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Abstract Parthasarathy we refer to Kumar and Shiau (1981)

where these results were extended to deal with Polish

We study in this paper a discrete-time, two-players, State spaces and compact action spaces.

zero-sum stochastic dynamic game similar to that in- . .

troduced by Schl'(1981). The novelty here, regarding Although the stochastic game literature forms a large
previous works, is that besides the fact that the players 20dY of theory nowadays, there are few works deal-
do not have access to the opponent's earlier choices, ing with the incomplete observation case. We mention
they do not have all information about the state of the

Haurie and Tolwinski (1990) in the study of cooper-
game. The main results are a minimax theorem and the ative games, for which the players have access to the
existence of optimal strategy for one player.

system state but not to the move of the others play-
ers. We also mention Sah{1981) and Nowak (1989)
where the players do not have access to opponent’s ear-
lier choices and Bernhard (1992) where the observa-
1 Introduction tions are restricted to an output variable.

We study a two-players, zero-sum discrete-time non- In the present approach, we use a suitable topology
stationary stochastic game with Borel model data, ©n the space of probabilities induced by the strategies
where one player has nonempty compact metric action introduced by Scil’(1975), which provides some reg-
space. The information structure is a generalization of ularity to the stochastic game. This regularity in con-
the stochastic game model introduced by 8¢h981). junction with convexity of the class of probabilities in-
Here, besides the fact that at any stage of the game nei-duced by the strategies provide us with the elements to
ther player has any information about his opponent's @Pply the minimax theorem of Sion (1958) and estab-
earlier choices, they also do not necessarily have all in- lish the main result.

formation about the state of the game. The main con-

tribution in this paper is to establish the value of the

game, optimal strategy for one player andptimal _

strategy for the other player. 2 Set up and main result

First results for the game problem with uncountable A Borel spaceY is a nonempty Borel subset of a sep-
state space were given in Maitra and Parthasarathy arable complete metric space endowed with its Borel

_(1971), where it was solved the problem fprmulated o-algebraB(Y). We denoteP (Y) the set of all proba-
in Shapley (1953) for compact state and actions spaces bility defined onB(Y). Given two Borel spaceX and

with discounted0 < o < 1) or positive(a = 1) pay- Y, we define a transition probability frol to Y as a
off. For some extensions of the results of Maitra and mappingf (- | -) : B(Y) x X — [0, 1], which satisfies the

1Research supported in part by CNPg, Grant No. 300721/86.2, following conditions
Grant No. 520169/97.2 and PRONEX Grant No. 015/98 'Control _ -
of Dynamical Systems’. a) f(- | x) is a probability or3(Y), for eachx € X.



b) f(A|-) is a measurable mapping ofy for each

AcB(Y).

Consider Y1,Y,,--- a sequence of Borel spaces.

Throughout this paper we assume that the product

spacer; x --- x YyandYy x Y, x - - - are given with their
product topologies and productalgebras. It is well
known that the product-algebraB(Yy x --- x Yy) is

identical toB(Y1) x --- x B(Yn). A similar result is also
valid for the product space x Y, x ---, cf. Bertsekas
and Shreve (1978, prop 7.13). For each 2, we de-

note a point ofY; x --- x Y, by y,. We shall use the

denote transition probabilities frol,_1 to S, and
Hn_1 x Sy to Oy, respectively. With these elements,
we obtain

Pn($h % On | hp-1)
- /S1 P3(On ‘ hn—laXn)Pr}(an | Pn_1),
for all S, € B(Sn), On € B(On) andhy-1 € Hn-1. Then

P, is a transition probability frontd,_; to S, x O, for
eachn> 2.

same notation for a random sequence. The set of real We assume tha(- | h,_1) is dominated by a proba-

numbers will be denoted by and the set of real num-
bers augmented by the poifto by R.

A zero-sum nonstationary stochastic game with in-

complete observation is defined by a sequence of ob-

jects{Sn,On, An,Bn, PE, P2 Uy : n € N}, where:

i) Sy is the state space at stagelt is assumed to be a
Borel space, for each> 1.

i) On is a Borel space standing for the observable
space, for each > 1.

i) A, andB, are the spaces of actions available at
stagen for players | and Il, respectively. We assume
thatA, is a Borel space anfl, is a nonempty compact
metric space endowed with the Borehlgebra.

Consider,
Hi = S x O1 x A1 x By,
Hyh = Hio1 X Spx Opn x Ap x B, n> 2,
Ho = S1XO1 x A1 xB1 X Sox Qo x Ay x By x -+
HenceH, is the set of histories of the game for horizon

n> 1, whereadd., is the set of all infinite histories of
the game.

iv) {P}:n> 1} and{P?: n> 1} are the laws of mo-
tion. At the initial stageP} is a probability onB(S;)
and P12 is a transition probability fron$; to Q7. Then,
we can define a joint probability’, on B(S; x O1)
which satisfies

Py(SLx O1) = /Sl P2(0y | x1)PL(dxy),

forany S € B(S1) andO; € B(01). In the sequence,
for eachn > 2,

Pr}(dxn | hn-1)

PZ(dz, | b1, %)

bility A, € P (Sp x Op) for all hy_1 € Hy—1 andn > 2.
Consider the densitg, : Hh_1 X Sp x Op — R, e.g., the
measurable function that satisfies

Pn(sh x On | hnfl)
- / / G (M1, % Zn)An (0%, 0Z0).
$ /O

for all S, € B(S1), On € B(Op) andhy_1 € Hp—1 (N>
2). We also assume that the density has the fol-
lowing property: for eachx, € Sq x -+ X Sy, z, €
01 x---xOpandap_1 € A x --- x Ap_1, the section

bn-1 — Cn(Xn-1,Zn-1,8n-1,bn-1;%n, Zn)
is lower semicontinuous By x - -+ x Bp_1.

V) Un : Hh — R is a measurable function bounded be-
low, standing for the payoff function at stage> 1.
We assume that for eash, z, anda,, the section

bn — Un(XnaZnaanabn)

is lower semicontinuous di; x - - - x B,,. Eachu, may
be recognized as a function bf3,, and we also assume
that the sequencfu, } is nondecreasing and

Uy T u
is the infinite horizon payoff function.

With these objects, the game is played as follows:
Given an initial probabilityP on B(S;), the game
starts at state; € S; and the observable component
moves toz; € O according to the probability?(- |
x1). The players observa and independently choose
actionsa; € A; andb; € B1, respectively. Then the
game moves to a new statg € S, via the probabil-

ity P3( | x1,21,a1,11), the players obsen® € O, ac-
cording to the probabilit;P%(- | X1,21,81,b1;%2) and,



independently, choose actioasc A, andb, € B», re-
spectively. Once more the game moves to a new state
X3 € Sz according to the probabilit?%(- | X2,22,82,b2)

and so on. The result of such an infinite sequence of
moves is a poinh € H,, and the player Il pays player

| the amountu(h). Note that at then-th stage of the
game, each player knows the sequence of observable
componentg, and his own previous choices. We de-
note:

Hf = Hf = Oy,
HY = O1x Apx O -~ X Ap_1 X Op;
HE = 01 xB1 x0Oyx -+ xBp_1xXOp;
H = O1x A1 x Qo x Agx -+,
Ho% = O1xB1xOQoxByx---.

n>2

n>2,

Hence H} andH? are the sets of histories of the game
for players | and Il, respectively.

Let M, [An] be the set of all transition probabilities,
[8n] from H1 to A, [H? to B,,]. A strategy for player |
[l] is a sequencat= (1) [0 = (&n)], whereTt, € M,
[On € Ap] for all n> 1. Denote byl [A] the set of all
strategies for player I [lI].

By the lonescu-Tulcea theorem, cf. Neveu (1965, prop
V.1.1), each pair of strategigs= (1t,) andd = (&),
together with the law of motiogP, : n > 1}, uniquely
defines a probability?; s on 3(H.) such that, for every
measurable functiog : H, — R bounded below, we
have that

Exold) = [ o(h)Pro(d)

= [ 900,20 )T ( i | 0 370)

On(dby, ’ bn—l;zn)Pn(an,dZn ‘ Xn—1,Zn—1,@n—1,0n-1) - -+
---nl(dal ’ Zl)él(dbl ’ zl)Pl(dxl,dzl),

whereg is regarded as a function dth,. Thus, each
pair of strategies defines an expected payoff

Ensl] = [ n(o)Pro(dhn); n>1

Considering the assumption (v), it follows from mono-
tone convergence theorem that for eack N and
AN

EnslU] = rI]iLQOETLE [Un] .

vi) We assume that

Enslu] < o; VOocA andmell.

Define,
V, = supinf E;5[u
* nel'%EA n,é[ |
and
V" = inf supE,s[ul.
56An€r|p TL6|: ]

If v, =Vv* = v this common value is calledalue of

the game. Suppose the value of the game exists. A
strategyrt € I is callede-optimal (¢ > 0) for player

I, if

inf E u>v—g v<oo;
n .5 U] o
inf Ep 5 [u] > 1 V=00
den 0 g’ o

A strategyd* € A is calledoptimal for player I, if

SUPEns: [U] = V.

men
With these elements we can announce the main result
of this paper.

Theorem 1 Assume (i)-(vi). The stochastic game has
avaluev. Player Il has an optimal strategy whereas
player I, for any € > 0, has an -optimal strategy.

Remark 1: The information structure considered in
this paper is a generalization of %tk" stochastic
game model, see Sah(1981) and Nowak (1989). In
these papers, the players choose actions independently,
but they have full information on the state of the game.
A further aspect is the optimality concept. Here, the
initial distribution P} € P (S;) is fixed, thus, the opti-

mal (g-optimal) strategies depend Glﬂ Such strate-
gies are often called in the literatupeoptimal (or,p-
g-optimal), cf. Hinderer (1970) or Sah{1981).

Remark 2: In (iv), we give the transition probabilities
P! andP? and then, we define the transition probabil-
ities P,. Conversely, if the transition probabilitid3,
are given, we can determif} as the marginal distri-
bution of Py:

PX(Sh | hn-1) = Pa(Sh X On | hn_1),

for S, € B(Sn) andh,_1 € Hy_1, andP? as the regu-
lar conditional probability, cf. Bertsekas and Shreve
(1978, coro 7.27.1), which satisfies

Ph(Sn  On | 1) = /& P2(On| o1, %) PX(c%0 | 1),



for hn—1 € Hh-1, S € B(Sn) andO,, € B(On). (1), (2) and (3), and Fubini's theorem, we have that

Remark 3: The convergence assumption (v) includes /un(hn)P 5(dhn) =
the discounted and positive stochastic games, see Ku- b

mar and Shiau (1981). Optimal strategies for player — /un(hn)Cn(hn_l;Xn,Zn) - Ca(hy; %2, 22)
| need not to exist even with finite action spaces, see _ B
Everett (1957) and Kumar and Shiau (1981). “An(dXn | Zn) -+ Ar(dxe | 1)

Th(dan | @n-1;2n) -+ Tu(das | z2)

Remark 4: In order to proof the minimax theorem, it
P 8n(lbn | b_1:2n) -+~ 81(clby | Z2)pn(d2Zn) -+~ pa(dz1).

is convenient to use that the set of probabilities

Mpn = {Pa(- | hn-1) 1 ha—1 € Hn-1} C P (Sn x On), Hence, for each pair of strategiass M and3 € A, we
. . defi
for n > 2, are dominated by a probability, € P (Sp, x etine
©n)- P{,(OJ_XB]_X“'XOnXBn):
[ 8B bo-s; 20)p(czn) -+ 81y | 20 ) (20)
3 Proof of the main result 4)

whereOy € B(0x) andBy € B(By) for each 1< k < n,

We shall prepare the proof of Lemmas 1 and 2 in the and

sequel, and introduce the extra elements in expressions
(4), (5) and (7). For each pair of strategies N and _
d € A, it follows from Fubini’s theorem and (iv), that Pre(Op > Ag >+ x On x An) =

Th(An | bn-1;Zn)Hn(dz,) - - - Ty (dby | 21)pa(dzy),

|/ un(tw)Prs(cin) = (5)
= /un(hn)rrn(dan | @n-1;2n)0n(dby | by_1;2p) whereOy € B(0Qx) and A € B(Ak) for each 1< k <
n. From lonescu-Tulcea theorem, cf. Neveu (1965,
Pn(d%, d2n | Xn-1,Zn-1,8n-1,bn-1) - prop V.1.1), there exists a unique probabilRy (Py)
- Ty(day | 21)81(dby | 21)Py(dxq,dz;) defined orB(H2) (B(HY)) satisfying (4) (respectively,

_ /Un(hn)cn(hn—l;xn,zn) (5)). We denote

- Co(h1;%2,22)Th(dan | @n—1;2n) - -- T (day | 1)
On(dbn | bn-1;2n)---81(db1 | z1) An(dXn,dz,) For eac > 1, we denote
. -)\z(dXQ,dZQ)Pl(dxl,dzl). (1)

Phn = {Pr:mteN} and Py = {Ps:0€A}.

In(hn) = Un(hn)Cn(hn_1;%n,Zn) - - - C2(h1; %2, 22).

Since for eachn > 1, (Sn,B(Sn)) and (O, B(On)) Hen_ce, from (iv) and (v), for anx,, z, and a,, the
are Borel spaces, there exist transition probabiltigs ~ S€ction
from Op to Sy, cf. Bertsekas and Shreve (1978, coro

7.27.1), which satisfies is lower semicontinuous oB; x --- x B,. Moreover,
for any pair of strategies € Il andd € A, we define

bn — In(Xn, Zn, @n, bn)

Py(SLx O1) = /O M(S | z)m(dz), (@)

. . n [Pr, Ps] /I M(dXn | Z0) -~ A (dxq | 1)
)[/;/]t;(:reul is the marginal of?; on (Q4,B(01)), such 5 (b | bos:20) -8y | 2)Pr(clze. o)
= [ a(dxa | 20) -+ Ra(cba | 2)
Th(dan | @n-1;2n) - - - Tu(day | z1)Ps(dz,,dby)

holds for eacl, € B(Sn) andO, € B(On), wherepy, _ /u P <(dh
is the marginal ok, on (Oy, B(0y)). Using equations n(Pn)Pres ().

Ml 0n) = [ Ao(Sh| nldzo)in=2, (3)



Bearing in mind the monotone convergence theorem,

we define

U [PT[v PB] = rlli_anUn [PTD Pé]

= lim / Un ()P (dhn) = / u(h)Prs(dh). (6)

Thus, as a consequence of expressions (4), (5) and (6),

we consider the following lemma, as established by
Nowak (1989, lem 5).

Lemmal We have that

x

V" = inf SUpEps[u] = inf sup U [Pr,Py)

deAnen Ps<Pa pepy

and
v, = supinf Exs[u] = sup inf U[R ,Ps) .
" rrel'%GA nal! Pneﬂqp PsePa [Pr Pl

For each pair of strategigsc 1 andd € A, we denote

Gn(zn.bn) = [ In(o)hn(cn | 20) -+ Ra(a | 2
Th(dan | @n-1;2n) - Tu(day | z1).
Then, it follows from (6) that for each pair of strategies
neandde A
U [PT[v PB] = rlmmo Un[PTb Pé]

= lim

N—oo

(o) Pro(dh) = lim [ udPs, (7)

for eachn > 1.

Lemma2 The function g, : H? x B, — R above is
measurable, bounded below and for each z, € O x
-+ X Op, the section by, — gn(zn,bn) islower semicon-
tinuouson By x --- x By, for all n > 1.

Proof: For eachn > 1, it is clear thag, is measurable
and bounded below. If we fig, € Q1 x - -- x Qp, it fol-

lows from Bertsekas and Shreve (1978, prop 7.31) that

the sectionb, — gn(zn,bn) is lower semicontinuous.
O

With elements (4), (5) and (7) we have a structure suit-
able for the minimax theorem of Sion (1958), also sim-
ilar to that in Sclal (1981). In order to apply the mini-
max theorem, we need a topology BiiHZ) such that

Px is compact and for anky;; € P the section

Ps — U[Pr,Ps]; PsePa

is lower semicontinuous oR,. Consider(Q,F ) a
Borel space andE,E) a compact metric space en-
dowed with the Boreb-algebra. We denotB(Q) the
set of all bounded measurable functionsQ — R and
B(Q) for the set of all measurable functiogsQ — R
which are bounded below. Moreovél(E) will de-
note the subset of all continuous functionif ) and

C(E) is the subset of all lower semicontinuous func-
tion in B(E). Finally, we write

QQxE)={f eB(QxE): f(w-) eC(E), we Q},
QQxE)={fecBQxE):
there existg f,) C Q(Q x E) such thatf, 1 f}.

A result for the proof of the main result states a charac-
terization of the elements @(Q x E). The following
statements are equivalent, cf. &(1979, eq 4.1):

a)g € B(Q x E) and the sectiog(w,-) € C(E), for all
we Q.

b) g€ Q(Q x E).
For anyn > 1, we consider
Q:®1X®2X~'X®n; E:I[BlXBzX”'XBn.

Thus, f € Q(H2 x By) if and only if f € B(H? x By,)
and the sections

f(zn,) € C(Byx---xBp),
forall z, € Oy x - -- x Oy,. Similarly, f € Q(H2 x By,) if
and only if there exists a sequence of functi¢fiy C
Q(H? x By,) such that
fal f; (n— o).

Thews-topology onP (H2) is defined as the coarsest
topology for which the mappings

u—>/fdu; feunzlﬁ(HﬁxBn)

are lower semicontinuous dh(H2).

Lemma 3 (Schal 1979, theo 7.11) The subsets Py C
P(H) and P, c P(H2) are convex. In other words,
foreachO<A < land 1d, 12 € P,

APs + (1-M)Pg € Ph.



Lemma4 Let P(H2) be endowed with the ws®-
topology. Then, for each Py € M, the section

Ps— U [PyPs]; Psc€Pa

islower semicontinuous on Pa. Moreover, the set Py is
compact.

Proof: Since P(H2) is endowed with thews®-
topology, and for alh € N:

a. By is compact;

b. u, is independent db,, thens-continuous o1 x
N ]Bn,

C. gn € Q(HZ x By) (Lemma 2).

We have only to apply Seth(1975, theo 6.6) and equa-
tion (7). O

Lemma5 Consider P; € Pq and Ps € Pa. Then, the
sections U |-, Ps] and U [Py, -] are affine on P and Pa,
respectively.

Proof: It follows from Lemma 3 and equation (7).

Proof of the Theorem: It follows from Lemmas 1, 4
and 5, that we can apply the minimax theorem of Sion
(1958, theo 4.2’) to obtain that the zero sum game has
a value, namely,

sup inf U[Py,Ps] =

inf supU[Py,P5] = v
op Rh, p U [P, Ps]

PocPa PrePn

Moreover, using semicontinuity and compactness ar-
guments, there exists € Pa such that

sup U [Pr, ] =
PrePh

inf supUI[P,P5] = v
PBEPAPHEHE [Pr, Ps)

Recalling to the definition of supremum, for alt- 0
there exists an strate@y € P which satisfies

{infpaepAU[BE,Pg,] >V — g if v<oo;

infpcp, U (6, Ps] > 1

E’ |f V=00,
Then, eacl®d* € {0 € A: Ps =} is an optimal strategy
for player Il and eacht € {rte N : Py= 06} is ane-
optimal strategy for player I. O

With thews®-topology onP (H2) we obtained the reg-
ularity properties (semicontinuity and compactness)
necessary to apply the minimax theorem of Sion.
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