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Abstract

In this paper, we develop two general schemes for re-
ducing the performance degradation caused by a sig-
nal substitution at the plant input. Such substitutions
arise in modern control systems where we may trans-
fer from manual to automatic, or between alternative
controllers as operating points or performance criteria
change. The problem reduces to the selection of the
initial controller state for the controller which is to be
switched in. The first scheme selects a controller state
consistent with (hypothetical) signals at the plant input
and output which are close (in the sense of a weighted
2-norm) to observed signals. The second scheme (for
regulator and step reference problems) minimises di-
rectly the weighted plant input and output after the
switch with respect to the controller initial state. We
consider these schemes in the context of the regulator
problem, and the reference tracking problem.

Keywords: bumpless transfer, Kalman filter, switch-
ing control, antiwindup.

1 Introduction

In the design of control systems it is a common practice
to design a number of linear controllers for a single plant
according to different criteria (different performance
specifications, or plant operating points for instance).
The controllers are often designed independently, and
a straightforward means is employed to switch between
them.

If no controller conditioning is employed, we may ob-
serve significant discontinuities and transient signals at
the plant input and output when the control input is
switched. Conditioning pre-designed controllers to min-
imise such transient signals is referred to as “bumpless
transfer”. The problem of input switching is closely
related to the anti-windup problem, and much of the
literature treats both problems together.

Existing solutions are generally equivalent to a coprime
factor implementation of the controller (or to a con-
troller implemented in observer form). See for exam-
ple [1, 3–5].

In this paper, we consider the “bumpless transfer” prob-
lem to be that of finding the controller initial state
which results in the least disruption to the plant input
and output. Our results are derived in discrete time,
though the principles are applicable to the continuous
time case.

A preliminary version of some of these results was pre-
sented in [6].

2 Observing the off-line controller
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Figure 1: Generalised input substitution

Consider the generalised input substitution illustrated
in figure 1, with:

uk =

{
qk k < n

ũk k ≥ n
. (1)

We have a plant running open loop with input qk ini-
tially, and switch the plant input at time k = n so that
the plant input is now generated by the known con-
troller K. The initial input qk could be generated by
manual control, another automatic controller, or some
other input source. wi, and wo are plant disturbances.

Let us initially consider the regulator problem rk = 0.

2.1 Selection of controller state
We wish to determine a controller state at time k = n
which will result in a smooth transfer from the input
qk to the input from the controller ũk.

One method of controller state selection is to measure
the plant input and output in the time leading up to
the switch, and find an input/output signal compati-
ble with the off-line controller, which is close in some



sense to the observed signal. The controller state cor-
responding to the “nearest” input/output sequence is
then selected as the controller is switched on.

In other words, we recast the setup of figure 2 into that
of figure 3. We then find sequences ûk and ŷk for k < n

such that
∥∥∥∥ŵv̂
∥∥∥∥ is minimised.
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Figure 2: System prior to switch
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Figure 3: Recasting of figure 2

The equations for figure 3 are as follows:

xk+1 = Axk +Bŷk,

ûk = Cxk +Dŷk.
(2)

With xk ∈ Rs, {uk, ûk, vk} ∈ Rp, and {yk, ŷk, wk} ∈
Rq By iterating these equations, we can write xn−i
and yn−i (for any i with 0 ≤ k ≤ n), in terms
of the state at the switching instant xn. Thus we
can write the (hypothetical) controller output vector
Û =

[
ûTn−1 ûTn−2 . . . ûTn−r

]T in terms of the state
at time k = n and the (hypothetical) controller input
Ŷ =

[
ŷTn−1 ŷTn−2 . . . ŷTn−r

]T . r (0 ≤ r ≤ n) is an
arbitrary optimisation horizon.

Û = Γxn − T Ŷ , (3)

where

Γ =


CA−1

CA−2

...
CA−r

 ,

T =


CA−1B −D . . . 0
CA−2B 0

...
. . .

...
CA−rB . . . CA−2B CA−1B −D

 .

Let the actual plant input be U =[
uTn−1 uTn−2 . . . uTn−r

]T , and the plant output

Y =
[
yTn−1 yTn−2 . . . yTn−r

]T
. Then we can define a

weighted least squares cost function

J =
∥∥∥∥W [

U − Û
Y − Ŷ

]∥∥∥∥2

. (4)

We seek to find the values of Û , Ŷ , and xn which min-
imise this cost function. The weighting matrix W may
be used for instance to introduce a “forgetting factor”
such that the plant input and output are most closely
matched immediately prior to the switch at time k = n.
A similar cost function is considered in [8].

Theorem 2.1 For the discrete time dynamical system
defined in (2) and given some signals U and Y , the
optimal choice of xn with respect to the cost function (4)
and corresponding Ŷ is given by:[

Ŷ
xn

]
=
(
W

[
−T Γ
I 0

])†
W

[
U
Y

]
. (5)

(† denotes the left pseudo inverse)

Proof:

J =
∥∥∥∥W [

U − Û
Y − Ŷ

]∥∥∥∥2

=
∥∥∥∥W [

U
Y

]
−W

[
−T Γ
I 0

] [
Ŷ
xn

]∥∥∥∥2

,

so by a least squares optimisation procedure (see for
example, [7])

argmin[
Ŷ
xn

] J =
(
W

[
−T Γ
I 0

])†
W

[
U
Y

]
,

and

min[
Ŷ
xn

]J =

∥∥∥∥∥
(
I −W

[
−T Γ
I 0

](
W

[
−T Γ
I 0

])†)
W

[
U
Y

]∥∥∥∥∥
2

.

If the weighting matrix is block diagonal, i.e

W = diag [Wn−1 Wn−2 . . . Wn−r Vn−1 . . . Vn−r] ,
(6)

where each Wj ∈ Rp×p and Vj ∈ Rq×q is symmetric
and positive definite, then the optimal controller state
can be found recursively using a Kalman filter.

Theorem 2.2 The solution (5) to the weighted opti-
misation with weighting matrix (6) is equivalent to the
solution x̂n given by a Kalman filter observing the (hy-
pothetical) noisy controller of figure 3 with “input” U
and “output” Y . The filter has output noise covariance
Rk = (V 2

k )−1, input noise covariance Q
′

k = (W 2
k )−1

and initial state error Ψ such that Ψ−1 = 0.



This result is obtained directly from the deterministic
interpretation of the Kalman filter presented by Bert-
sekas and Rhodes [2].

Bersekas and Rhodes present an alternative interpre-
tation of the Kalman filter equations, where stochastic
estimates of the input and output noise are replaced by
a deterministic energy bound

[x0 − µ0]T Ψ−1 [x0 − µ0] +

N−1∑
j=0

(
wTj (Q

′
j)
−1wj + vTj R

−1
j vj

)
≤ 1.

where wj and vj are the input and output noise respec-
tively, µ0 is the initial estimate of the state. Ψ, Q

′

j and
Rj are bounding matrices on the initial error and noise
determined by the nature of the problem (these replace
the initial state error and noise covariance matrices in
the stochastic Kalman filter formulation).

The problem is solved by forming the cost function

J = [x0 − µ0]T Ψ−1 [x0 − µ0] +

k−1∑
j=0

(
wTj (Q

′
j)
−1wj + vTj R

−1
j vj

)
,

(7)

and solving a tracking control problem in reverse time.
The result yields the standard (time varying) Kalman
filter recursion equations.

The optimisation cost function (4) is equal to the cost
(7) precisely when the weighting matrix is as given
in (6), and Ψ−1 = 0. Thus the optimisation yields
the same solution as the time varying Kalman filter.

In the uniformly weighted infinite horizon case, the
equations reduce to the time invariant Kalman filter,
and may thus be implemented in observer form.

The Kalman filter riccati equation is in fact identi-
cal to the equation which corresponds to some left co-
prime factorisation [9] of the controller, and so we may
implement the controller as shown in figure 4 where
K = V −1U is a coprime factorisation of the controller.
Note also that U and V may be implemented with a
shared state space.
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Figure 4: Coprime factorisation form

2.2 The reference problem
Let us now consider the general reference tracking prob-
lem (rk 6= 0). In many applications the actual refer-
ence signal for the current online controller may not be

available, or may be incompatible with the off-line con-
troller we are considering. For example, if we switch
from manual to automatic pilot in an aircraft control
system, the reference signal in the past may be difficult
to define and impossible to measure.
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Figure 5: reference framework

Suppose we rewrite the system prior to the switch in
the form shown in figure 5, instead of 3. We have intro-
duced a hypothetical reference signal r. Then we may
define a bumpless transfer problem as follows:

Given signals u and y ∈ l2(−∞, n), find a signal
r ∈ l2(−∞, n) and a controller state xn compatible
with such signals in terms of figure 5.

Clearly, we can express y and u in terms of r, wi, and
wo as follows:[
y
u

]
=

[
P
I

]
(I −KP )−1V −1r +

[
I
K

]
(I −KP )−1 [P I

][wi

wo

]

then

[
−U V

] [y
u

]
= (−UP + V )V −1(I − UPV −1)−1r

+(−U + U)(I −KP )−1
[
P I

] [wi

wo

]
= r

Now comparing this expression with figure 4 prior to
the switch, we can see that u− û = V u− Uy, which is
precisely the hypothetical r required to achieve bump-
less transfer according to our definition above. That
is, if the switch occurs at time k = n, and the refer-
ence input r̃k is to be applied after the switch, then
the closed loop behaviour of the switched system with
controller implemented as shown in figure 4 is identical
to what would be observed if the new controller was in
operation for all time with a reference

rk =

{
V uk − Uyk k < n

r̃k k ≥ n
. (8)

Thus the implementation of figure 4 is valid for refer-
ence problems, where the reference of the online con-
troller is unknown to the off-line controllers. To find a
weighted solution, we may consider alternative factori-
sations of the controller.



3 Optimal transfer

3.1 Finite horizon
A sensible measure of the “size” of the bump, used in
simulation examples is the weighted norm of the input
output vector

J =
∥∥∥∥W ′

[
U
Y

]∥∥∥∥2

, (9)

where U =
[
uTn uTn+1 . . . uTn+N

]T and Y =[
yTn yTn+1 . . . yTn+N

]T
, with N some finite time

(usually the time to the end of the simulation), and
W
′

a general weighting matrix.

It is sensible to now consider optimising this cost di-
rectly with respect to the controller state at time n,
xn. Assuming zero noise, we have after switching on
the controller the system illustrated in figure 6. This
is essentially an initial value problem with no exoge-
nous inputs. Let us assume that the plant (with state

rk

uk

yk
PK

Figure 6: System after switch

xk ∈ Rp) and controller (with state xck ∈ Rq) are linear
and time invariant, defined as follows:

K =
[
Ac Bc

Cc 0

]
, P =

[
A B
C D

]
. (10)

Then we can rewrite this as a single system

P̃ =
[
Ã B̃

C̃ 0

]
with input r, state x̃k =

[
xck
xk

]
, and

output ỹk =
[
uk
yk

]
, where

Ã =
[
Ã1 Ã2

]
=
[
Ac +BcDCc BcC

BCc A

]
,

C̃ =
[
C̃1 C̃2

]
=
[
Cc 0
DCc C

]
, and B̃ =

[
Bc

0

]
.

Then we have

ỹn+k = C̃Ãkx̃n + C̃B̃rn+k−1 + . . .+ C̃Ãk−1B̃rn (11)

so we can write:

Ỹ = Γx̃n + TR = Γ1x
c
n + Γ2xn + TR, (12)

where

Γ =


C̃1 C̃2

C̃Ã1 C̃Ã2

C̃ÃÃ1 C̃ÃÃ2

...

C̃ÃN−1Ã1 C̃ÃN−1Ã1

 =
[
Γ1 Γ2

]
, Ỹ =


ỹn
ỹn+1

.

..
ỹn+N

 ,

R =


rn
rn+1

..

.
rn+N

 , T =


0 . . . 0

C̃B̃
..
.

. . .
..
.

C̃ÃN−1B̃ . . . C̃B̃ 0

 .
Let us now specialise to the regulator problem R = 0,

and also assume that we have the full plant state xn
available to us. We can now optimise the cost func-
tion (9), or equivalently

J =
∥∥∥WỸ

∥∥∥2

(13)

with respect to the controller state at the switching
time xcn.

Theorem 3.1 Consider the system illustrated in fig-
ure 6, and represented by equations (10). Assume
rk = 0 ∀k. The optimal controller state xcn with re-
spect to the cost function (13) is given by:

xcn = − (WΓ1)†WΓ2xn. (14)

Proof: from equation (12) we obtain the following:

WỸ = WΓ1x
c
n +WΓ2xn,

and by proceeding as for other least squares optimisa-
tion problems:

argmin
xcn

J = − (WΓ1)†WΓ2xn.

3.2 Infinite horizon
We now consider the case of optimising the unweighted
response in the infinite horizon, as N → ∞. That is,
we wish to minimise the cost function:

J =
∥∥∥Ỹ ∥∥∥2

, (15)

where Ỹ =
[
uTn yTn uTn+1 yTn+1 . . .

]T .

Theorem 3.2 Consider the system illustrated in fig-
ure 6, and represented by equations (10). Assume that
the controller K stabilises the plant P , and rk = 0 ∀k.
Then the optimal controller state xcn with respect to the
cost function (15) is given by:

xcn =
(
C̃T1 C̃1 + ÃT1 MÃ1

)−1

.
(
C̃T1 C̃2 + ÃT1 MÃ2

)
xn,

(16)



where M is the solution to the discrete time Lyapunov
equation

M − ÃTMÃ− C̃T C̃ = 0 (17)

Proof: Essentially, we must show that the expression
for the optimal xck in the finite horizon case:

xcn = − (Γ1)† Γ2xn, (18)

converges to the equation (16) in the limit as N →∞.

lim
N→∞

Γ†1Γ2xn = lim
N→∞

(
ΓT1 Γ1

)−1
ΓT1 Γ2xn

=

(
C̃T1 C̃1 + ÃT1

∞∑
n=0

((
ÃT
)n
C̃T C̃Ãn

)
Ã1

)−1

.

(
C̃T1 C̃2 + ÃT1

∞∑
n=0

((
ÃT
)n

C̃T C̃Ãn
)
Ã2

)
.

Let M be defined as follows:

M :=
∞∑
n=0

((
ÃT
)n

C̃T C̃Ãn
)
. (19)

Pre multiplying by ÃT , and post multiplying by Ã we
obtain

ÃTMÃ =
∞∑
n=1

((
ÃT
)n

C̃T C̃Ãn
)

= M − C̃T C̃, (20)

andM exists precisely when the discrete time Lyapunov
equation 17 has a solution. That is, when Ã is stable
(see for example [9]) or equivalently, when K stabilises
P .

In the case where the plant state is unavailable we use
an optimal plant state estimate, and minimise a norm
of expectation values, yielding the same results with xn
replaced by an optimal estimate x̂n.

3.3 Reference problem
The general tracking problem cannot be dealt with so
easily using this method, unless we know the reference
signal rk a priori. It is possible to solve the problem
assuming a constant reference after the switch. We first
calculate the steady state values of the plant input and
output, and to then optimise the cost function

J =
∥∥W [

Ỹ − Ỹs.s

]∥∥2
, (21)

yielding the (finite horizon) solution

xcn = − (WΓ1)†
(
WΓ2xn +WTR−WỸs.s

)
(22)

where Ỹs.s is the steady state value of the plant input
and output (constant vector with same dimension as
Ỹ ).

4 Examples

Consider the following plant transfer function

P =
1

s(s2 + 0.2s+ 1)
. (23)

The controller is the 10% suboptimal H∞ loopshaping
controller.

We consider the regulator problem. That is, we have
reference input r = 0.

We use a discretised version of the above plant and
controller, with a sampling time T = 0.05. We drive the
plant open loop by a random noise signal qk, and switch
to the controller K at time k = 160. The system is set
up as illustrated in figure 1. No conditioning is applied
to the controller prior to the switch, so the controller
state remains zero until the switching instant. Figure 7
shows the plant input and output for the system as
described.
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Figure 7: Unconditioned response to switch at k=160

We can clearly observe the bump at the switch. The
transient signal caused by the bump has a significant
effect, taking a further 240 time steps to settle. In this
example the unweighted two-norm of the input/output
after the bump is 17.46.

4.1 First method
Applying the least squares optimisation procedure de-
scribed in theorem 2.1 (uniform weighting), we obtain
the result shown in figure 8.

The solid lines show the actual plant input and output
for the simulation. The dotted lines show the hypothet-
ical controller input and output which lie closest to the
observed signals in the sense of the cost function (4)
with W = I. We can clearly see an improvement in
the transient response of the plant following the switch.
The norm of the signal following the switch is 13.15, a
significant improvement over the unconditioned case.

4.2 Second method
First consider the unweighted infinite horizon case.
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Figure 8: Least squares controller state selection
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Figure 9: Optimal bumpless transfer, finite horizon

The result, shown in figure 9 is a slight improvement
over the first method, with a signal norm of 12.79 fol-
lowing the switch.

Note that there is still a discontinuity immediately fol-
lowing the switch, decaying very rapidly. If we re-
quire a smoother transition at the expense of longer
decay time, we can manipulate the weighting matrix
to achieve the desired results. Figure 10 shows the fi-
nite horizon weighted case, with a diagonal exponen-
tially weighted cost, from 1 immediately following the
switch, to 10−4 at the end of the simulation. The re-
sult is a reduced discontinuity at the time of the switch,
but slightly greater settling time and more oscillatory
response.

0 50 100 150 200 250 300 350 400 450 500
−1.5

−1

−0.5

0

0.5

1

1.5

2

time

pl
an

t i
np

ut

0 50 100 150 200 250 300 350 400 450 500
−1

0

1

2

3

4

time

pl
an

t o
ut

pu
t

Figure 10: Weighted case

5 Conclusions

Our two approaches to the problem both initially re-
quire direct manipulation of the states of the controller.
In digital control systems this is usually not a problem,
as controller manipulation is a straightforward matter.
In some analogue control systems the controller states
may not be directly accessible.

We showed that the optimisation of theorem 2.1 is
equivalent to a Kalman filter implementation of the
controller, and in the infinite horizon (for certain
weightings) to a coprime factor implementation. Thus
we may use this method without directly manipulating
the states of the controller. We also showed a sensible
interpretation of this method in the context of reference
tracking control.

The first method has computational advantages over
the second, and is valid in the general reference tracking
problem, and in problems with no explicit linear plant
model available. The second method produces a truly
optimal result in well defined cases with zero or step
reference inputs.
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