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Abstract.

The stabilization problem for a class of an underactu-
ated Lagrangian systems with respect to part of state
variables is considered. It is assumed that this part
of the state variables is directly affected by control.
Moreover, on the rest of variables we impose additional
constraints, based on the form of the total energy of
the system, which should be valid after the transition
time. Intuitively this can be interpreted as a decou-
pling, by suggested control strategy, the state variables
into parts. To motivate this investigation, the problem
of swinging the Pendubot is considered.

1 Introduction

Suppose that the system has a configuration space ) =
© x X, ¢ = (0, z), and the equations of motion are

d
ZViL=VoL = 0 (1)
d

ZViL-V.L = u 2)

Here £ is the Lagrangian of the unforced system
. 1,..
L(g,4) = 5(d,9) — (q)

with (-, -) being a Riemannian metric on ¢ and II being
a potential energy; u is a control action. Introduce the
total energy E(q, ¢) of the unforced system (1)—(2)

Given a constant Ey and a vector a, the problem is to
define the feedback control such that along the closed-
loop system solutions (¢(t), ¢(t)) the limit relations

Jim E(a()q(t) = Eo (3)
tE+mm z(t) = a (4)
t—liToo z(t) = 0 (5)

are valid.

This particular problem could be considered as a par-
tial stabilization with respect to the state variables z, &
with additional constraint to the rest of the state vari-
ables 0, @ expressed by the relation (3). Intuitively, the
problem (3)—(5) reflects an intention to change (or even
exclude) the dynamics of the system related to the z-
variables by appropriate control strategy in such way,
that the motions of the directly uncontrolled #-variables
behave as uncoupled with the x-variables.

For example for the inverted pendulum the relation (3)—
(5) correspond to the intention to stabilize a rotation
of the pendulum with a given value Ej of the total en-
ergy provided the cart tends to a prescribed position a.
Even more, the solution of this problem for the inverted
pendulum could help in global stabilization of the up-
right and downward positions of the inverted pendulum
at given position of the cart. For the downward posi-
tion one should put Ey being equal to minimum value
of the total energy. For the upright position Fy should
be equal to the value of the total energy at this point,
see for details [5].

Another examples, where the relations (3)-(5) have
sense, are a stabilization of the Furuta pendulum, a sta-
bilization of the spherical pendulum on the cart moving



in the horizontal or inclined plane, a swinging of the
Acrobot and the Pendubot, and others underactuated
mechanical systems.

The paper is organized as follows. Section 2 contains
the main results of the paper. An illustrative example,
the problem of swinging up for the Pendubot, is con-
sidered in Section 3. Some conclusions are drawn in
Section 4.

2 The Main Result

Due to standard assumptions (the compatibility of the
Riemannian metric and the geometric connection) the
total energy satisfies the passivity relation

L B(a(t),d(1)) = #(0)"u(t)

Consider the storage function
N kE 2 kv .12 kz 2
its derivative along the solutions of (1)—(2) has the form

%v = &7 [ky [E — Eolu + ko + kalz — a].

Using the expression for # from (2), one has

d

+ (kE [E — Eo] + ko [0 1] M(g)™" [ ! D u]

where M (q) is a metric tensor associated with the Rie-
mannian metric and H(q, ¢) is some function, which
depends on £ and parameters kg, ky, kz, a.

Take any smooth function ¢(z), such that " ¢(x) > 0
for any x # 0, and consider the equation

<kE[E—E0]-1+kU[01]M(q)1 [ ) ]>u+
+H(q,q) = —$(2).

To solve this equation with respect to u one should
invert the matrix

(6)

b B - Bl 1+ K, 010 | |

|

The next statement is rather straightforward and sim-
ple, but could be applied for many mechanical systems.

Theorem 1 If the total energy E of the unforced sys-
tem is bounded from below, then there exist positive pa-
rameters kg, ky, such that this matriz (7) is globally
strictly positive definite, i.e. it is globally invertible.

Thus, for properly chosen parameters kg, k,, the equa-
tion (6) can be solved and for such defined control vari-
able u one has

9V (q),a) =~ o@0) <0, (8)

i. e. the non-negative function V' does not increase
along the closed loop system solutions. The last in-
equality also shows that the system is passive with the
storage function V' from the input ¢ to the output z.
In other words Theorem 1 guarantees the existence a
state feedback transformation, which passifies the sys-
tem with output & with respect to a nonnegative func-
tion V.

To determine the range of the positive parameters kg,
k,, mentioned in Theorem 1, is an additional problem.
To find such parameters one could proceed as follows:
Denote the vectors

§1:=4¢q, S2:=4(.

Substituting them to the matrix (7), consider the alge-
braic inequality

ke [E(51,82) — Bol- 14k, [01] M(s1) " { (1’ ] >0 (9)

with respect to the parameters kg, k,, which should be
valid for any vectors s, so. Putting the expression for
E(s1, s2) into (9), one has

kg [1(32, s2) + I(s1) — EO} 1+

’ ; (10)
ky [01] M(sy)* { 1 ] > 0.
This inequality will be valid if the next one
kp[l(s1) — Eo] -1+ K, [01] M(sy) " { 2 } >0 (11)

holds. The next criterion is again straightforward, but
could provide the rough estimation of the range of kg,
ky.

Theorem 2 Suppose II(s1) > 0 for any s1 and

min
s1

orare [ § ] 2

Then the inequality (11) holds (and therefore the matriz
(7) is invertible) if

ky > kg - —. (12)

Taking into account the form of the potential energy
II(¢) and the metric tensor M(g) could result in much



better estimation than (12). For example, for the in-
verted pendulum (with the mass of the cart, the mass
of the bob and the length of the rob being equal to 1)
the value of € is

1

e <min|————
1 + sin” s¢

S1

Therefore the inequality (12) takes the form
ky>kg-2-Ep

At the same time the necessary and sufficient condition
for the positivity of the matrix (11) for the inverted
pendulum with aforementioned parameters is

kv>p'kE, (13)
where
E07 EOS%g
Ey — Ey—g\°
R D b < 0 g) +6| x
p=4 27 g g .
5 2 7E0>§g
_ | Eo—g _ Eo—g
18 <°g ( s ) +6>
\

see [3] for details.

Coming back to the inequality (8), one could easily ver-
ify that the value of the function V() tends to a con-
stant Voo > 0 as t — +o0o. Taking advantage of Bar-
balat’s lemma, one concludes that %(t) tends to zero.
But, in general, it is possible that the constant V, is
different from zero and z(t) does not tend to a desired
position a.

Theorem 3 Consider the controlled system (1), (2).
Take the control law u as a solution of the equation
(6), where the parameters ky, k, are positive and satisfy
the inequality (12). Then the limit relations (3)-(5) are
valid for any solution of the closed loop system if and
only if the system (1), (2) with the output y = % is
V -detectable.

The notion of V-detectability of the set is a general-
ization of the property of the system to be zero-state
detectable, see [4] where definition of this property and
several tests were suggested. The proof of Theorem 3
could be found in [4] and based on standard passivity
arguments related to a invariant set (rather than equi-
librium point) stabilization.

For some systems the property to be V'-detectable could
fail, for example this situation takes place for any sys-
tem having periodic coordinates. For these systems
Theorem 3 should be replaced by its local analog, where
local variant of V-detectability becomes crucial, see [4].

Here we would like briefly to mention one important
marginal case. which does not fit Theorem 3, but it is of
interest in some examples, like the inverted pendulum
and the Pendubot.

Theorem 4 Consider the controlled system (1), (2).
Take the control law u as a solution of the equation (6),
where the parameters kg, k, are positive and satisfy the
inequality (12). Suppose that the union  of all the w-
limit sets of the closed loop system solutions consists of
the set

and a finite number of equilibria of the closed loop sys-
tem. If one could find the positive parameters kg, k,,
k. of the control law, which makes simultaneously these
equilibria hyperbolic, then the set Vy is a generic attrac-
tive set of the closed loop system, i. e. for almost all
solution the limit relations (3)-(4) are valid.

One of the possible ways to make use of Theorem 4 is
to find these equilibria, then to make linear approxima-
tions of the closed loop system around these additional
equilibria, and then to find ranges of the positive pa-
rameters kg, ky, ks, for which the appropriate charac-
teristic equations have roots with positive real parts.

3 Example: Swinging Up the Pendubot

Here we are going to show how the ideas made in the
previous section could be applied to the problem of
swinging up of an underactuated two-link robot with
an actuator at the shoulder (link 1) and no actuator at
the elbow. It called the Pendubot.

This problem was considered by Prof. Lozano and co-
workers in [2], where to solve the problem the authors
proposed two stage (hybrid) control law: first, using
the passivity based control bring the system in small
neighborhood of the upper unstable equilibrium point,
and, second, switch the control to any locally stabiliz-
ing (or balancing) controller, which already available in
literature, see for example [6].

Under the standard assumptions the equations of the
Pendubot are

M(q)§+ Clq,4)g+ G(q) =, (14)

where ¢ = [q1,q2]” € S* x S, ¢ is the angle that link 1
makes with horizontal, g2 is the angle that the link 2
makes with link 1;

| 61 4+602+205c05q2 B2+ 63cosqe

M(q) = 0,

0> + 63 cos go , (15)



where

91 = mllgl + m2l% + [1
92 = m2l?2 + [2
03 = malilc,

my, ms are the masses of the link 1 and the link 2; [y,
[y are the lengths of the link 1 and the link 2; [., is
the distance to the center mass of the link 1 from the
suspension point, I, is the distance to the center mass
of the link 2 from the suspension point; Iy, I> are the
moments of inertia of the link 1 and the link 2 about
their centroids;

Clai) =tusinge | B B0

0

f1g cosqi + 59 cos(q1 + g2) ] { 1 }
G = y =
(a) [ t5g cos(q1 + q2) ’ 0
(17)
where 7, is the control input to be defined, and

04 = mllcl + m2l1 95 = mglcz.

The total energy of the Pendubot is

Blgd) = 50" M@+ 1)

1. .
= 5d M(q)q + 049 (sing +1) +
+059 (sin(q1 + ¢2) + 1) (18)

and it could attain any values from the interval [0, +00).
Let Egy be equal to 2(f4 + 05)g (the value of the total
energy at the upper equilibrium point), introduce the
function

2

Vigd) = 2 (Bla.i) - o + 2+ e (g - T,

(19)
where kz, ky, k; are some positive constants. As it is
shown in [2], the set V} of the phase space, where V (g, ¢)
is zero, consists of a union of two homoclinic curves with
g2 = 0 and the upright equilibrium of the Pendubot.
So successful stabilization of the set 1V, leads to the
solution of the swinging up problem for the Pendubot.
Indeed, in this case any solution will have the upright
equilibrium as an w-limit point and eventually comes
to any neighborhood of this point, where the controller
could be switched to local one.

Taking the time derivative of this function along the
solutions of the system (14), one has

o= [ (ke B+ w0 | ] )

+H@@] (20)

where
_ 0 6>
1M (g)™* =
[0 ] (q) |: 1 :| 0102 _ 0% COS2 q2
and
H(q>q) = kz (QI_%)+kvx

0203 sin g2 (41 +42)>+63 cos gz sin g24F —02049 cos g1 +03059 cos go cos(g1 +q2)

91 9270% cos?2 q2
To define a control law we will use the equation (6),

which now is

B>
(E—E)+hy—2
T (k ( o)+ k 510> — 02 cor? q2> a1
+H(q,q) = —¢(dr),

and ¢(x) is any smooth function, z7¢(z) > 0 Vz # 0.
Using Theorem 2, one could obtain the values of the
positive constants kg, k,, for which this equation is
solvable with respect to 7. One can easily verify that

02

)
IN

Inn1[01]A1(51)1{ ? }‘::nﬁn
s1

1

61

This estimation and Theorem 2 lead to following state-
ment

Theorem 5 If ks, k, are positive and satisfy the in-
equality
kv>2'k‘E'g'01'(04+05), (22)

then the value of

6>

=(E(q,q) — E W R TP
k ( (q q) 0)+k 9192—9?2)0082@

(23)

with Eq = 2g(04 + 05) is strictly positive for any (q,q),
and the control variable T can be always found from

(21).

To emphasize the difference with [2], we mention that
one of the main results of the paper [2] states the solv-
ability of the equation (21) with respect to 7 only for
points (g, ¢), which satisfy the inequality, see [2, the
formula (23)],

ky — 90

E(q,q) — Epl|| <
|| (q>q) 0||_ k?E91’

where § is an arbitrary positive constant. One can
easily see that a union of the points which satisfy the
last inequality is a bounded subset of the phase space.
Moreover, it is worth to mention that the estimation
(22) is rough and could be improved. The globalization
of the controller defined by (21) makes possible to find
all w-limit points of the closed loop systems.

q 0192 — 9% COS2 q2



Theorem 6 Consider the Pendubot together with the
controller defined by (21) with the positive coefficients
ks, ky satisfying the inequality (22). Then the w-limit
set ' of the closed loop system consists of the set Vi and
a number equilibria with the coordinates (¢f,q3) defined
as a solution of the equations

* . * k-’ﬂ * ™
(849) cos g7 (1 —sing}) = .= (47 — 5), (24)

T
or — 5} mod 27 (25)

ST

qI+q5={

which always have at least one solution (q7,q5) = (5,7)
outside the set Vj.

Analyzing the equations (24), (25), one can conclude
that depending on the parameter of the Pendubot 6,
and the parameters of the controller ky, k, the closed
loop system could have other new equilibria than men-
tioned in (39). We would like to avoid such appearance
of these new equilibria so to do this we should answer
the question: when the equation (38) has just one so-
lution.

Theorem 7 If the positive coefficients kg, ky, ky for
the controller (21) satisfy (22) and the following in-
equality
w2 +1
2

k
> (0192, (26)
then the equation (38) has a unique solution and the
closed loop system has just one equilibrium (q1,q2) =
(w/2,7) outside the desired attractive set Vy.

The next step in the controller design for the Pendubot
is to determine the range of the positive parameters kg,
ky, k; which satisfy the constraints (22), (26) and guar-
antee that the additional equilibrium (g1, ¢2) = (7/2, 7)
is hyperbolic. It could be done for example by taking
linear approximation of the closed loop system around
these equilibrium and then playing with the coefficients
of its characteristic equation. But such an analysis is
not straightforward. From the other hand the w-limit
set of the closed loop system (14), (21) has very simple
structure: it consists of asymptotically stable compact
set Vp and the equilibrium point (g1,¢2) = (7/2,7).
The topological arguments help us to show the next
statement.

Theorem 8 Suppose that the parameters kg, k,, k,
are positive and constraints (22), (26) are valid. Then
the set O of initial conditions for which closed loop
system (14), (21) solutions tend to the equilibrium
(q1,92) = (m/2,m) cannot be open subset in the phase
space R? x S x S of the Pendubot.

Proof. Suppose, by contrary, the set O is open. The
area of attraction V for the asymptotically stable set
Vo is also open, see [1, Theorem V.3.6], and the union
of O and V should give the whole phase space. So
the closed loop system does not have other attractors,
then this immediately implies that O cannot be open.
This particularly implies that the equilibrium
(q1,92) = (7/2,7) cannot be asymptotically stable
and even stable in Lyapunov sense. m

4 Conclusions

The paper is devoted to a special stabilization problem
for an underactuated nonlinear systems. It is assumed
that a desired attractor of the closed loop system could
be described by an appropriate value of the total en-
ergy of the unforced system provided that the directly
affected variables attain also prescribed values. This
makes the problem nontrivial, the desired attractive set,
constructed in this way, is not invariant with respect to
motions of the unforced systems. Particularly, swing-
ing up problems for the inverted pendulum, the Furuta
pendulum, the spherical pendulum and the Pendubot
can be reformulated in such a way.

The solution is based on a successful feedback trans-
formation of the system, which makes the system to
be passive with respect to a storage function equals to
zero on the desired attractive set and positive outside.
The main results are illustrated by the example: the
problem of swinging up the Pendubot.

5 Appendix: Proof of Theorem 6

Along any closed loop system solution [g(t),¢(t)] the
passivity inequality (8) holds. The function V is proper
on the cylindrical phase space of the Pendubot, there-
fore any solution of the closed loop system bounded and
its w-limit set I' is compact and invariant with respect
to vector field of the closed loop system. Due to (8) and
smoothness of ¢ we have the following: a) the value of
g1 is zero, i. e. ¢ is constant ¢}, on the set I'; b) the
value of the function V is constant V* on T.

The set I' could have several connected components.
Particularly, we know one component of I', which is
Vo (the desired attractive set of the phase space where
the function V' equals to zero). But I' possibly has
different components corresponding different attractive
sets of the closed loop system and we are going to find
these sets. For them the value of constant V* should
differ from zero.

Both the relations a) and b) imply, see (19), that the
value of the total energy E(q,q) is constant E* on I.



For the set Vj the value of E* is Ey. The dynamics of
the Pendubot subjected to aforementioned conditions
is described by the equations

(02465 cos g2) o —(j§+04g cos q;
(27)
+05g cos(qi + q2) = 71,

02Ga + B59 cos(qy + g2) =0, (28)

where 7 is defined by the equation (21), which, in turn,
reduces to

T ke (B = o)+ (g —5) =0 (29)

We would like to identify parts of I' others than Vj,
so we will assume that E* — Ey # 0. Then relation
(29) immediately implies that the value of 7 on the set
'\ Vp is constant corresponding to the value of E*

T (B —E) (30)

T =
Substituting the expression for ¢» from (28) into the

equation (27), we can rewrite (27) in new form without
second time derivative of ¢,

3 03059 cos g2 cos(q; + ¢2)

5 — @5 +04gcosg; =1, (31)
2

Differentiating this identity with respect to time, we
obtain

. 03059 .

2 (@ — 5 sin(ai +2) | =0 (32)
20,

This relation together with (27), (28) and (29) are valid

for any trajectory of the closed loop system belonging

to I’ \ V().

Now we are going to show that these equations imply
that ¢» = 0. By a contradiction, suppose that ¢» is not
identically equal to zero for some solution of the closed
loop system belonging to I' \ V5. Then from (32) this
solution should satisfy simultaneously the equation

03059
20,

Go — sin(qy +2¢2) =0

and the equation (28). This could take place only if

03059
20>

sin(q; + 2¢2) + 59 cos(qy + ¢2) = 0. (33)

But the last relation could be valid for any function of
time ¢ except ¢o is constant. Indeed, differentiating
(33) with respect to time and taking into account that
G2 # 0, we obtain new identity

03059
6

cos(qy + 2g2) — Osgsin(qy +q2) =0.  (34)

Differentiating (34) again, we have

2 sin(qf + 2g2) + 659 cos(qy +¢2) =0.  (35)

83659
6
The equation (33) and (35) do not have solution simul-
taneously. Thus ¢z = 0 on I'\ Vg, i.e ¢2(t) = ¢;. Taking

advantage of this fact, we find from (28) that

qf+q§:g or —g. (36)
Using (36) and (30), we can rewrite the second order

differential equation (27) as a algebraic one

kx(qi(_g)

fagcosqr =1 = m
E

(37)
Furthermore E* is the Pendubot energy corresponding
to the motion with constant values of ¢f and ¢35 related
by (36). Using the formula (18) and the value for Ey,
the relation (37) is equivalent to a simple equation on
i y
* . * T * ™
(019)® cosgy (1 —singy) = .= (¢f —5)  (38)
ke 2
The equations (36) and (38) describe an additional
parts of the set I' others than the set V. It is worth
mentioning that these are just new equilibria of the
closed loop system and that the points with coordinates

(ai,43) = (5,0) or (5, ) (39)

are the solutions for (36), (38). The equilibrium (F,0)
belongs to the set V. Theorem 2 is proven. m
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