D1 dqg Ulhghu/ X1 +4<<:,1 Pdunry Jdphv
zlwk Lqfrpsohwh Lqirupdwlrq1Pdwkhpdwlfdo Phwkrgv ri

Rshudwlrqv Uhvhdufk/ 79/ 59605:<1

^8` Phuwhqv/ M1 I1 dqg Qh|pdq/ D1 +4<;4,1 Vwrfkdvwlf
jdphv1 Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 43/ 860
991

^9` Phuwhqv/ M1 I1/ Vrulq/ V1 dqg ]dplu/ V1 +4<<7,1
Rq vwrfkdvwlf jdphv1 Fruh Glvfxvvlrq Sdshu <753/
<754/ <755/ Xqlyhuvlwì Fdwkroltxh gh Orxydlq1

^:` Sr}q|dn/ D1 V1 dqg Qdmlp/ N1 +4<<:,1 Ohduqlqj
dxwrpdwd dqg vwrfkdvwlf rswlpl}dwlrq1 Vsulqjhu0Yhuodj/
Ehuolq1

^;` Sr}q|dn/ D1 V1 dqg Qdmlp/ N1 +4<<<,1 Dgdswlyh
frqwuro ri frqvwudlqhg �qlwh Pdunry fkdlqv/ Dxwrpdw0
lfd/ 68/ Pd|1

^<` Sr}q|dn/ D1 V1/ Qdmlp/ N1 dqg Jrph}/ H1 +4<<<,1
Vhoi0ohduqlqj frqwuro ri �qlwh Pdunry fkdlqv1 Pdufho
Ghnnhu/ Qhz \run1

^43` Udjkdydq/ W1 H1 V1 dqg Ilodu/ M1 D1 +4<<4,1 Dojr0
ulwkpv iru vwrfkdvwlf jdphv 0 D vxuyh|1 ]RU 0 Phwkrgv

dqg Prghov iru Rshudwlrqv Uhvhdufk/ 68/ 76:07:51

^44` Udjkdydq/ W1 H1 V1/ Ihujxvrq/ W1 V1/
Sduwkdvdudwk|/ W1 dqg Yulh}h/ R1 M1 +4<<4,1 Vwrfkdvwlf
jdphv dqg uhodwhg wrslfv1 Noxzhu Dfdghplf Sxeolvkhuv/
Orqgrq1

^45` Wkxlmvpdq/ I1 dqg Yulh}h R1 M1 +4<<6,1 Vwdwlrq0
du| %0rswlpdo vwudwhjlhv lq vwrfkdvwlf jdphv1 RU Vshf0

wuxp/ 48/ <0481

^46` Wkxlmvpdq/ I1 +4<<:,1 D vxuyh| rq rswlpdolw|
dqg htxloleuld lq vwrfkdvwlf jdphv1 Whq |hduv OQPE/

Nohlq hw do1 +hgv1,/ FZL0Wudfw q
r1 455/ +Fhqwhu iru

Pdwkhpdwlfv dqg Frpsxwhu Vflhqfh/ Dpvwhugdp,1

^47` Yulh}h R1 M1 dqg Wkxlmvpdq/ I1 +4<;:,1 Vwrfkdvwlf
jdphv dqg rswlpdo vwdwlrqdu| vwudwhjlhv1 Phwkrgv ri

Rshudwlrqv Uhvhdufk/ hgv/ Grpvfknh/ Z1/ Nudev/ Z1/
Ohkq/ M1 dqg Vsshooxfl/ 846085<1
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