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Abstract

We consider a Markov decision process with an un-
countable state space for which the vector performance
functional has the form of expected total rewards. Un-
der the single condition that the �xed initial distri-
bution and transition probabilities are nonatomic, we
prove that for any policy there is a nonrandomized
Markov policy such that for these two policies the per-
formance vectors are equal.

1 Introduction

This paper deals with a Markov Decision Process
(MDP) with Borel state and action spaces and multiple
performance criteria. Each criterion has the form of ex-
pected total rewards. A standard natural approach to
such problems is to optimize one of these criteria under
inequality constrains on other criteria. The well-known
phenomenon for problems with constrains is that op-
timal strategies, if they exist, may be randomized and
nonrandomized optimal strategies may not exist; see
Altman [1], Frid [8], or Piunovskiy [10].

An MDP is called nonatomic if all transition probabil-
ities are nonatomic and a nonatomic initial distribu-
tion is �xed. Feinberg and Piunovskiy [7] proved that
if a nonatomic MDP satis�es continuity and compact-
ness conditions then there exists an optimal nonran-
domized Markov policy for a multiple criterion prob-
lem with constraints. This result was established in [7]
as a corollary of the following fact: the performance
set for nonrandomized Markov policies coincides with

1 Research of this coauthor was partially supported by NSF

Grant DMI-9908258

the performance set for all policies in a nonatomic MDP
satisfying continuity and compactness conditions. Con-
tinuity and compactness conditions were essential for
the proofs in Feinberg and Piunovskiy [7].

In this paper we prove that the performance set for
nonrandomized Markov policies coincides with the per-
formance set for all policies for an arbitrary nonatomic
MDP with a vector criterion of expected total rewards.
We recall that Borel space (
;B(
)) is a measurable
space isomorphic to a Polish space; see Bertsekas and
Shreve [3], Dynkin and Yushkevich [5], or Feinberg and
Piunovskiy [7] for details. Our proofs are based on the
following result.

Lyapunov's Theorem (Barra [2]) Let fP1; P2; :::; PNg be
a �nite collection of nonatomic probability distributions
on the Borel space (
;B(
)). Then, for each random
variable �̂(x) with values in [0; 1], there exists a mea-
surable set � 2 B(X) such that

Pn(�) =

Z
X

Pn(dx)�̂(x); n = 1; 2; :::; N:

2 Model description, notations, and main

result

We consider an MDP fX;A;A(�); p; rg, where

(i) X is a Borel state space;

(ii) A is a Borel action space;

(iii) At(x) are sets of actions available at states x 2 X

at epochs t = 0; 1; : : :; it is assumed that for each t
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the graph Gr(At) = f(x; a) : x 2 X; a 2 A(x)g is a
measurable subset of A�X and there exists a measur-
able mapping ' : X ! A with '(x) 2 At(x) for all
x 2 X . (In other words, the graphs of At are measur-
able and multifunctions x! At(x) can be uniformized,
see [5, 12].);

(iv) pt(dyjx; a) are measurable transition probabilities
from X �A to X at steps t = 1; 2; : : :;

(v) rt(x; a) = (r1t ; r
2
t ; : : : ; r

N
t ) are N -dimensional vec-

tors of measurable rewards with values in [�1;1] at
steps t = 0; 1; : : : where N is a positive integer and
(x; a) 2 X �A.

As usually, a policy � is a sequence of measurable tran-
sition probabilities �t(dajht) concentrated on the sets
At(xt), where ht = x0; a0; : : : ; at�1; xt is the observed
history. � is the set of all policies. If transition prob-
abilities �t depend only on the current time and the
current state, i.e. �t(�jht) = �t(�jxt) for all t = 0; 1; : : :,
then the policy � is called randomized Markov. If the
measure �t, for all t = 0; 1; : : :, is concentrated at the
point 't(xt) 2 At(xt), then the policy is called nonran-
domized Markov and is denoted by '. �M is the set of
all nonrandomized Markov policies.

According to the Ionescu Tulcea Theorem [5] an initial
distribution � on X and a policy � de�ne a unique
probability measure P �

� on the space of trajectories
H1 = (X � A)1 which is called a strategic mea-
sure. We denote by E�

� expectations with respect to
P �
� . Since the initial distribution � is �xed, we usually

omit the index �. Let D be the set of all strategic mea-
sures with the initial measure � and let DM be the set
of all strategic measures generated by nonrandomized
Markov policies and the initial measure �:

For a Borel space (
;B(
)); we denote by P(
) the
set of all probability measures on it. The set P(
) and
the minimal �-�eld thereon, with respect to which all
functions P (E) are measurable for all E 2 B(
)); form
a Borel space; Dynkin and Yushkevich [5, Appendix 5].
We also notice that P(
) is a convex subset of the linear
space of all signed �nite measures on (
;B(
)).

In what follows, C+ = maxfC; 0g, C� = minfC; 0g;

Rn
+(P

�) = E�

"
1X
t=0

(rnt (xt; at))
+

#
;

Rn
�(P

�) = E�

"
1X
t=0

(rnt (xt; at))
�

#
;

Rn(P �) = Rn
+(P

�) +Rn
�(P

�);

where throughout this paper +1 � 1 = �1. The
performance of a policy � is evaluated by a vector

R(P �) = (R1(P �); R2(P �); : : : ; RN(P �)):

Let us introduce performance spaces

V = fR(P �); � 2 �g; VM = fR(P'); ' 2 �Mg:

In�nite values Rn(P �) = �1 can be obtained for
some policies. Let IRN be the Euclidean space of N -
dimensional vectors with �nite coordinates. Then sub-
sets V \ IRN and VM \ IRN consist of vectors with �nite
elements.

We assume that the following condition is satis�ed.

Condition 1

The measure �(�) is nonatomic; the measures pt+1(�jx;
a) are nonatomic for all t = 0; 1; 2; : : :, x 2 X, a 2
At(x).

Theorem 1 Under Condition 1, V = VM .

Let for n = 1; : : : ; 2N

~Rn(P �) =

�
Rk
+(P

�); if n = 2k � 1;
�Rk

�(P
�); if n = 2k:

If Theorem 1 holds for the vector ~R(P �), it holds for
the original performance vector R(P �): Thus, we as-
sume further without loss of generality that for all t
the functions rt(�) are nonnegative.

The set of strategic measures D is a measurable convex
subset of P(H1); Dynkin and Yushkevich [5]. Since
functions rnt are nonnegative, R is an aÆne mapping.
Therefore, V = R(D) is convex.

3 One-step model

Suppose that rnt (�) = 0 for all t � 1, n = 1; 2; : : : ; N . To
put it di�erently, the control process ends after we chose
the stochastic kernel �0. The index t = 0 is omitted ev-
erywhere in this section. The set of all nonrandomized
Markov policies for this model coincides with the set of
all nonrandomized policies.

Lemma 1 In the one-step model with the nonatomic
measure �, the set VM \ IRN is convex.

Proof: Let us �x two arbitrary nonrandomized poli-
cies '1(x) and '2(x) such that the vectors R(P'1) 6=

R(P'2) are �nite. For an arbitrary � 2]0; 1[, we con-
sider

v = �R(P'1) + (1� �)R(P'2):

To prove Lemma 1, it is suÆcient to show that v =
R(P') for some (nonrandomized) policy '. Note that
v = R(P �) for some policy � which uses no more than
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two actions '1(x), '2(x) in each state x 2 X . Let

�̂(x)
4
= �('1(x)jx). We are going to construct such a

set � 2 B(X) that the policy

'(x) =

�
'1(x); if x 2 �;
'2(x); if x 2 X n �

meets the equality R(P') = R(P �):

We de�ne a �nite partition fYig of X by

Yi
4
= fx 2 X : r1(x; '1(x)) �1 r

1(x; '2(x));

r2(x; '1(x)) �2 r
2(x; '2(x)); : : : ;

rN (x; '1(x)) �N rN (x; '2(x))g;

(1)

where �n2 f>;<;=g; n = 1; : : : ; N: Each set Yi is
measurable. We shall construct � in the form � = [i�i
where each �i is a measurable subset of Yi: To do it,
we need to construct all �i: We consider only the most
signi�cant case when all inequalities in (1) are strict
inequalities and �(Yi) > 0. The reasonings in other
cases are similar.

Let us introduce the collection of nonatomic probability
measures on the Borel space (Yi;B(Yi)) by the formula

Pn(E)
4
=

Z
E

[rn(x; '1(x)) � rn(x; '2(x))]�(dx)

Z
Yi

[rn(x; '1(x)) � rn(x; '2(x))]�(dx)

;

n = 1; 2; : : : ; N:

By Lyapunov's theorem, there exists a set �i 2 B(Yi)
such that

Pn(�i) =

Z
Yi

Pn(dx)�̂(x); n = 1; 2; : : : ; N: (2)

We de�ne

'(x) =

�
'1(x); if x 2 �i;
'2(x); if x 2 Yi n �i:

Then

Pn(�i) =

Z
Yi

rn(x; '(x))�(dx) �

Z
Yi

rn(x; '2(x))�(dx)

Z
Yi

[rn(x; '1(x)) � rn(x; '2(x))]�(dx)

;

n = 1; 2; : : : ; N ;Z
Yi

Pn(dx)�̂(x) =

Z
Yi

rn(x; '1(x))�̂(x)�(dx) �

Z
Yi

rn(x; '2(x))�(dx)

Z
Yi

[rn(x; '1(x)) � rn(x; '2(x))]�(dx)

+

+

Z
Yi

rn(x; '2(x))[1� �̂(x)]�(dx)

Z
Yi

[rn(x; '1(x)) � rn(x; '2(x))]�(dx)

; n = 1; 2; : : : ; N:

Theorem 16.10 from Billingsley [4] has been used in
the last formula. Therefore, according to (2) and by
the de�nition of �̂,Z
Yi

rn(x; '(x))�(dx) =

Z
Yi

Z
~A(x)

rn(x; a)�(dajx)�(dx);

n = 1; 2; : : : ; N:
(3)

Since formula (3) holds for any Yi, such that �(Yi) > 0
in the �nite partition fYig;

R(P') =

Z
X

r(x; '(x))�(dx) =

Z
X

Z
~A(x)

r(x; a)�(dajx)�(dx) = R(P �);

as we wished to prove.

Before we establish the validity of Theorem 1 for a one-
step model, let us prove its simpli�ed version.

Lemma 2 In the one-step model with the nonatomic
measure �,

V \ IRN = VM \ IRN :

Proof: Since V � VM ; it is suÆcient to prove that
V\IRN � VM\IRN : According to Feinberg [6, Theorem
5.2], for any �xed � 2 �, there exists a probability
measure � on the set DM such that for any E 2 B(E)

P �(E) =

Z
DM

Q(E)�(dQ):

Therefore, if R(P �) 2 V \ IRN then

R(P �) =

Z
VM\IRN

r~�(dr);

where ~� is the image of � under the mapping R(�).
Hence R(P �) is the �nite expectation of a random
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variable in IRN with respect to a probability concen-
trated on the convex set VM \ IRN ; see Lemma 1. Thus
R(P �) 2 VM \ IRN and V \ IRN � VM \ IRN :

Proof of Theorem 1 for a one-step model. First, we
observe that Lemma 2 is valid also for subprobability
measures �. Second, in order to prove Theorem 1 for
a one-step MDP, it is suÆcient to show that for any
policy � there exists a nonrandomized policy ' such
that

R(P') = R(P �): (4)

Let K� be the number of coordinates of the vector
R(P �) with in�nite values. We prove (4) by induction.

For K� = 0; formula (4) follows from Lemma 2. Let
(4) be valid for K� = K � 0. We prove this formula
for K� = K + 1.

Without loss of generality we assume that the N -th
coordinate of the vector R(P �) is in�nite:

RN (P �) =

Z
X

�(dx)

Z
A(x)

rN (x; a)�(dajx) = +1:

Let R(x) =

Z
A(x)

rN (x; a)�(dajx): Then

Z
X

R(x)�(dx) =

1: One can prove that there exists a sequence
fY1; Y2; : : :g of disjoint measurable subsets of X such

that

Z
Yi

R(x)�(dx) > 1 for all i = 1; 2; : : : :

We will construct the mapping ' : X ! A separately
on the sets Yi, i = 1; 2; : : : :We �x an arbitrary i. There
is a positive number M for whichZ

Yi

�(dx)

Z
A(x)

minfrN (x; a);Mg�(dajx) > 1: (5)

Since � is a �nite measure, the expression in the left
hand side of (5) is �nite. We replace the reward function
rN (x; a) with minfrN (x; a);Mg and apply the induc-
tion assumption to the new reward function. We have
that there exists a measurable mapping ' : Yi ! A

such that '(x) 2 A(x) for all x 2 X and for all
n = 1; 2; : : : ; N � 1,Z
Yi

�(dx)rn(x; '(x)) =

Z
Yi

�(dx)

Z
A(x)

rn(x; a)�(dajx);

(6)Z
Yi

�(dx)minfrN (x; '(x));Mg =

Z
Yi

�(dx)

Z
A(x)

minfrN (x; a);Mg�(dajx):
(7)

From (5) and (7) we have thatZ
Yi

�(dx)rN (x; '(x)) �

Z
Yi

�(dx)minfrN (x; '(x));Mg

=

Z
Yi

�(dx)

Z
A(x)

minfrN (x; a);Mg�(dajx) > 1:

(8)

Since Yi is an arbitrary element of the partition, func-
tion ' is de�ned on X: Then formula (6) implies

Rn(P') = Rn(P �); n = 1; 2; : : : ; N � 1

and (8) implies that RN (P') = RN (P �) =1:

4 Proof of Theorem 1

In this section we extend Theorem 1 from one-step to
in�nite-step MDPs. For T = 1; 2; : : : ; we de�ne T -
horizon rewards

Rn(P �; T ) = E�

T�1X
t=0

rnt (xt; at) n = 1; : : : ; N

and
R(P �; T ) = (R1(P � ; T ); R2(P �; T ); : : : ; RN(P �; T )):

Lemma 3 For any policy � and for any T = 1; 2; : : :
there exists a randomized Markov policy 
 such that
(i) 
 is nonrandomized at steps 0; 1; : : : ; T � 1; (ii)
R(P 
) = R(P �); (iii) R(P 
 ; T ) = R(P �; T ):

Proof: For any policy �, there exists a randomized
Markov policy � such that P �(dxtdat) = P �(dxtdat)
for all t = 0; 1; : : : and therefore R(P �) = R(P �) and
R(P � ; s) = R(P �; s) for all s = 1; 2; : : : ; Strauch [11,
Theorem 4.1] Therefore, without loss of generality we
can assume that � is a Markov policy.

First, we construct a randomized Markov policy which
is nonrandomized at epoch 0 and satis�es (ii) and (iii).
To do it, we consider a one-step MDP, introduced in
Feinberg and Piunovskiy [7, Section 4], with the state
space X , set of actions D, sets U(x) of available ac-
tions at states x 2 X , where D is the set of all strategic
measures in the original MDP and U(x) is the set of
all strategic measures in the original MDP such that:
(a) the initial distribution is concentrated at x, (b) the
policy is nonrandomized at step 0. By Lemma 8 in
Feinberg and Piunovskiy [7], sets U(x) and the set of
all strategic measures U, generated by policies nonran-
domized at step 0, are measurable. One can prove also
that the graph of U is measurable.

p. 4



For each x 2 X and for each P 2 U(x) we consider
one-step rewards ~rn(x; P ) = Rn(P ) and ~rN+n(x; P ) =
Rn(P; T ); n = 1; : : : ; N:We have a one-step model with
2N criteria ~Rn( ~P ) = ~E~rn(x0; u0); where ~P is a strategic
measure in the new one-step model, ~E is the expecta-
tion in the new model, and u0 is an action selected in
the new model.

We assume that the initial measure �; which was �xed
for the original MDP, is also �xed for the new MDP.
Then the new MDP satis�es Condition 1.

Lemma 9 in Feinberg and Piunovskiy [7] implies that
there is a policy 
 in the new MDP such that ~Rn( ~P 
) =
Rn(P �) and ~RN+n( ~P 
) = Rn(P �; T ); n = 1; : : : ; N: By
Theorem 1 applied to the new one-step MDP we have
that in this MDP there exists a nonrandomized policy
� such that ~Rn( ~P�) = ~Rn( ~P 
), n = 1; : : : ; 2N: As ex-
plained on p. 62 in Feinberg and Piunovskiy [7], for the
nonrandomized policy � in the new MDP there exists
a randomized Markov policy 
0 such that Rn(P 
0) =
~Rn( ~P �) and Rn(P 
0 ; T ) = ~RN+n( ~P�), n = 1; : : : ; N
and this policy is nonrandomized at step 0. Therefore,
R(P 
0) = R(P �) and R(P 
0 ; T ) = R(P �; T ):

Then we can consider the nonatomic measure �1(Y ) =

P 
0

� (x1 2 Y ). We repeat the previous arguments ap-
plied to policy 
0 on the horizon 1; 2; : : : and construct
a Markov policy 
1 such that it is nonrandomized at
the �rst step and

E
1

�1

T�1X
t=1

rnt (xt; at) = E
0

�1

T�1X
t=1

rnt (xt; at);

E
1

�1

1X
t=1

rnt (xt; at) = E
0

�1

1X
t=1

rnt (xt; at)

for all n = 1; : : : ; N: We de�ne 
1 at step 0 being equal
to 
0 at that step. Then

R(P 
1) = R(P 
0) = R(P �);

R(P 
1 ; T ) = R(P 
0 ; T ) = R(P �; T );

and randomized Markov policy 
1 is nonrandomized at
steps 0 and 1.

By repeating this construction T � 2 times more, we
obtain the policy 
 = 
T�1 satisfying conditions (i {iii)
of the Lemma.

Proof of Theorem 1. Fix an arbitrary policy �. To
prove the theorem, it is suÆcient to show thatR(P �) =
R(P �) for some Markov policy �:

Consider a sequence �k & 0: We de�ne T1 > 0 such
that for all n = 1; : : : ; N

Rn(P �; T1) �

�
Rn(P �)� �1; if Rn(P �) <1;
1
�1
; otherwise.

Let 
 be a policy which existence was stated in Lemma 3
for T = T1: We set 
1 = 
:

Suppose that for some natural k and for some Tk � k,
we have a randomized Markov policy 
k such that

(a) 
k is nonrandomized at steps 0; : : : ; Tk � 1;

(b) for all n = 1; : : : ; N

Rn(P 
k ; Tk) �

�
Rn(P �)� �k; if Rn(P �) <1;
1
�k
; otherwise;

(c) R(P 
k) = R(P �):

We select Tk+1 > Tk such that for all n = 1; : : : ; N

Rn(P 
k; Tk+1) �

�
Rn(P �)� �k+1; if Rn(P �) <1;
1

�k+1
; otherwise.

By applying Lemma 3 to the MDP with the hori-
zon Tk; Tk + 1; : : : and with the initial distribution

~�(Y ) = P 
k

� (xTk 2 Y ); we have that there exists a ran-

domized Markov policy 
k+1 which satis�es (a { c) with
k increased by 1. At steps 0; 1; : : : ; Tk � 1 this policy
is de�ned being equal to 
k and on steps Tk; Tk +1; : : :
this policy is constructed by using lemma 3.

We de�ne a nonrandomized Markov policy 
 which co-
incides with 
k on steps 0; 1; : : : ; Tk � 1 for all k =
1; 2; : : :. Since Tk < Tk+1 and 
kt = 
k+1t for t < Tk;

k = 1; 2; : : : ; this de�nition is correct. Inequality (b)
implies that

Rn(P 
 ; Tk) �

�
Rn(P �)� �k; if Rn(P �) <1;
1
�k
; otherwise,

(9)
and equality (c) implies that

Rn(P 
 ; Tk) � Rn(P �) (10)

for all n = 1; : : : ; N: Since �k & 0 and all one-step
rewards are nonnegative, (9) and (10) imply R(P 
) =
lim
k!1

R(P 
 ; Tk) = R(P �):

5 Application

A popular way to study a multiciterion problem is to
replace it by a constrained one. Namely, after choosing
some constants d2; : : : ; dN , it is natural to consider the
following optimization problem

R1(P �)! sup
�
; Rn(P �) � dn; n = 2; : : : ; N: (11)
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In the rest of this paper, we consider expected total
discounted criteria

Rn(P �) = E�

"
1X
t=0

�trn(xt; at)

#
;

where � 2 (0; 1) is a discount factor. According to
Hernandez-Lerma and Gonzalez-Hernandez [9], prob-
lem (11) has a solution if the following condition is sat-
is�ed for a homogeneous model in which At(�); pt, and
rnt do not depend on the time parameter t:

Condition 2

1. The graph Gr(A) is closed for each t = 0; 1; : : : :
2. All the functions rn(�) are bounded above, n =
1; 2; : : : ; N .
3. For each constant r all the sets

f(x; a) 2 Gr(A)jr1(x; a) � rg

are compact.
4. The functions rn(�), n = 2; : : : ; N , are upper semi-
continuous.
5. Transition probabilities p(dyjx; a) are weakly contin-
uous.
6. There exists such a policy � that Rn(P �) � dn,
n = 2; : : : ; N .

Hence, if conditions 1,2 are satis�ed then there exists
a nonrandomized Markov policy which is optimal for
problem (11).

Let us consider an inventory system with �nite capac-
ity M . The demand at epoch t = 0; 1; : : : is �t (positive
i.i.d. random variables). We assume that the distribu-
tion of �t has no atoms and Pf�t <1g = 1: Orders are
placed after the demand is known and it is possible to
order up to the full capacity of the system.

Let h(x) be the holding cost of the amount x during
one period of time, and K(a) be the ordering cost of
a units. We assume that the function h is continuous,
bounded below, and h(x) ! 1 as jxj ! 1, and K(a)
is bounded below and lower semicontinuous on [0;1).
We remark that our assumptions cover the following
particular functions

h(x) =

�
h1x; if x � 0;
�h2x; otherwise,

and

K(a) =

�
k0 + k1a; if a > 0;
0; if a = 0;

where h0; h1 > 0 and k0; k1 � 0 are some coeÆcients.

Let the initial inventory be y. Then the initial state of
the system is x0 = y� �0. The dynamics of the system
is de�ned by the equation xt+1 = xt + at � �t+1.

One can consider di�erent reward functions associated
with this inventory system. For instance, we may set
r1(x; a) = �h(x) and r2(x; a) = �K(a). Then R1 is
the criterion characterizing holding and backordering
costs, and R2 characterizes operational costs.

Theorem 1 implies that (nonrandomized) Markov poli-
cies for this multicriterion problem are as good as gen-
eral policies. If we �x appropriate constant d2 then
Conditions 2 are satis�ed for the constrained problem
(11) with N = 2: Thus, there exists an optimal nonran-
domized Markov policy for this problem.
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