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Abstract

In this paper, a state avoidance controller with in-
hibitor arcs called \IA-controller" is proposed for non-
convex forbidden state problems in Petri nets. The for-
bidden condition is transformed into non-convex mark-
ing constraints in controlled PNs. Simple formulas for
IA-controllers are developed to avoid the non-convex
marking condition. By extending enabling rule of con-
trollable transitions, the IA-controller can realize OR-
logics, which is impossible in ordinary PN structure-
type controllers. The signi�cance of IA-controller is
that the controller can be easily implemented in the
plant model. In addition, IA-controllers are synthesized
in a modular way in order to solve multiple forbidden
conditions.
keywords : Petri nets, forbidden state problem, non-
convex constraint.

1 Introduction

In recent years, much research has focused on the syn-
thesis of controllers in discrete event systems (DESs).
To achieve their desired behaviors, it is essential to
guarantee that the system never enter forbidden states.
This is referred to as the forbidden state problem in
DESs and the controller to solve these problems is re-
ferred to as state avoidance controller [1].

Petri net is an appropriate model to describe the be-
havior of DESs because of their 
exibility and visual-
ization [2]. Many researchers have used Petri nets as
a tool to solve the forbidden state problems in DESs
[3, 4, 5, 6]. In Petri nets, forbidden state problems are
generally expressed by a number of linear marking con-
straints called a forbidden condition. The plant mod-
eled by a Petri net can avoid the forbidden condition by
synthesizing PN structure-type controller or arbitrary
logic-type controller into the plant.

It is well known that the marking region to avoid
this forbidden condition forms a convex region under
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the assumption that all transitions are controllable. To
handle the convex marking region, PN structure-type
controllers have been proposed in [7, 8] with P-invariant
structures, which can be easily computed. However,
a forbidden condition often incurs non-convex mark-
ing regions under the existence of uncontrollable tran-
sitions. It was proved that non-convex marking regions
cannot be avoided by PN structure-type controllers, be-
cause reachable state space in PN structure-type con-
trollers has the convex nature [9].

To solve forbidden state problems of non-convex
marking regions called non-convex forbidden state prob-
lems, arbitrary logic-type controllers based on path-
based algorithms have been developed for several
classes of Petri nets such as controlled marked graphs
(CMGs) [3], controlled state machines (CtlSMs) [4],
generalized controlled Petri net [5, 6, 10]. These meth-
ods have shown how to synthesize arbitrary logic-type
controllers guaranteeing to avoid forbidden states with-
out an exhaustive search of the whole state space of the
system. Especially, an important contribution in the
area of arbitrary logic-type controllers has been made
in `vector discrete event systems' (VDESs) [11]. VDESs
showed that a forbidden condition can be transformed
into a kind of non-convex linear marking constraints
for a special classe of loop-free Petri nets and proposed
an arbitrary logic-type state feedback controller which
can be accomplished by the linear integer programming
(LIP). However, there are some limitations as follows:
i) LIP may not be suitable to online control applications
due to the computational complexity and ii) arbitrary
logic-type controllers are more di�cult to analyze and
implement than PN structure-type controllers in many
cases. Thus, it is necessary to �nd an e�cient and easy
method in order to solve non-convex forbidden state
problems.

In this paper, a PN structure-type controller with
inhibitor arcs called IA-controller is proposed for non-
convex forbidden state problems. Owing to the step-
evaluation method developed in [10], a forbidden con-
dition can be transformed e�ciently into non-convex
marking constraints for a general class of PNs under
the existence of uncontrollable transitions. In addi-



tion, simple formulas are proposed to calculate the IA-
controller. By extending enabling rule of controllable
transitions, the IA-controller can realize OR-logics,
which is impossible in the other PN structure-type con-
trollers. In addition, IA controllers are synthesized in
a modular way to solve multiple forbidden conditions.

2 Forbidden State Problems

A plant is modeled by a Petri net de�ned as N =
(P ; T ; A;m0) where P is a place set, T is transition
set, A is arc function, m0 is an initial marking. The
only di�erence between the plant and a general model
of Petri net is that T is divided into two classes of con-
trollable transitions Tc and uncontrollable transitions
Tuc.

The weight of an arc from a place pi to a transition
tj is denoted by a(pi; tj) and the weight of an arc from
tj to pi is denoted by a(tj ; pi). If a(pi; tj) > 0 (or
w(tj ; pi) > 0), pi (or tj) is called an input place (or
transition) of tj (or pi) and also tj (or pi) is called an
output transition (or place) of pi (or tj).

�t (t�) denotes
the set of input (output) places of t and �p (p�) denotes
the set of input (output) transitions of p.

A state in PNs is described by a marking m : P ! N
indicating the current distribution of tokens in places.
m(p) is the number of tokens in the place p. If m(p) �
w(p; t) for all places in �t, the transition t is said to
be state-enabled. By the �ring of a transition set T �
T , a marking m is reached to a new marking m0 by a
state transition rule as well known, which is denoted by
m[T > m0. Given G, all the reachable marking set is
denoted by R(G).

The supervisory control goal in Petri net model is
to restrict the reachable markings of a plant, which is
speci�ed by a forbidden condition. A single forbidden
condition is speci�ed as follows:

F : lTm � b (1)

where lT is non-negative integer weight vector and b
is scalar. The constraint of (1) is not a general form
as the language based behavioral constraints [1]. How-
ever, linear state constraints can be widely used because
of the ease with which they can be enforced on Petri
net modeled systems. They are also useful for realiz-
ing \generalized mutual exclusions constraints", which
includes both serial and parallel mutual exclusions [7].

The i-th place such that li > 0; li 2 lT is called a
forbidden place. If p is a forbidden place of F , we de-
note p 2 F . The forbidden marking set for a forbidden
condition F is de�ned as

M(F ) := fm 2 R(G) j lTm > bg: (2)

Plant
(Petri Net)

Controller

σγ

Figure 1: plant and controller

The controller should restrict the behavior of plant
by disabling or enabling the controllable transitions ac-
cording the marking state at each evolution time. The
basic scheme of feedback control in Petri net model
is shown in Figure 1. The controller monitors the se-
quence of the �ring transition sets, � = T1T2T3 � � �, at
each evolution time and update the internal states of
the controller and then decide the control input, 
, to
avoid the forbidden states in controlled plant, where 

is a mapping such that


 : Tc ! f0; 1g: (3)


one, one control, denotes the control such that

one(t) = 1 for all t 2 Tc and 
zero, zero control, de-
notes the control such that uzero(t) = 0 for all t 2 Tc.
To decide the control input, the controller should con-
sider the reachable markings by �ring sequences of un-
controllable transitions.

3 Weakly Forbidden Conditions

Given a forbidden marking set M(F ), it is the fact
that the marking set to be avoided is larger than the
forbidden marking set M(F ) due to uncontrollable �r-
ing sequences. This larger marking set is said to be the
weakly forbidden marking set and de�ned in [3] as

W (F ) = fm j R1(
zero;m) \M(F ) 6= ;g:

This means that any marking in W (F ) is reachable to
a forbidden marking in M(F ) under even the most re-

strictive control 
zero. The set A(M)
4
= R(G)�W (F )

is said to be the admissible marking set w.r.t. F .

A string of places and transitions � = p0t1p1t2 � � �
pn�1tnpn such that ti 2 p�i�1 \

�pi, 1 � i � n, ti 6= tj
for 1 � i 6= j � n is said to be a path. The length of � is
de�ned as the number of places lying in � and denoted
by j�j and `t (or p) 2 �' means that t (or p) lies in �.
The set of input transitions of p0 2 � is denoted by ��
and the set of output transitions of pn 2 � by ��.

De�nition 1 A path � is said to be uncontrollable path
of F if following conditions are hold
1) any t 2 � is not controllable,
2) pn 2 F ,
2) �� \ Tc 6= ; if �� 6= ;.



The uncontrollable path of F has the same meaning of
precedence path in [3] or in
uence path in [4]. The set
of uncontrollable paths of F is denoted by �F .

Given a plant model G = (P; T;A;m0), an uncon-
trollable subnet w.r.t. F is de�ned as a tuple GF =
(PF ; TF ; AF ;m

0
F ), where PF = fpjp 2 �, for each

� 2 �F g, TF = ftjt 2 �, for each � 2 �F g, AF � W
is arc function de�ned on (PF � TF ) [ (TF � PF ). m

0
F

is a sub-marking of m0 w.r.t. PF . In other words, the
uncontrollable subnet GF w.r.t. F is constructed by
the paths which lead to forbidden places of F and does
not contain any controllable transitions. If there is no
loop in GF , GF is called loop free (LF). In this sequel,
we assume that the considered uncontrollable subnet is
LF.

De�nition 2 Given a forbidden condition F , A LF un-
controllable subnet GF is said to be step-aligned if
j�j = j�0j, for any pairs �; �0 2 �F such that � 6= �0.

A step-aligned subnet has some useful properties
which are e�cinet to analyze its marking behavior. Let
Pi be the set of i-th places lying in � 2 �F and Ti be
the set of i-th transitions lying in � 2 �F . The in-
cidence matrix of a step-aligned subnet GF can be a
special form as follows:

Minc =

2
6666664

�E11 0 0 0
E21 �E22 0 0
0 E32 �E33 0
� � � � � � � � � � � �
0 0 0 �E(L�1)(L�1)

0 0 0 EL(L�1)

3
7777775
(4)

where �Eii 2 ZjPij�jTij is the incidence matrix between
Pi and Ti and E(i+1)i 2 ZjPi+1j�jTij is the incidence
matrix between Pi+1 and Ti. Note that PL, the last
place set of GF , is equal to the set of forbidden places
in F .

Thanks to the step-alignment algorithm proposed in
[10], we can transform any kinds of LF uncontrollable
subnets into step-aligned subnets. The step-aligned
subnet transformed from GF by the step-alignment
algorithm is denoted by ~GF = ( ~PF ; ~TF ; ~AF ). Step-
aligned subnet ~GF has a property that the reachable
markings of Pi 2 PF are dependent only on the reach-
able markings of preceding places.

Example 1 Figure 2 shows a Petri net model of a manu-
facturing system producing two kinds of products from
raw parts of A and B. Each part of A (or B) is loaded on
one empty pallet by the �ring of the transition t3 (or t4).
After machine processing, �nished parts are released to
the �nal storage and empty pallets are delivered into its
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Figure 2: A Petri net model for a manufacturing system
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Figure 3: An example of non-step-aligned subnet and

step-aligned subnet.

pool. Otherwise, pallets with incomplete parts are re-
turned to the corresponding bu�ers. it is assumed that
entry points of raw parts, returning points of pallets and
the machining points of Machine 1 and Machine 2 are
only controllable (i.e. Tc = ft1; t2; t5; t6; t11; t12g). The
constraint in the system is speci�ed such that Bu�er 1
should have �nite capacity of six pallets. Then, the sin-
gle forbidden condition of the system is F : m(p6) � 6.
The uncontrollable subnet GF is shown in Figure 3.(a).
Since all the paths in GF do not have same length, GF

is not step-aligned. Figure 3.(b) shows a step-aligned
subnet ~GF transformed from GF by the re�nement of
t13p6 and p3t3.

It was already proved that the weakly forbidden
marking set can be speci�ed by the disjunction of lin-
ear constraints for a general tree structure (GTS) in



[11]. In this paper, this statement is extended for a LF
uncontrollable subnet which is a general set of GTS.
Then, the non-convex linear constraints to express the
weakly forbidden markings is called a weakly forbidden
condition.

Lemma 1 Given a forbidden condition and the LF un-
controllable subnet GF , the weakly forbidden condition
can be speci�ed as

~F :

nF_
i=1

(lTi m � bi) (5)

where, lTi is non-negative integer weight vector, bi is
scalar.

Proof : The proof is omitted, but may be found in
[10].

In addition, algorithms to transform given a single
forbidden condition into a weakly forbidden condition
is suggested in [10] called Step-Evaluation Method.

4 Synthesis of Inhibitor Arc Controller

Given an uncontrollable subnet GF =
(PF ; TF ; AF ;m

0
F ) and a weakly forbidden con-

dition (5), IA-controller is de�ned as a tuple of
S = (C; Tc; Ac; Ic;m

0
c) where C is the set of control

places C = fc1; c2; � � � ; cnF g, Tc =
�PF [PF

�, Ac is the
incidence matrix between C and Tc and obtained by
the following equation:

Ac = [l1l2 � � � lnF ]
TAF : (6)

Ic : C ! T is an inhibitor arc function from a control
place to an input transition of GF and de�ned as

I(ci; t) =
n
bi if t 2 �PF � PF

�

0 otherwise
(7)

and m0
c is the initial marking of C and obtained by

m0
c = [l1l2 � � � lnF ]

Tm0
F : (8)

According to the de�nition of IA-controller, we can
mention the following remarks:

Remark 1 : Tc � T . This means that no new tran-
sitions are created by IA-controller . The control places
are linked to the transitions in the plant by some arcs.

Remark 2 : By the de�nition of I , I(ci; t) =
I(ci; t

0) = bi for any t; t
0 2 �ci:

Remark 3 : The tokens reserved in the control place
ci; i = 1; � � � ; nF , in each evolution time, represents the

left side equation of each linear constraint (i.e. m(ci) =
lTi m).

Remark 4 : The controller does not create a new
marking m =2 R(G;m0) except the markings of control
places, which means that the IA-controller is a kind of
restrictive controller (not enforcing controller).

Given a plant model G, a weakly forbidden condition
~F and the IA-controller S, the controlled plant is ex-
pressed as GjjS = ( �P ; T; �A; �I; �m0) where �P = P [ C
and �A = [A;Ac], �I = [0; Ic] and �m0 = (m0 c0).

Lemma 2 Let RjP(GjjS; �m0) be the reachable marking
set projected on P for GjjS. Then, RjP(GjjS; �m0) =
R(G;m0) if �I = 0.

Proof : By Remark 4, RjP(GjjS; �m0) � R(G;m0). It
is su�cient to prove R(G;m0) � RjP(GjjS; �m0). �I = 0
means that there is no inhibition arcs. The controlled
plant behaves like standard PNs. Since the state transi-
tion equation is di�erent within the uncontrollable sub-
net GF . we consider that the state transition equation
is �

m
mc

�
=

�
m0

m0
c

�
+

�
AF

Ac

�
x:

Let x be a feasible �ring vector in the plant model G.
Then, x should satis�esm = m0+AFx � 0 because the
subnet is loop-free [11]. Hence, m 2 R(G;m0). By the
de�nition of Ac, m

0
c + Acx = m0 + [l1 � � � lnF ]

TAFx �
0, because each element in li; i = 1; � � � ; nF is non-
negative. Then, x is also feasible in GjjS and [m;mc] 2
RjP(GjjS; �m0). Hence, R(G;m0) � RjP(GjjS; �m0).

�I = 0 means that the control places does not restrict
the controllable transitions at any marking conditions.
Lemma 2 guarantees that the controlled system within
admissible marking states behave the same as the orig-
inal plant.

Enabling and �ring rules of the controllable transi-
tions connected from inhibition arcs in GjjS is de�ned
as follows:

De�nition 3 Transition t 2 T is said to be inhibitor
arc-enabled (IA-enabled) if there exist at least one con-
trol place c 2 �t \ C such that I(p; t) � m(c).

If a transition is both state-enabled and IA-enabled,
the transition is said to be control-enabled. But, all
the control-enabled transitions can not be �rable at the
same time. There can exist structural con
icts by the
a�ect of inhibition arcs and control places. A transition
set �c w.r.t. a control place c 2 C is said to be struc-
turally IA-con
icted if j�cj > 1. The IA-con
icted tran-
sition set w.r.t. c 2 C is denoted by Tcft(c). It means
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Figure 4: No e�ective and e�ective con
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that the �ring of a transition t 2 Tcft(c) a�ect the
enabling condition of other transitions in Tcft(c). So,
some transition in IA-con
icted transition set should
not be �red simultaneously according to a marking con-
dition as like con
icts in ordinary Petri nets.

De�nition 4 Given a marking m, A transition set T �
Tcft(c) w.r.t. a control place c 2 C is said to be e�ec-
tive IA-con
icted if all the transitions of T are control-
enabled and

m(c) +
X
t2T

A(t; c) > b: (9)

where I(c; t) = I(c; t0) = b for any t; t0 2 T which is
possible as mentioned at Remark 2.

When a transition set T is e�ective IA-con
icted, the
simultaneous �ring of e�ective IA-con
icted transitions
should be avoided, which is called con
ict resolving. By
resolving the IA-con
icts, we can guarantee that the
controlled plant does not enter weakly forbidden states
by the following lemma.

Lemma 3 Given IA-controller S and m0 =2M( ~F ), con-

ict resolving avoiding the condition (9) guarantees that
R(GjjS; �m0) \M( ~F ) = ;.

Proof : The proof is omitted, but may be found in
[10].

Example 2 We consider uncontrollable subnet GF of
Figure 3 with F : m(p6) � 6. The controllable tran-
sition set is ft1; t2; t11; t12g. By the step evaluation
method [10], we can �nd the weakly forbidden condition
~F as follows:

[m(p13) +m(p14) +m(p4) +m(p6) � 6]
W

[m(p13) +m(p3) +m(p6) � 6]:

Then, IA-controller S = (C; Tc; Ac; I; c0) is obtained,
where C = fc1; c2g, Tc = ft11; t12; t1; t13; t14; t15; t3; t5g,

Ac = [l1 l2]
TAF

=

�
1 1 0 1 1
1 0 1 0 1

�
�

p14

p4

p3

p6

t3
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t14
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t12
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�
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Figure 5: An example of IA-controller

2
66664

1 0 0 �1 �1 0 0 0
0 1 0 0 0 �1 0 0
0 0 1 0 0 0 �1 0
0 0 0 0 1 1 �1 0
0 0 0 1 0 0 1 �1

3
77775

=

�
1 1 0 0 0 0 0 �1
1 0 1 0 �1 0 0 �1

�
(10)

and

I(ci; t) =
n
6 for t 2 ft11; t12; t1g
0 otherwise

(11)

where i = 1; 2. The initial marking is m0
c = [4 5].

The controlled plant by the IA-controller synthesized as
shown in Figure 5. Each control pattern 
 is determined
by the structure of the IA-controller and the con
ict
resolving algorithm.

5 Modular IA-Controllers

In this section, we consider a conjunction of some
single forbidden conditions as follows:

F :
K̂

i=1

F

which is called multiple forbidden condition F . The
weakly forbidden condition for F can be represented
by

~F :

K̂

i=1

2
4 ni_
j=1

lTijm � bij

3
5 (12)

For each Fi; i = 1; � � � ;K, IA-controller Si =
(Ci; Tci ; Aci ; Ii;m

0
ci
) is obtained according to its de�-

nition. The control-enabled transition set of Si is cor-
responding to the control pattern 
i.

The �nal control input for F is


 =

K̂

i=1


i: (13)
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Figure 6: modular IA-controllers

The control structure of the modular IA-controller
is shown in Figure 5.(a) and denoted by S =
S1
V
� � �
V
SK . Based on Lemma 3, the behavior of the

controlled plant with modular IA controller S guaran-
tees the following statement.

Proposition 1 Given a plant G and a multiple forbid-
den condition F , The controlled plant by modular IA
controller S satis�es L(GjjS) \M( ~F) = ;.

If (�PFi � P �Fi) \ (�PFj � P �Fj ) = ;, for any pair of Fi
and Fj in F , there is no dependence between the control
patterns 
i and 
j . In this special conditions of multiple
forbidden conditions, we can �nd a simple structure of
modular IA-controllers by removing the AND logic in
controller part as shown in Figure 5.(b).

6 Conclusion

A PN structure-type controller with inhibitor arcs
called IA-controller is presented to solve non-convex
forbidden state problems in a class of PNs. The non-
convex marking constraint was computed e�ciently by
the step-evaluation method proposed in [10]. In addi-
tion, simple formulas of IA-controllers are proposed to
avoid the non-convex marking condition. By extending
enabling rule of inhibitor arcs, IA-controller can realize
OR-logics which is impossible in the P-invariant struc-
ture. The signi�cance of IA-controller is that the con-
troller can be easily implemented in the plant model
and the synthesis procedure is simple, because the IA-
controller can be computed by a single matrix multipli-
cation. Another advantage of the proposed controller
is that it can be used to design Petri net controllers
in a modular way. If the speci�cations of the system
can be decomposed into a collection of a single forbid-
den condition, it may be possible to realize the modular
IA-controllers.
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