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Abstract

Feedback control using both continuous-time and discrete-
time measurements is considered in this paper. A design
method including both{ ,-synthesis and frequency analy-
sis is suggested. It includes a strategy for selecting weight-
ing filters in the control design. The presented frequency
analysis method is then a powerful tool in the design pro-
cess.

1 Introduction

This paper considers mixed continuous-time and discrete-
time periodic systems. Such systems are linear time-
periodic (LTP), which is an important class of linear sys-
tems. The objective of this work is to desigf, controllers

for such periodic systems and to analyze them in the fre-
guency domain.

Analysis of SD systems in the frequency domain is com-
plicated by the periodic behavior of the feedback system.
Therefore, frequency analysis for SD control including the
inter-sample behavior has gained great interest during the
past years, see e.g. [3, 8, 1]. The purpose of frequency
analysis of feedback systems is often twofold. On the one
hand the purpose is to study how a feedback system atten-
uates or amplifies inputs within certain frequency regions,
on the other the purpose is to study robust stability prop-
erties. Therefore a distinction is made between the robust
frequency gain (RFG), c.f. [8, 1, 7], and the performance
frequency gain (PFG) [7]. In this paper the PFG case is
considered. Compared to [7] the PFG analysis is extended
to include mixed continuous-time and discrete-time inputs.
Acctually, by the presented model structure it is not only
possible to analyze systems with mixed continuous and SD
measurements, but a couple of different control problems in
a common framework. For instance, it is possible to ana-
lyze systems including single- and multirate sampled-data
control, mixed continuous and piecewise continuous control
signals, as well as general periodic continuous-time systems.

A problemin LTP design is that the closed-loop system may

never reach steady state when it is subjected to step distur-

bances. Instead the closed-loop system reaches a periodic
steady state where the output oscillates. This phenomenon
is observed in [4, 6]. The problem occurs when the control
signal is continuous or updated at a fast rate, while some of
the measurements are updated at a slower rate. A strategy
for selecting weighting filters in the control design is pre-
sented. With this strategy, the influence of step disturbances
is suppressed on the controlled output and oscillations are
avoided in LTP design. It is shown that the oscillation prob-
lem is further complicated if the number of measurement
signals exceeds the number of control signals. The solution
to this problem is to filter the continuous or the fast sampled
measurement signals with high-pass filters. By introducing
these high-pass filters, the continuous measurement signals
will be used in the high frequency domain only, and not in
the low frequency behavior.

In a concluding example, aH .-controller is applied to a
lime slaker model developed in [5]. Two design cases will be
studied. In the first case, only continuous-time temperature
measurements are available. The resulting controller will
then be linear time invariant (LTI). It will then be assumed
that it is possible to take additional automatic discrete mea-
surements and the resulting controller will be LTP. Itis a dif-
ficult task to chose appropriate filters for the mixed contin-
uous and discrete-time controller. In this example the PFG
is a powerful tool for analysis of the closed-loop system.
For instance, it is possible to analyze the influence of mixed
continuous-time and discrete-time measurement noise on a
continuous-time output.

2 Frequency analysis

In this section mixed continuous-time and discrete-time pe-
riodic systems are analyzed in the frequency domain. Thisis
done by considering a state-space description of the closed-
loop system, which includes both the plant and the con-
troller.

Define the following signal spaces

Sc(w) = {v(t) : v(t) = voed*, [Jug|| < 00}
Sy (w) = {v(t) : v(t) = vo(t)el*,
’Uo(t) S Ez[O,T),Uo(t + T) = ’Uo(t) Vt}



Scy (W) = {va(tr) : valty) = vaoe?, |Jvgol| < 00} affected the systen¥., sincet = —oo. Then the output
Sv, (w {'Ud tr) 'Ud(tk) = vgo(tg)e/“t, z € Sy (w) and, furthermore, the state has the property
Udo(tk) € 12[0,T),vao(ty +T) = vo(tr) ¥ i1}
As a tool for analyzing a continuous-time multi-variable sig-
nalv(t) € Sc(w) orv(t) € Sy (w), ||v]|p will denote the The property (7) can be shown by the lifting technique, c.f.

z(t+T) = e/“Ta(t) (7)

square root of the signal power averaged over time, i.e. [8], that transform the LTP system (4)—(6) into a correspond-
ing discrete-time system at the time instant + + kT
. [ wherer € [0,7]. The lifted system then satisfies the
= _ 2 )
lollp = Tim \/ / lo (I dt (1) property in (7) for anyr € [0,7]. The adjoint system

Uz — (0,04) has the property

v

The corresponding definition for a discrete time signal
v*(kT) is given by < 2,V (0,04) >£,00,1=< U2, 2, (V,04) > .0, T)9100,7]

and is given by

o7, = lim \l Z (o (KT)|? )

—p(t) Aot (Op(t) + Cloy(1)2(1) p(T) = p(0)e?T
p(ty) = Agor(te)p(te)
Let (v, vq) denote the mixed continuous and discrete signal. ﬁét) _ B(,it E Hp(t) + (1)2(t)
Let the signal power of such mixed continuous and discrete = Tttt Dio
signal be given byi(v, va)[tp ) = vl + llvally. Letvg Va(te) = Bior(ts)p(tr)
H ,H1H
denote the extended vectof = [vg" vge] ™. If (v,va) € Let ¢ denote the augmented state vector of the joint system
Sco(w) ®Se, (W) then||(v, va)llp.p = V/llvoll* + l|vaol|* = U0, 0e ¢ = [z pH )" wherez¥ is the adjoint of

||'U8 || . The fO||0WIng definition of the PFG will now be used: x. The State_space descnptlon for the jOInt Sys@m\pzv :
(v,vq) — (0, 74) is given by
Definition 1 (Performancefrequency gain, PFG) Let the

input (v,v4) € Sc(w) ® Sc,(w). The performance fre- ) = A@E®) + B(t)v(t) (8)
quency gain (PFG) of a sampled-data (SD) system ¥, will Etr) = Aaltr)é(ty) + Ba(tr)valte) 9)
be denoted by 7., (w) where o(t) = C@)¢() + D(t)v(t) (10)

B B Ba(tr) = Ca(tr)é(ty) (11)

V2w (w) = max ————— (3)

z legli=1 [[(v,va)ll (p ) where
c ) _ 4= Aot 0 B Bt
omputing the PFG: Let ¥,, denote the closed- —C!,Cror —Al, —C" Doy
loop operator for a mixed continuous-time and discrete-time ? ? ?
periodic system. It will be assumed th#t, is internally A, = Agtot 0 B, = Baiot
stable, piecewise continuous and T-periodic. In the analy- Y0 Ak =1 o
sis mixed continuous and discrete-time input sigiials,) , , ,
will be assumed. The following state-space representation C = [DiotCrot  Biot] D = Dty Dtot
describes the systef., : (v,vq) — z with jumps:
Ca = [0 (A(;tlothtot)l]
x(t) = Atot( ).T(t) + Btot( ) (t) (4) Sj th ilati tv of the stat et (7)
_ ince the oscillating property of the state vecton (7) ap-
olte) = Adror(te)a(ty) + Baror(ti)valte) () plies both to¥ ., and¥7;, it also applies to the open-loop
2(t) = Ciot(t)2(t) + Dior(t)o(t) (6) joint system¥ > ¥..,,, i.e.

Note t_hat the model structure in (4)—(6) includgs the con- €t +T) = eFTe(t) (12)
troller in feedback systems. In SD control the discrete con-
troller is included in thed 3, matrix. Finally let
It is furthermore assumed thdiy;,; is invertible. However, B°=[B 0] B5=[0 By]
the hold function in systems with piecewise constant control
signals may causé;,; to be singular. This problem can be e — {C] e — [ 0 ]
solved by introducing a small perturbatierin the control 0 d Ca
signal update. It is sufficiently small this modification of De — {D 0] Do — {0 0 ]
Agtor Will not affect the analysis of the feedback system. “10 0 “ |0 Dy

Let (v,vq4) € Sy (w) ® Sy, (w) and assume that the system where the zero matrices are of appropriate dimen-
¥,, is in perodic steady state, i.e. the inpuandv,; have sions such thatB°v§ = Buv), (B = Bavao),



(v)ce = oft0), (v59)HCs = viCy) and that
(v§)H Devg = vi Dvy).

The following theorem states how the PFG can be com-
puted.

Theorem 1 (PFG) Consider the mixed continuous-time
and discrete-time systemin (4)—(6). Let ® denote the tran-
sition matrix related to the system (8) and (9). The perfor-
mance frequency gain PFG for this systemis given by

¥eo(@) = \/ Amax (A(UJ))/T

where

Aw) = Ao(T) + Ae(T) (1T = @(T)) ™' T(T)

Here
t .
r) = / B(t, 0)el" B (o) do (13)
trh—1
+ @t tp )T (th—1), tEJte—1,te[ (14)
L(tf) = Aalte)T(t;) + B(te)e’ "™ (15)
T
A(T) = /0 [e"7“7C*(0)[(0) + D*(0)] do (16)
+ Y e R Os()T(t) (17)
k:; |
Ae(T) = / e 7 C (0)®(0, t)do (18)
0
+ ) eI O (1) (8, to) (19)
k=1
whereT'(0) = 0.
Proof: See [5] ]

3 Design strategy

A standard objective in control design is to include integral
action in the controller so that the error of the controlled
output, z.(t) = (z(t) — zres), tends to zero after a step
disturbance, i.elim;,, z.(t) = 0. However, when the

control signal is updated with a faster rate than the sampling

rate of the measurement signal, it is non-trivial to fulfill this
objective. As observed in e.g. [4, 6, 5], the closed-loop

One way of achieving integral action on the measurement
signal, is to filter the measurement signal related to the regu-
lated output with an integral filter. However, if the measure-
ment signal is sampled this design strategy is not possible.
Instead the weighting filters will be added at the input of the
system.

A simple example will justify the design strategy. Consider
the following continuous process with discrete-time mea-
surements:

. = —02x.4+u+v (20)
z = 0.2z, (21)
yd(tk) = 0-2$c(tk) (22)

The sampling interval is her€ = 10 sec. The weighting
filters used in the synthesis are shown in Fig. 1. After the
synthesis, the two filter®,, andWW,, are implemented di-
rectly at the controller input and output. This is illustrated
in Fig. 2. The regulated outputi$ = [z’ @']’. Following
the’H .. -synthesis strategy in [2], the controller will have the
following structure:

T, = Agz, (23)
Ty (tzr) = Agkz, (tk) + Bded(tk) (24)
v = Cgkx, (25)

Note that the system matrices in (23)—(25) are time invariant,
in contrast to controllers with both continuous and discrete
measurements which have system matrices that vary peri-
odically. From (20)—(22) and (23)—(25) it follows that the
state-space description of the closed-loop system is given
by

. -02 C 1
Tr = |: 0 A;]Q?—F |:0:|’UEAtOtJZ+Bt0t’U (26)

x(t;):{wgw ASK]x(tk)EAdtotx(tk) (27)

z2=10.2 0]z = Cipx (28)

wherez’ =[z! z.].

Conditions for steady state: An advantage of this
simple example is that it is easy to state the conditions under
which the system is to be in steady state. Assume a unit step
input. A steady state solutioh exist for the system (26)—
(28) iff

0 =
0 =

Aot T + Biot (29)
(Agtor — Iz (30)

Following the design strategy in Fig. 1 and Fig. 2 three con-
trollers of increasing complexity will now be designed. Sim-

system may oscillate and never reach steady state when it is ulations of the closed-loop behavior are shown in Fig. 3.

subjected to step disturbances. This section will show how

weighting filters can be selected so that

1. steady state is achieved in LTP design, and

2. the erroflim;_, o, 2z(t) = 0.

1. First the most simple case will be considered, i.e. let
W, = W, = 1. Also letW,4 = 10. When im-
plementing art{ .. -controller, the conditions (29) and
(30) are not fulfilled and hence no steady state solu-
tion z exists for this closed-loop system.
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Figure 1: The plant and the filters used in the synthesis
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Figure 2: The plant and the filters used in the analysis

2. Comparing (29) with (26) it follows that Ax must
have at least a zero eigenvalue in order for a steady
state solution to exist. One way to obtain a zero pole
inthecontroller istoinclude azero poleintheweight-
ing filter W, at the process disturbance input v. Let
W, =1+ 1031+€) wheree = 1073, Alsolet W, =1
and Wyq = 10. The “perturbation” e is needed for
the system to be stabilizable. Implementing an H -
controller a“nearly” steady state solution is obtained.
The reason this solution is not completely in steady
state is due to the e perturbance in the filter 17,,. It
is interesting to observe that z = Cy:Z = 0.5 # 0,
i.e limy o 2.(t) # 0, evenif thefilter W, contains
azero pole.

3. Oneway of combiningintegral actionin the controller
with the modeling of the process disturbance, istoin-
clude a zero pole in the filter W, instead of in W,,.
Furthermore, this approach eliminates the problem of
stabilizabilty, i.e. the e perturbance is not needed.
Let W, =1, W, = (1+ 15) and let W,q = 10.
The conditions (29) and (30) are then fulfilled and
lim; o0 2(t) = 0.

The oscillation problem occurs when the control signal is
continuous or updated at afast rate, while some of the mea-
surements are updated at a dow rate. The H . -filter in the
controller, cf. [2], then loses information about the con-
trolled output during the period, which leads to an open-
loop behavior of the control signal. This can be seen in the
simulationsin Fig. 3 where the control signal tends to zero
between the discrete-time updates.

Additional measurement signals. Itisclear that the
design strategy for thethird controller meetsthetwo require-
ments listed at the beginning of this section. However, it
turns out that in the special MIMO case when the number

g
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Figure3: Step responses of the feedback systemin Fig. 2. The
three controllers (no. 1, 2 and no. 3) are used.

of measurement signals m, exceeds the number of control
signals m,,, integral action will not be obtained and oscilla-
tions may appear even if the W, filter contains a zero pole.
The solution to this problem isillustrated in Fig. 4. As have
been mentioned previoudly, a standard technique is to fil-
ter the measurement signal related to the regulated output z
with an integral filter. Since the measurement is sampled,
the integral filter is instead moved to the control signal at
the input. In order to compensate for thefilter at the input, a
high-passfilter has to be added to the continuous-time mea-
surement signal y. This means that the measurement signal
y isonly used inthe mid-band and for high input frequencies
so that “m, = m,” whenw = 0.
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Figure4: Example of plant and filterswhen m, > m,,

To summarize, the following design strategy will be used

1. Include azero pole in the W, filter by e.g. a PI-filter.
Since the disturbance ¢ is entered before the W, fil-
ter, this filter models the process disturbance so that
oscillations are avoided. This W, filter also achieves
lim;_, o ze = 0 when it isincluded in the controller
after the synthesis.

2. Filter the continuous and fast sampled measurement



signals with “high-pass filters’ so that m, = m,, for
low frequencies. This step is necessary if the number
of measurement signals exceed the number of control
signals, i.e. if m,, < m,,.

In the following section, a controller is designed for a
plant with mixed continuous-time and discrete-time mea-
surements and where m,, > m,.

4 Example

An H,-controller is applied to an advanced lime slaker
model developed in [5]. In this example the slaked model
is linearized and reduced to a sixth order model. The lime
daker is modeled as two ideal stirred tank in series. The
model G gives a dynamical relation between the lime and
water inflow, Q% and Q%, to the moisture content zp»
and to the temperature T in the second tank, see Fig 5. The
bandwidth from Q%; to 2z, and T's, isabout 2 - 103 rad/s.
The sampling interval is assumed to be one minute, i.e.
T = 60 s.

Two design cases will be studied. In the first case, only
continuous-time temperature measurements (y = 73) are
available. The resulting controller then becomes LTI. In the
second caseit will be assumed that it is possibleto take addi-
tional automatic discrete measurements of the moisture con-
tent (yq = zp2). Theresulting controller then becomesLTR,
cf. [2].

VA i T
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<

Figure5: Plant and the controller used in the anaysis

The design strategy has been to make both the con-
trollers fulfill the following two requirements; the maxi-
mum gain from the measurement noise to the control signal
(max(K S)) should be equal for the two controllers, and the
closed-loop systems should be equally robust max(7").

Consider now the system G with the weighting filters W,
w, and W,, in Fig. 6 and Fig. 7. The system and the
weighting filters used in the analysis are shown in Fig. 5.
The same W, filter, a Pl filter, has been chosen for the two
controllers.

1
W, = 0.15 (1 + m) (LTP) and (LTI)

A\
Lé_’\%

A4

G > 7, O

Figure 6: The plant and filters used in the synthesis of an LTI

controller

T ] -

~ z y
N Vi B2 N VVyd d

u
oM G g v
> W, O
a1

Figure 7: Plant and filters used for synthesis of an LTP con-
troller

As observed in the previous section, the output filter W, has
a great impact on the behavior of the oscillations. A high
gain of W, means that the performance can be improved
with preserved stability margins. On the other hand, a high
gain of W, in the low frequency band again means that the
oscillations are amplified and that the time before they fade
away after a step disturbance is prolonged. The W, filter
has therefore been modeled as a second order high-pass fil-
ter with a high gain and with a high corner frequency. The
following W, filter has been chosen for the LTP controller:

213.352
Wy = (s 4+ 1/45)2 (LTP)
The remaining filters have been chosen as W,, = 80 (LTI)
and W, 4 = 40 (LTP). Also, the controlled outputs of the two
controllersare z = [z, @']' (LTI)and z = [80z), ']
(LTP). The analysis of the closed-loop system in the fre-
guency domain is shownin Fig. 8-9. A step response of the
closed-loop system is shown in Fig. 10.

| |— TP

n
LTI v: |: d}

1

16‘2 10°
Frequency (rad/s)

0

10

Figure 8: Influence of measurement noise on the control sig-
nal.

Because of the choice of W, filter and W, filter, the LTP
controller only uses the continuous measurements in the
high frequency band whereas the discrete measurementsare



used in the low frequency band. The influence of these
two filters on the control behavior becomes apparent when
studying Fig 8 where the PFG from the measurement noises
nq, n, to the control signal « are shown. Observethat in the
LTP case max (K S) is computed for the mixed continuous
and discrete input signal v = [n), n']"i.e. the plot shows
the “worst case” gain (in the PFG sense) from the measure-
ments noises nq, n,, to the control signal .

10°

v=u4 T | — TP

3 2
10 Frequency (ré?j/s)

Figure 9: Reduction of process disturbances. PFG from
va,vB 10 22

The advantage of the LTP controller over the LTI controller
is apparent when studying Fig. 9 and the simulations in
Fig. 10. The closed-loop LTP system has a higher band-
width (= 0.02 rad/s) than the closed-loop LTI system (=
0.01 rad/s). The bandwidth of the closed-loop LTP systemiis
about ten times faster compared to the open-loop system G.
It should al so be observed that the LTP controller suppresses
disturbanceson thelimeinflow (v4), i.e. lim;_g z(t) = 0,
something the LTI controller naturally is not able to do.

The simulation in Fig. 10 shows the transient oscillating be-
havior of the control signal. Comparedto the LTI controller,
the LTP control signal is notched and not very smooth. Ob-
serve that the PFG only evaluates the stationary behavior.
The jumpsin the control signal are therefore not revealed in
the frequency analysis. Simulationsin thetime domain must
therefore be used as a complement to the frequency analysis.

5 Concluding remarks

Thiswork includes design and analysisin the frequency do-
main for mixed continuous-time and discrete-time systems.
Inthefrequency analysisthe controller and the plant are pre-
sented in one joint state space description. This approach
gives a very “clean” solution. In addition, by considering
a genera closed-loop system with discrete jumps, a wide
class of mixed continuos-time and discrete-time controllers
can be studied.

Inthederivationsof PFG, akey observationisthe oscillating
property of the state vector. The solution of the PFG is ob-
tained by integrating differential matrix equations over the

LTP

o~ --- LTI
Open-loop
-0.5 . :
0 5 10 20 25 30

Time (minutes)

Figure 10: The response from a step disturbance v = va

system period. Observethat no gammaiterationisneededin
order to find the maximum gain, cf. [8]. Thisis not needed
for the PFG since the maximum gain is given for a single
sinusoidal input vector.
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