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Abstract: The stability analysis of a two-degree-of freedom
teleoperation system, considering the remote station as a
non-linear system, is presented. The non-linearity arises in
the remote robot’s model. Force and position data are
backfed from the local to the remote station. The time
delay between both stations is fixed and known. A model
of the human operator is incorporated into the dynamics of
the local station, while a model of the environment is
incorporated into the dynamics of the remote station. The
analysis, based on operators theory, ensures that system
signals remain within a small bounded region. The validity
of the theoretical results are verified by simulation.

1. Introduction

In the last decade, teleoperation systems have been
extensively developed and their use has reached different
areas, such as space and submarine explorations, military
and public services (e.g., maintenance and repairing of
electric lines), agriculture and livestock raising, medicine
and others.

Several authors have dealt with stability analysis for
teleoperation systems [7], [9], [11]. However, their
analysis suppose a linear model for the system. In [7] and
[9], the models for the human operator and of the
environments are considered in the system, and the
stability is guaranteed with these components included in
the teleoperation system. Authors in [12] proposed a
control scheme where the non-linear master and slave are
treated separately and are subjected to independent
adaptive motion/force control. Stability is analysed for this
control scheme.

In this paper, the theoretical analysis of a teleoperation
system, considering a non-linear model of the remote robot
and time delay between both stations, is presented. The
system presented in this paper does not use the two-port
model technique. The analysis is based on the theory of
operators and was inspired in [2], allowing to find a
bounded region within which the position error signal
remains confined. As a consequence of this, it will be
shown as well, that the force signal is also bounded.

The work is organised as follows. Section 2 presents the
model for the teleoperation system and a brief description
of a structure for compensating the time delay based on
that model. In Section 3, the theoretical analysis of the
robotic teleoperation system is detailed. A numeric

example for computing the boundaries is presented in
Section 4. Finally, some conclusions are given.

2. Description of the system

This section presents a brief description of the
teleoperation system used in the analysis. The model is
detailed in references [4].

2.1. Local Station

Besides the standard modules comprised in a local
station, we regard the human operator as an integrating
member of the teleoperation system and he/she is included
in the modelling, as well as a local manipulator and a
linearized replica of the remote station. This latter model is
part of the structure proposed for compensating the time
delay.

Eqs. (1) and (2) represent respectively the human
operator’s linear model hG  [5] and the local manipulator’s
model along with the local controller.
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In eqs. (1) and (2), hK  is the constant operator’s gain; eT

is the reaction delay of the operator (operator’s time
delay); LT  is the operator lead time constant, NT  is the

neuromuscular lag time constant whereas IT  is the

operator lag time constant. The lead and lag constants are
related to adaptability of the human operator to different
dynamical models; k  is the gain of the local manipulator–
controller closed loop, eff  is the total force exerted by the

human operator on the local manipulator, vk  and pk  are

PD controller gains; lm  and lb  are the local manipulator‘s

inertia and friction coefficients, respectively.
Figure 1 shows the proposed compensation control

structure based on Smith’s predictor design. The structure
is model-based; therefore, the system performance will
depend on how precisely the model is known. In Fig. 1, iT
with 21,=i  is the estimated time delay. Delays are
assumed to be known and constant.
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Figure 1: Compensation scheme.

The compensated reference for the remote manipulator is
given by;

( )22 sT
j

sT
jjc_ref expexpˆˆ −− −−= xxxx

The signals, which are fed back to the local station, are
also compensated by;

( )11 sTsT
c_rob expexpˆˆ −− −−= xxxx

and

( )22 sTsT
c_e expexpˆˆ −− −−= ffff

Hat-signed parameters are estimations of the real ones.
The simulated remote station is modelled as a linear

system, because we assume that the remote robot model is
well-known and it is governed by an inverse dynamics
controller. Therefore, the entire local station of the
teleoperation system becomes linear. Then, by applying the
Superposition Principle, we obtained the output signal as a
function of the input signals. In eq. (3), jx  is regarded a

function of all input signals to the local station. Time
delays were approximated by Pade ’s polynomials.
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vK  and pK  are design parameters of the PD controller

at the simulated remote station; hm  is the muscular inertia

of the human operator’s arm; mK̂  and mx̂  are the elasticity
constant and the position of the simulated environment,
respectively; Z  is a linear impedance used in the simulated
remote station. Constant α  is used to represent the human
operator’s sensorial integration. intF  is an internal

reference signal of the local controller, mR  are the

reference signals of the human operator; x  and f  are the
position and force signals backfed to the local station;

mm x̂K̂  is an additional input signal which arises when the
simulated remote station is included in the modelling.

2.2 Remote Station

The remote station is also constituted by two parts: the
real robotic manipulator and the environment where the
task is being carried out. It also includes a local station
model that performs as a predictor for reference signals
that are commanded from the local station. In order to
make this possible, it is necessary to pre-program the task.
The remote station is supervised by a deterministic
automaton [5], so that the system is considered as a hybrid
one [1]. In the analysis, however, only the continuous
linear system is considered.

In eq.(4) the dynamical robot manipulator model in
Cartesian coordinates is presented. In this model, the robot
is interacting with the environment;

( ) ( ) ( ) ( ) efxx,xgxxx,CxxMF ++++= &&&&& ϕ          (4)

where ( ) nn×ℜ∈xM  is the inertia manipulator matrix, with

( ) ( )xMxM T=  and ( ) 0>xM ; ( ) nn×ℜ∈xx,C &  is the

centrifugal-and-Coriolis-forces matrix; ( ) nℜ∈xg  is the
vector of gravitational force or torques, ( )x&ϕ  is the friction

force, nℜ∈x  is the vector of Cartesian positions and ef  is
the interaction force between the manipulator’s end-
effector and the environment. The control law that was
implemented is an impedance robust control given by [8]:
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where ( )•sgn  is the signal function and;

( ) ( )xxKxxKxa −+−+= 0p0v0 &&&&  (6)

aref0 xxx −=       (7)

( ) ( ) ( )xxKxxKxx −+−+−=+ 000 pv
&&&&&&& λνν          (8)

Here, M̂ , Ĉ , ĝ  and ϕ̂  have the same structure as
ϕ  and    gCM ,,  respectively, though with parameters

estimates. vK  and pK  are positive definite gain matrices.

K  is a diagonal gain matrix. ax  is the correction to be

exerted on the position commanded by the human operator
whenever needed in the interaction with the environment.
The correction is based on the impedance concept [6]. refx

is the reference position sent by the operator to the remote
robot, x  is the robot’s actual position.

The simulated local station is linear and the command
estimation given by the simulated operator is presented in
eq. (9);
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Finally, the command received by the remote robot is,

( ) 11 sT
j

sT
jref exe1x̂x −− +−=        (10)

3. Stability Analysis

According to eqs. (2), (9) and (10), the teleoperation
system can be represented by a block scheme as in Figure
(2). However, this scheme is not practical to analyse the
system; therefore, we will reduce it to a more convenient
form.
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Figure 2: Teleoperation system block scheme.

The interaction force can be computed as:
( )mme xxKF −= . We consider mmxK  as an input step

signal that starts acting when the manipulator’s end-
effector interacts with the environment. Then, the proposed
reduced scheme will be as in Figure (3).
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Figure 3: Reduced scheme for system analysis.

The transfer functions that generate the input signal
refx , have all their poles in the left half-plane and they are

strictly proper [4]; thus, this signal is bounded. The final
outline of the analysis is sketched in Fig.(4) where R is a
non-linear operator that represents the remote robot along
with its non-linear controller. L is a linear operator that
takes into account the rest of the modelled teleoperation
system.
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Figure 4: Control scheme for system analysis.

From Fig. (4):

xLxx ∗−= ref0  (11)

The convolution product is denoted by “*”. The closed-
loop system (robot-robust impedance controller) is
obtained by equating eqs. (4) and (5) and by substituting
eqs. (6) to (8) into the resulting equality. The equation for
the closed-loop system becomes,

( ) ( ) ( ) Ψ10p0v0
ˆ −=−+−+− MxxKxxKxx &&&&&&    (12)

where
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Eq. (12) is not suitable to find the system’s error
equation because it depends on 0x . Besides, it is not

possible to ensure that this signal is bounded. Considering
eq.(11) and based on Leibnitz’s rule for derivation under
the integral sign, the first and second derivatives will be:
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                  (14)

By substituting eq. (14) into eq. (12),
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The terms ( )L0x& , ( )L0x &  and ( )L0x  are bounded because

  L  and L&  are L∞. Then, by shifting these terms to the
right member of eq. (12), the left member of eq. (15) can
be expressed as the following;

( ) ( ) ( ) ( )xKxKxxxKxxKxx pvrefprefvref *L ++−−+−+− &&&&&&&&&

(16)

By adding and subtracting ( )refprefvref* xKxKxL ++ &&& , it

yields:
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( ) ( )refprefvrefrefp

refvrefrefprefvref
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xKxKxLxxLK

xxKxxLxxKxxKxx
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The term ( )refprefvref* xKxKxL ++ &&&  is bounded, because

we assumed that a smooth and bounded desired trajectory
is specified so that ∞∈ Lxx, refrefref &&&   and   x . Thus, we

move it to right member of eq. (12).
We define the error as xxE −= ref . Therefore eq. (12)

can be written as:
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1
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In the right member of eq. (18), the terms:
( ) ( ) ( ) ( )refprefvref*L0xL0xL0x xKxKxL ++−++ &&&&&  do not

depend neither on ( )tx& , nor on ( )tx&& ; but Ψ−1M̂ , is not
independent from these signals. In [2] this problem is
solved with more detail. Here, we follow the same
procedure.

The force created by the mechanism’s inertia can be
expressed in terms of above defined error E ;

( )E
~~

ref
&&&&&& −= xMxM     (19)

Likewise, the ith term corresponding to the centrifugal
and Coriolis forces can be written as

( ) ( )ExCEx &&&& −− refi
T

ref
~

. Expanding this product and taking

advantage of the fact that ( )xCi
~

 are symmetrical, leads to,
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As in [2], we consider only the viscous friction term. The
terms of Coulomb friction and static friction are included
in the perturbation torque dT . Therefore;

( ) ( )Exxx &&&& −== refii ϕϕϕ          (21)

By substituting eqs. (19) to (21) into eq. (18),
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Let us consider again the left member of eq. (22). Note
that MMMMI 11 ˆ~ˆ −− =+ . Therefore, by pre-multiplying eq.
(22) by MM ˆ1− ,
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By applying the definition of convolution on the term

( )EKEKELMM pv
1 *ˆ ++− &&& , the term EL &&∗  can be expressed,

( ) ( ) ( ) ( ) ( ) ( ) ELELtE0LELEL &&&&&&&& ∗++−=−=∗ ∫ 0tdt
t

0

 τττ   (25)

Therefore, the term ( )EKEKELMM pv
1 *ˆ ++− &&&  can be written

as;
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Finally, eq. (23) can be expressed as:
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Eq. (27) will become a linear and decoupled differential
equation. This is done following the procedure [2]:

( ) ( ) EKMMEKKKKMMKMM &&&&
v

1
vvvv

1
v

1 ˆIEˆEˆ −−− −−=−+=

(29)

Operating likewise with pK  and substituting into eq.

(28),
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&&&&
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Left side of eq. (30) is a linear and decoupled differential
expression in terms of the error E . Right side of eq. (30)
can be interpreted as a forcing input Ω  that should also be



bounded. The ∞L  gain of operators E→ΩΝ :  and

E&→ΩΜ :  is given by [3],
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Then;

02T2T01T1T βξββξβ +≤+≤ ∞∞∞∞ EE &    and      (32)

where ∞Tξ  is the nL∞  norm truncated at T . From eq. (32),

n
eL∞∈ξ  implies E , E& n

eL∞∈  and furthermore, if nL∞∈ξ

then E  and E& nL∞∈ .

A bound for the signal 
∞T

ξ  will be found as a function

of ∞T
E  and 

∞T
E& . Constants 

∞
= 0101 ξββ  and

∞
= 0202 ξββ  are finite and non-zero.

Signal ν , defined in eq. (8), depends on 0x . Therefore

it is necessary to find a bound that is independent from 0x .

Signal ν  is a filter used to avoid the direct measure of the
acceleration and it is strictly proper. By applying Laplace
Transform to eq. (8),
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Let us assume that the filter’s ∞L  gain is g . Then by

considering the equality in gain definition,
( )( ) ( )tgtxx0 ν≤− , and substituting into eq. (11),

( ) ( )
( )ref

refrefref

xLELEg
1

xLxLxLExxLxg
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ν
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Finally, by substituting eq. (34) into eq. (24), and
applying the norm function to input ξ  and substituting this

result into eq. (32), the following expressions will be

obtained for ∞T
E  and 
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E& ;
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By solving for ∞T
E  from eq. (35), it is now clear that

the system error trajectory stays within a region limited by
the hyperbolas branches arising from these expressions. In
eq. (36), we present the resulting region;
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In order to ensure that these expressions exist, it should
be verified that,

  121 <αβ   and  132 <αβ          (37)

However, these conditions are not enough to guarantee
that the error trajectories stay within a closed region.
Therefore, the branches of the hyperbolas should cut

themselves in the first quadrant of the plane 
∞∞ TT

, EE &

(only this quadrant is of interest). Eq. (38) presents this
condition that arises equating the regions presented in eq.
(36) and verifying that the roots are real.

( )( ) 12 42510202123221 <+++++ αβαββαβαβαβαβ
(38)

In addition, the interaction force can be computed as:
( )mme xxKF −= . It was shown that x  is bounded, thus eF

is also bounded.
The conditions given in eqs. (37) and (38) can be

satisfied in a practical problem as it is shown in the next
section.

4. A numerical example

The following example was performed for the robotic
teleoperation system described in Section 2. A step input
was used as reference signal refx . For computing the

regions given in eq. (35) a Matlab program was performed
with the following results:



680       and     220
11

.L.L ≤≤ &

4059.00 =α , 1435.201 =α , 0003.402 =α , 9451.33 =α ,

5503.04 =α , 1678.05 =α , 0025.01 =β , 0368.02 =β

14510        and       10020 3221 .. == αβαβ

( )( ) 4951.02 42510123221 =++++ αβαβααβαβαβ

Figure (5) shows the closed region and the error
trajectory obtained. Note that the manipulator starts with
an initial error of 0.05 m, whereas ( ) 00 =E& . In this
example, the term given in eq.(26) was neglected because

1L <<∞ . Therefore the obtained bound is approximate.
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Figure 5: Region and error trajectory.

Conclusions

In this paper a stability analysis for a non-linear
teleoperation system with force and position feedback and
fixed time delay has been presented. The analysis takes
into account both, the human operator and the
environment. Although it was performed for a
teleoperation system, it may be adapted to any system that
can be represented according to the scheme of Fig. (4),
where the operator R is non linear (robot-manipulator +
robust impedance controller) and L is linear.

It is guaranteed that the signal of the error position stays
within a closed region stated by eq. (35) and subject to the
conditions given in eqs. (37) and (38). Likewise, the
interaction force with the environment is also bounded. It
is possible as well to assure that the internal signals of the
system are bounded.
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