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Abstract

In this paper we study systems that are subject to sudden
structural changes due to either changes in the operational
mode of the system or due to failure. We consider linear
dynamical that depend on a modal variable which is either
modeled as a finite state Markov chain or generated by an
automaton that is subject to an externa disturbance. In the
Markov chain case the objective of the control is to
minimize arisk sensitive cost functiona. The risk sendtive
cost functional measures the risk sensitivity of the system
to trangtions caused by the random modal variable. In the
case when a disturbed automaton describes the modal
variable, the objective of the control isto make the system
asrobust to changesin the external disturbance as possible.
Optimality conditions for both problems are derived and it
is shown that the disturbance rejection problem is closely
related to a certain risk senstive control problem for the
hybrid system.

1. INTRODUCTION

In this paper we study systems that are subject to
sudden structural changes due to either changes in the
operationa mode of the system or due to falure. In
particular we study linear dynamica systems that operate
in several modes. The modal variable determines the
operational mode of the system and may be generated by
some kind of a supervisory system or it may be random or
some combination of the two. Systems of this form arisein
various applications and system formulations, such as
power systems [1], target tracking [2] and fault-tolerant
control system [3, 2].

Control of hybrid systems where the modal variable
is modeled as arandom process has been studied by many
authors. In [4] a theory for linear hybrid systems with a
Markovian jump parameter (modal variable) is developed
and it is shown that an optima state feedback control law
in the case of a quadratic cost functional is given by a
system of coupled Riccati equations. In [2] the theory for
jump linear systems with a quadratic cost functional is
developed further and the theory for such systems is quite
complete. In [5, 6] a detailed treatment of continuous time
nonlinear stochastic hybrid systems is given. In particular,
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in [5] conditions for the existence and uniqueness of
solutions of such systems are formulated, and in [6] a
general theory for the ergodic properties of solutions is
devel oped.

Hybrid systems where the moda variable is assumed
to evolve according to the dynamics of a finite date
machine (automaton) have recently been the subject of
considerable research efforts. In particular, the sability
properties of such system have been studied in several
publications (see, eg. [7]-[9]). Design of stabilizing
controllers for hybrid systems has been studied in severa
publications (see. e.g. [10]) and optimal control for a class
of hybrid systems is studied in [11]. In addition, the design
of supervisory control systems for hybrid systems has been
the subject of several papers (see, e.g. [12].

Risk sensitive control has been the subject of many
publications in the last 10 years or so. Initidly, efforts
focused on risk sengitive control of linear systems in both
continuous and discrete time (see [13] for overview). After
the paper [14] linking robust and risk sensitive control for
linear discrete time systems, a considerable effort was
made in analyzing this relationship further and a complete
solution for the connection between risk sensitive control,
stochastic differential games and robust control was
obtained for diffusionsin [15], [16]. Risk senstive control
has since then been developed for other types of systems.
In particular, risk sensitive control for Markov chain
systems has been analyzed in several papers (eg. [17]-
[20Q]). Of special importance for our research are the papers
[19]-[20] where robust control of finite state machines is
linked to risk sensitive control of Markov chains on afinite
state space. In particular, our approach is partially based on
ideas in these papers.

In this paper we consider both systems where the
modal variable is modeled as a finite sate Markov chain
and systems where the modal variable is generated by an
automaton that is subject to an externa disturbance. In the
Markov chain case the objective of the control is to
minimize a risk sensitive cost functiona. The risk sendtive
cost functional measures the risk sensitivity of the system
to trangtions caused by the random jump parameter (mode
variable). For the case when the moda variable is
described by a disturbed automaton the objective of the



control is to make the system as robust to changes in the
externa disturbance as possible. Optimality conditions for
both problems are derived and it is shown that the
disturbance rejection problem is linked (equivaent in the
appropriate sense) to a certain risk sendtive control
problem for ahybrid system.

The paper is organized as follows. In Section 2 the
hybrid system that we study is described. In Section 3 the
risk sensitive control problem is discussed and in Section 4
we anayze the disturbance rejection problem. Finaly, in
Section 5 we discuss the relationship between the two
problems. All proofs are omitted in order to satisfy the
space limitations.

2. SYSTEM FORMULATION
Consider the linear system

Xi+1 = Al Xk +B(riuk,  Xp =X D
where x, OR" isthe state and u, OR™ is the control.
The variable r,, the mode of the system, takes values in
the finite set M :{ml,...,mN} and may evolve either

determinigtically or stochadtically. The dynamics of r, are

further specified in Sections 3 and 4.
We define the class # of admissible controls for
system (1) asthe class of al state feedback controls of the

form u=u(x,r), which satisfy a Lipschitz condition in x
uniformly in r and for which u(0,r)=0 for al r OM .
3. RISK SENSITIVE PROBLEM

We now assume that the mode variable r in (1) is
modeled as a Markov chain taking values in the finite set

M:{ml,...,mN

according to the dynamics

P(rksq = fifre =m) =M(m, i) 2

}. In particular, assume that r, evolves

where the stochastic matrix M =(M(m, rﬁ))r':m:l

satisfies
Nmm)z0and 3 N(mm)=1.
Y
For the stochastic system with state (xy,rc) define
the infinite horizon risk sensitive cost functiona

K-1
> (X i Ui )
J(u):limsup%Iog Ey | e e (3
| N

where c(x,r,u):%(x'Q(r)x+u'R(r)u), Q(r)zo

R(r)>0 and the initid state is (Xg,rg) =(x,r). The

objective of the control is to minimize the cost functional
J(u) over the set of admissible controls.

The stochastic system with state vector (x,r) and

control ud% isaMarkov process. Note that if X OR"
and SO M then

P((Xi+1: Tkea) OX¢ Sxi= 1= )

? 4
= 5 (. xx (Ar)x +B(r) @
05
where x x (x) isthe indicator function for the st X . For
@R"xM - R define

> (r, )@ A(r)x+B(r)u, ) (5)

fOM

(Po)(x,r)=

and
(Peg)x.r) =€ ) (Pgi(x,r)
=M 5 n(r, Pl Alr)x+ B(r)u, ).

oM

(6)

Theorem 1: Assume that there exists a constant A and a
gtrictly positive function ¢:R" x M — R such that

e"lp(x,r):iﬁf[(Pctp)(x,r)], (xr)OR™ M. (7)

Then for any uO%

A<J(u )-hmsup%log Ey | €0 . (8

Furthermore, if there exiss a u" O% such tha the
infimum in (7) is attained a u” for dl (x,r)OR™% M
then

A= ( )—Ilmsup—log rekZOC(Xk'rk'UK) . (9

| N
Consider equation (7) again, i.e.
et y(xr) =inf (P )(x,r) =inf e ) (P)(x,r) (10)

Let ¢=logy . Then after substituting into (10) and taking

logarithms of both sides we get (note that since the log is
monotone increasing we can interchange theinf and log)

)\+q0(x,r):lijnf {c(x,r,u)+|og(Pe"’)(x,r)}
(11)
|nf {c(x,r,u )+log Zn (r, r)e"’(A r)x+By(r )}

fOM

Next we rewrite (11) as an equivalent stochastic game for
an auxiliary system. This formulation will be the key in



obtaining the link between the disturbance rejection and
risk sensitive control problems. We begin by introducing

some notation. Let 2(M) denote the set of all probability
vectorson M, i.e,

N
P(M):{p:(pl,...,p,\,): P 20, P :1}. (12)
i=1
For afixed p02(M) define the relative entropy function

I(flp):2(M) -~ RO } by

(o) - {szlog[a(rA)]n(rA), if n<.<p. W
00, otherwise
where
a(F)= ';E:; if p(f) >0 1
1, otherwise

It is straightforward to prove the following lemma using
theresultsin [21].

Lemma 1: Assume that ¢(x,r) is bounded as a function
of r for each fixed x. Then

inf log Z nr, [_A)e(p(A(r)x+B(r)u,rA)

Y]
= iﬁf H;J(pM){sz(p(A(r)x +B(r)u,f)f)  .(15)
=1 (e 5}

Furthermore, the maximum of the right hand sde is
attained at the unique probability measure

A A8
(Pe"’)(x, r

Substituting (15) into (11) gives
A+e(x,r)= iﬁf{c(x,r,u)

mm,(r,f) = n(r,f). (16)

np(M) | FOM

¢ an |5 awes oy 1 o
(17)

=inf sup {Z(p(A(r)x+B(r)u,f)7(f)
U n0p(M) (fOm
+c(x,r,u)—|(n||l‘|(r,D;)}

This equation is the optimality egquation for an associated
stochastic dynamic game with dynamics given by

Xi+1 = A(Sk )Xk + B(Sk )uk (18)

where s is a process on M which moves to the next
state si,q according to the probability distribution 77.
Furthermore, the probability distribution 7 is the
maximizing player in the differential game, the minimizing
player is the control u, the one stage reward is
c(x,r,u)—l(n”l‘l(r,[)]) and the cost functional is the

infinite horizon average cost

K-1
2(u, 1) =limsup Ey, , % > (X i Uc)
Koo k=0 (19)

~ 1 (e Eﬂ)):'

4. DISTURBANCE REJECTION PROBLEM
We consider again the linear system

Xk+1 = A(M )X +B(M U, Xg =X (20)

where as before x, OR" isthe state and u, OR™ isthe
control. The variable my, the mode of the system, is now
modeled as a finite state machine or automaton taking

values in the finite st M :{ml,...,mN} and which

evolves according to the dynamics
Mg+ = (M, Wi ) (21)
where wy is a disturbance that belongs to a finite set W.

We assume that there exist a null disturbance w? OW
such that g(m, w‘/’) =h(m) . The dynamics

Mic+1 = h(my) (22)
are caled the undisturbed dynamics. We assume that for
(22) there exists an equilibrium state m? OM such that
m? = h(m"’) :

We use the notation [0,K] for the time interval
{01...,K}andif X isasetthenotation X[0,K] isused
for the set of functions X:[0,K] - X . We make the
following assumptions about the systems (1) — (3):

(A) There exists a Ky such that for any my the
undisturbed system reaches the null state m? after
Ko steps,i.e, m? =my :h(mKO_l) for any initial

state my .

(B) Given mmOM thereexistsa K; and W OW[0, Ky ]
such that for mg=m and input W the disturbed

syssem reaches m in  K; deps e

m=my =g(Mk-1,Wk-)-



Remark. Assumption (A) is clearly a stability condition

for the equilibrium state m? of the undisturbed finite state
machine. Assumption (B) is areachability condition for the
disturbed finite state machine, i.e., any statein M can be
reached in finite time from any initial state by an
appropriate choice of the disturbance input.

We make the following gability definitions for the
hybrid system (20).
Definition: The equilibrium point x=0 of the hybrid
system (20) with control u, = u(xy ,my ) 0% issaidto be
« uniformly stable if there exists afinite constant y >0

such that for any kg and xp the solution of (20)

satisfies

x| <vlxoll -k 2ko, (23)

e uniformly asymptotically stable if it is uniformly
stableand ||xy|| - 0 as k — o

Remark: Stability of hybrid systems of the form (20)-(22)
has recently been extensively studied in the literature
Most of the approaches involve constructing families of
Liapunov functions that guarantee stability. An extensive
overview of these methods can be found in [9].

Consider the closed loop system with control

Uk = Uu(xy ,my ) 02 and define

f U(Xk,mk): A(mk)xk +B(mk)u(xk,mk). (24)

We make the following stability assumption.
(C) The system with dynamics X,,; = f “(xk,m‘p) is
asymptotically stable.
Remark: Note that, in particular, we assume that the
undisturbed system  with initial  state (x,m‘/’) is
asymptotically stable.
Lemma 2: Assume (A) and (C). Then the undisturbed
hybrid system (20), (22) is uniformly asymptotically
stable.

We associate with the disturbance wy in (21) a cost

function d(w), which satisfies
d(w‘p) =0,
(25)
d(w)>0, wzw?,
Define the quadratic running cost function ¢(x,m,u) asin

Section 3. The robust control problem or disturbance
rejection problem we consider isthe following:

Let xg =0, my =m?. For a given constant y find a
control u (if it exists) such that

K-1 K-1
S oxcmg u) <y Y d(w) (26)
k=0 k=0

for all W OW[0, k- 1], K> 0.

For a given u define y*(u) as the smallest positive
number y such that for all WOW[0, M- 1], M> 1 and

X =0, my =m?
M-1 M-1
ZC(Xk,mk,Uk)SVZ d(Wk), M=>1. (27)
k=0 k=0

It can be shown that y >y (u) if and only if there exists a

nonnegative function ®(x, m) (so-called storage function,
see [19]) such that

D(x,m) = max CD(f Y(x,m), g(m,w))

+c(X,mu) —yzd(w)] . (28
o(o,m?)=0

In the system (20), (21) let the control u 0% be fixed
and consider the system

X1 = F (% M) X =X

. (29)
M1 = 9(Me, Wi ), My =m
For this system define a cost functional
. 1 K-L 5
L(v_v):hmsupE Z(c“(xk,mk)—y d(wk)) (30)
Koo K20

where cY(x,m)=c(x,mu) and consider the optimal
control problem of maximizing L(W) over al admissible
disturbances WDW[O;o ). The dynamic programming
equation for thisproblemiis

A+@(x,m) = Wﬁ%[(‘(f Y(x,m), g(m,w))

. (3))
+c(x m) =y 2d(w)

Using standard dynamic programming arguments it is
straightforward to obtain the following.
Theorem 2: Assume that there exiss a A=0 and a

function ¢ sothat (28) issatisfiedforall (x,m)0R* M
and qu(O,m"’):O. Then for the initial state

(Xg,Mp) = (O, m"’)we have

A= sup L(w) (32
WOW[0e )
and an optimal control is wg =w (x,m) where

w’ (x,m) achieves themaximum in (31).

We now relate the disturbance rejection problem
to the optima control problem (30) and the dynamic



programming equation (31). First note that if A =0 then

by Theorem 2 we have sup L(w)=0. Therefore,
WOW[Op )

L(W)<O for al WOW[0» ) and in particular (26) is

satisfied for u.

Theorem 3: Assume that there exiss a A=0 and a
continuous function ¢ so that (31) is satisfied for all

(xmOR™ M and ¢0,m?)=0. Then A =0 if and
only if y = y*.

5. RELATIONSHIP BETWEEN ROBUST AND
RISK SENSITIVE PROBLEMS

Define the optimal cost in transferring the finite state
machine from m to M in one step as

V(m,f) = minyd(w):m=g(m w);. 33
(m, 1) = min{d(w): th=g(m w); (33)
For £ >0 define
1 -V(m)
Me(mm)= e ¢ 34
-V(m,rh)
where Z;(m)= S e ¢  isanormaization constant.
M
Then MM, is the stochastic matrix of a Markov chain on
M. Note that since d(w)=0, d(w‘/’):o and
g(m, w‘/’) =h(m) we have
lim N (may={ > 1= (35)
£-0 0, otherwise

Therefore, the Markov chain with the stochastic matrix
M, isagochastic perturbation (indexed by €>0) of the

undisturbed dynamics my 3 =h(my ) .
For the stochastic system with state (xk,rk‘g ) where
re is the Markov chain P(rk‘:l = r?irk£ = m) =M (mm)
and xy isgiven by (1) (with rk‘g replacing ry ) define the
risk sensitive index
K-1
=3 c(xk,rkg,uk)

Jg(u):limsups%Iog Ey,| €50 . (36)

K- o0

Asin Section 3 we define the operator

c(x,r,u)
(Fgxr)=e ¢ (R.a(xr)
c(x,r,u)

e £

(37)

> Mg (r ) Ar)x+B(r)u,r)

oM

Assume that there exists a constant A¢, a function ¢,
and an optimal control u® 07 so that Theorem 1 with A?g
replacing A holds. Then

AE = Jf(uf). (38)

Furthermore,
¢° = elog Y*)

by equation (17) we have (with

A% +%(x,1)

= sup {Az ¢ (A()x+B(r)u® (x,r),f) tr)
rom

nP(M)

+c(x,r,ug(x,r))—sl(n”l‘lg(r,@} .(39)

S { 3 qog( Uf(x,r),rjzﬁ)
(M) (fOM
+(;u‘€ (X, r) -£l (n||r| g(f,D])}
We now show that, under the appropriate conditions,
in the limit € - 0 equation (39) for the risk sensitive
problem (36) converges to the corresponding eguation (31)

for the disturbance rejection problem (26). Recall that by
Lemma 1 the supremum in (39) is attained at the measure

qf(f “g(x,r),fj

Ne(r,f) (40)

and



:fDM¢ (f (X'r)'fan(r'rA)
e ) -el(m ey @

(pg(fug(x,r),f)

=¢elog H Me(r,fle £
Fm

£

+c' (x,r).

Using a variation of the Laplace-Varadhan lemma (see,
e.g. [20]) it is straight forward to see that first term in the
right hand side of (41) converges in the limit € » 0 to

wmaﬁ{goo(f“O(x,r),g(r,w)j—d(w)} and therefore (41)

becomes

e (x,1)- d(w)}

Provided that the solution of (42) is unique at the control

u® it follows that equation (42) is the same as eguation

(31) (evaluated at u®) and, therefore, that the two
problems are equivalent in thelimit € - 0.
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