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Abstract

The design of a torque tracking controller for a spark
ignition engine is presented. A hybrid model that de-
scribes the interacting behavior of the intake manifold,
the engine, the power—train and the catalytic converter
is illustrated. The proposed control is obtained by (i)
decoupling the control problem into two subproblems,
and (ii) relaxing each of the two subproblems to yield
problems that can be solved with classical control tech-
niques. The control law so obtained is mapped back
into the hybrid domain. The quality of the proposed hy-
brid control feedback is demonstrated analytically and
by simulations on the full-fledged hybrid model.

1 Introduction

The design of a torque tracking controller for a spark
ignition direct injection? engine, equipped with an
electronic—throttle valve, is considered. The desired
torque signal is assumed to be produced on-line by the
driver acting on the accelerator pedal. = Fuel injec-
tion is subject to constraints on the amount of non—
stoichiometric mix that can be supplied to the engine
without saturating the catalytic converter®.

Most of the published works on engine control synthe-
sis are based on average—value models (e.g. [6]) and
are devoted to the control of a particular phenomenon
and/or subsystem during a particular operating condi-
tion. Cycle-accurate models are instead mainly used
both to analyze the behavior of the engine, and to de-
sign mechanical parts as well as sensors and actuators
(e.g. [8])- But they are rarely, if at all, used in the de-
sign of the control laws.

IThis research has been partially sponsored by PARADES,
a Cadence, Magneti-Marelli and SGS-Thomson E.E.I.G, and by
CNR PF-MADESSII SP3.1.2 .

2While in traditional engines the injectors deliver fuel in the
intake manifold, in modern GDI (Gasoline Direct Injection) en-
gines fuel is directly injected in the cylinders. This allows to
reduce fuel consumption when a low engine torque is required.

3A device used in the exhaust system to reduce tail-pipe emis-
sions in order to meet standards imposed by governments.

In our approach, the adoption of a hybrid formalism
allows us to represent the cyclic behavior of the engine,
thus capturing the effect of each fuel injection on the
generated torque, and the interaction between the dis-
crete torque generation and the continuous power—train
and air dynamics. By means of the hybrid modeling of
the engine, higher performances of the closed-loop sys-
tem can be achieved. To obtain a satisfactory solution
in the hybrid domain, we exploit the knowledge of the
physical processes to control. We have been able to do
so in a number of cases [2], including cut—off control [4],
fast transient control [3, 5] and idle control [1]. In par-
ticular, in [3] we considered air-fuel ratio control during
torque transients for non—GDI engines. The main prob-
lem was due to fact that, in a non—GDI engine, the fuel
adheres in part to the walls of the manifold forming
a liquid film, whose evaporation dynamics needs to be
controlled to ensure air-fuel ratio constraint satisfac-
tion. In this work, the synthesis of a torque tracking
controller is formalized in the hybrid domain. The hy-
brid feedback laws are obtained from the solution to
two simplified optimal control problems: torque gener-
ation control (in the discrete—time domain) and intake
manifold control (in the continuous—time domain). In
principle, the optimality properties of the two loops are
lost when the control laws so obtained interact with
each other in the full fledged hybrid model. However,
the interesting point about our approach is that we are
able to assess the properties of the hybrid feedbacks,
such as stability of the tracking and velocity of conver-
gence, so that a satisfactory behavior of the hybrid—
closed loop system is guaranteed.

2 Hybrid model of the power—train

In this section, a hybrid model of a power—train
equipped with a 4—cylinder in—line engine is presented.
This model is derived from the N—cylinder engine
model reported in [2], which is augmented here with
the catalytic converter description. The power—train
hybrid model is described in the tagged-signal model
(TSM) formalism proposed in [7]. This formalism al-
lows us to describe formally systems represented as in-
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Figure 1: The engine and power—train model.

teracting processes of heterogeneous models of com-
putation. In particular, we use a combination of Fi-
nite State Machines (FSMs), Discrete Event Systems
(DESs) and Continuous—Time Systems (CTSs) to form
a hybrid system that is the basis for our design. The
overall system is composed of four main interacting
blocks, namely the intake manifold, the cylinders, the
catalytic converter and the power—train (Fig. 1). In the
next section, we describe the catalytic converter model.
The details of the other blocks can be found in [2].

2.1 The catalytic converter model.

In order to achieve a proper combustion of the air-
fuel mixture, the amount of fuel ¢° injected into a
cylinder has to meet specified constraints. These con-
straints are usually expressed in terms of the air-fuel
ratio A/F = Z-. When A/F = (A/F)s0 = 14.64,
the mix is said to be at stoichiometry. Rich mixes
A/F < 14.64 produce excess of CO and HC, while
lean mixes A/F > 14.64 have excess of NOx. Hence,
for a proper combustion, the equivalence ratio

(A/F)stoic _ qz(k)
AP (A/F)stoicmi—(k)

v(k) =
has to satisfy*

V(k) = [7min77mu$] U {0} . (1)

The working principle of a three—way catalytic con-
verter is based on the oxygen storage and release mech-
anism. The conversion efficiency of the converter dras-
tically decreases when such mechanism reaches a satu-
ration point, due to either excess of NOx or HC and
CO in the engine—out gas. Assuming that at start up
the catalytic converter is balanced, when the air—fuel
mixture loaded by the cylinders is at stoichiometry,
i.e. v = 1, the oxygen storage and release mecha-
nism remains balanced. Engine outputs of lean mix-
tures (7 < 1) and rich mixtures (y > 1) unbalance the
converter towards excess and lack of oxygen, respec-
tively. At each cycle, the i—th cylinder model (a DES)
provides as an output the value of the mixture bias mass
8" =m' — (A/F)stoicq’ = (1 —y")m'. A regulation of
the storage mechanism of the catalytic converter is ob-
tained by controlling the evolution of the mixture bias

4where v = 0 when fuel is not injected.

sequence {8%(k;)} for i = 1,..., N. The storage mech-
anism is modeled at the beginning of the exhaust pipe
by a DES, whose state variable [ represents the sum of
mixture bias masses in the gas delivered by the engine
up to the current time:

N

1K) + > 6% (k') . (2)

i=1

1(K° +1)

The sequence {tyo} of times at which (2) is updated is
defined as UY_, {t;: }, where {¢;:} denotes the sequence
of times at which the i—th cylinder DES makes a step.
Dynamics (2) captures the storing nature of the cat-
alytic converter and is subject to the saturation con-
straint®

l € [lmin;lmaw] . (3)

2.2 Hybrid engine and power—train model.
In this section, the overall hybrid model of a power—
train equipped with a 4-cylinder in-line engine is pre-
sented. Assuming optimal spark ignition (to optimize
fuel consumption), the cylinder FSM given in [2] de-
generates to a single-state FSM. At each dead center,
the FSM takes a self-loop transition and generates the
sequence {tj} of transition times. Fuel injection actu-
ation is modeled by a one-step delay in the cylinder
DES. Let (k) denote the value of the equivalence ratio
of the cylinder that enters the intake stroke at time #y.
To handle more easily constraint (1), we consider v as
the injection input instead of q. The produced torque
is T(k) = Gy(k — 2m(k — 1) = Gepy(k — 2)plti_r).
Dynamics (2) evolves on the transition times sequence
{tr} and receives as input the variable §(k) denoting
the mixture bias of the cylinder that enters the exhaust
stroke at time ¢,.

Summarizing, the hybrid model of the 4—cylinder in—
line engine and the power—train is composed of:
1. a CTS, modeling throttle and intake dynamics

a(t)=aaa(t) + bav(t), p(t)=app(t) +bpalt)  (4)
with o € [0,90] and v € [V, +V];
2. a CTS, modeling the power—train dynamics

6

C(t) = AC(t) + 0T (t) — bo, (1) = (0, 6, 0)¢(t)  (5)

where ¢ = (a,,n,w,)’ includes the drive-line torsion
angle, the crankshaft revolution speed, and the wheel
revolution speed and 6 is the crankshaft position; bg
models resistant actions;
3. a single-state FSM, which generates dead—center
events when the piston position ¢(t) =6(t)mod 180 is 0;
4. a DES, active at each FSM transition and modeling
the torque generation and the catalytic converter

T(k+1) = Ge,y“(k)p(te), v (k+1) =~(k)  (6)
3k +1) = ¢, (1= 7(K)) p(tr) (7)
I(k+1) =1(k) +d(k), 5(k+1)=05k) (8)

5In a model refinement, a nonlinear input map U(m?, qli), such
that ¥(m?*, (A/F)stoicm*) = 0, can be used in place of §*.
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Figure 2: Control scheme: Torque Generation Control
(TGC) and Intake Manifold Control (IMC).

with 7 bounded as in (1) and ! subject to (3). Torque
T in (5) is obtained from (6) by a zero-order holder.

3 Hybrid control design

The complexity of the design of a torque—tracking con-
troller for the power—train hybrid model described in
Sec. 2.2 is attacked by decomposing the problem into
the synthesis of two nested control loops (see Fig. 2):
e a torque generation control — in the outer loop;

e an intake manifold control — in the inner loop.

The aim of torque generation control is to find an ap-
propriate policy of distribution of the control actions,
between fuel injection and air loading, which achieves
both torque tracking and proper catalytic converter
management. The intake manifold inner control loop
has to ensure tracking of a desired manifold pressure
signal (p) received from the outer control loop. The
two subproblems are solved by “relaxing” them respec-
tively to the discrete-time domain (see Sec. 3.1) and
continuous—time domain (see Sec. 3.2), where optimal
solutions can be devised by classical control techniques.
In Sec. (3.3), a hybrid feedback control for the hybrid
model described in Sec. 2 is derived from the two pre-
viously designed control loops. Finally, in Sec. 4, the
behavior of the closed—loop hybrid system is analyzed
in depth and sufficient conditions that guarantee con-
vergence and torque tracking as well as proper catalytic
converter management are presented.

3.1 Torque generation control (TGC)

In this section, a feedback control that achieves tracking
of a given reference torque signal f(k) is devised. We
assume that the reference torque profile is the ramp
T(k + 1) = T(k) + m, where m and 7 are constant
parameters and the latter stands for the time between
two dead centers. The torque generation DES model
is obtained from (6-8). The TGC produces the value
p(k) of desired manifold pressure. To decouple the two

6In (4), we assume that an inner control loop linearizes the
intake manifold dynamics and compensates its dependency on the
crankshaft speed n, so that a, and b, can be considered constant.

loops, we assume that the IMC will be able to produce
the desired value p(k) at the next dead center. Hence,
dynamics (4) are abstracted away and replaced by p(k+
1) = p(k). Further, by considering the mixture bias at
the intake phase instead of at the exhaust phase, the
delay equations (7-8) are removed. The TGC optimal
control problem is:

Problem 3.1.1 Given an initial state
(T(O),p(O), '70(0)> T(O)) l(O)) = (TU,pU, '7007 Ty, ZO)

=W
i, 35 @6 - 76) ©

subject to

A A

Tk+1)=T(k)+mr, plk+1)=pk)

T(k+1) = Gepp(k)y“(k), Y(k+1) =~(k) (10)
I(k+1) =1(k) +cp (1= (k) p(k)
'Y(k) € ['Ymina’)/maz]: ﬁ(k) € [Nmin;ﬁmaz]a (11)
I(k) € [lmins lmaz], limgp_ool(k) =0

Let
z fz<a
$|[w1’w2] =< z ifzx <z<ux
ro if x>

By applying standard optimal control techniques in the
discrete—time domain, a solution to the optimal control
Problem 3.1.1 is determined as follows:

o T(k+2)
W= Goam |,

[pmin:pmaz]

_ T(k+2)
"= Gt

~ ~
"/min,"/maz]

(12)
where, for a given value of the parameter @ € (0, 1],

_ _ T(k+2)
(k) = T(k+2)=QG (L(k)+epp(k) (1=C(k)))

[’Ymin,"/maz]

~ . 1(k)+cpp(k)(1=7C (k) =lmin
Ymae = min{l + (ol )Ciﬁ(l:)c( . ) Ymaaz }
~ L(k)+cpp(k)(1— k) —lmaz
Ymin = max{l + (k) +epp( )C(:ﬁ(;:) (k) ;'Ymin}

Lemma 3.1.1 If the reference signal T(k) is such that
there exists a k > 0 for which

T(k) € (GepPmin, GpPmaz) Yk >k, (13)

then” under feedback (12), the sequence of 1(k) can be
bounded as follows

0< (1=QNK)| < i(k+D)| < (K] VE > E+1 (14)
By the above lemma, the velocity of convergence is
lower bounded by 1 — Q.

3.2 Intake manifold control (IMC)

When the engine torque 7" has approached the reference
torque ramp T and the catalytic converter has reached
the equilibrium point [ = 0, the feedback (12) produces
p(k+1) =pk) + e and (k) = 1. Hence, assuming

€]

"This is a very mild hypothesis since it requires that the plant
should be able to track T' with v € (Ymin s Ymaz)-



small variations in the crankshaft speed, the desired
pressure sequence can be approximated by a ramp sig-
nal. Then, the intake manifold control is obtained by
solving a minimum—time control problem with respect
to the reference pressure

p(t) = mypt + 1y . (15)

The corresponding reference for the throttle angle is:

at) = —Zpt)+ 2 =mat+na  (16)
by by
where m, = —222 and n, = Z2=*2" The formal-

bP P
ization of the optimal control problem for the reference

trajectory (15-16) is obtained by augmenting the state
space with a state variable § denoting the elapsed time:

Problem 3.2.1 Given an initial state (a,p,B) =

(a())pO)O)?
m(ltr)lﬂ(tf) (17)

subject to (4) and

Bty =1, (alty)plty),Blt) €S (18)
p—mpB—n, =0
a—mgfB—neg=0"

The minimum—time control is obtained by applying the
Pontryagin Maximum Principle [9]:

with target set S = {

(+V if[(o(a,p) < 0) V ((o(a,p) = 0)
(a<a))]/\(a<90)
—904= if[((f(( )))]0)\{((( ))20)
ANa < &) A (e =90
o @P)= 1 it [(a(a,p) > 0)V (o(a,p) = 0)
Ala > )] A (@ > 0)
0 if [(o(a,p) > 0) V ((o(a,p) = 0)
\ Ala > a)] A (a = 0)
(19)
where
b G — Q— oy \ % |
O-(aap)_p_aa_pap CK—CMU_<CK—CMU> (Ol+0év)

3.3 Hybrid torque—tracking control

In this section a hybrid feedback control that solves the
torque tracking problem for the hybrid model of the
engine described in Sec. 2 is derived from the TGC and
the IMC, presented respectively in Sec. 3.1 and Sec. 3.2.

3.3.1 Outer loop TGC: The following points
need to be considered:
1. in Problem 3.1.1, the discrete—time model of the
plant has been assumed to evolve at a fixed sam-
pling period 7, i.e. fixed crankshaft speed;

2. in (12), the bounds pmin and Prma. on the desired
manifold pressure p are supposed to be fixed and
known, while in the overall model they depend on
the intake manifold dynamics;

3. the feedback law needs to be generalized to the
case where a generic (non—ramp) reference torque
signal is applied.

To address points 1, 2 and 3, the TGC (12) is modified
as described below. At each time ¢ of the sequence of
dead centers times {t;}, the TGC (12) gives the current
value of the equivalence ratio (k) for fuel injection and
the current value of desired intake manifold pressure
p(k) to be used by the inner-loop IMC. In order to
include reference torque signals T different from ramp—
signals, the linear 2—step ahead estimation

T(k +2) = T(k) + 2m (k) 7(k) (21)

is used in (12). In (21), the current estimate of the dead
center period 7(k) is 30/n(tx) and

T(k) —T(k—1)

mrk) = ==y

(22)
with 7(k — 1) the measured time between the current
and the previous dead center. Moreover, bounds pmin
and Ppaqe required in (12) are computed at each dead
center as follows

oin) = [ 4,0 (53 ) = Byl ()V]

nas() = 4,76 (51 ) + Bo(r Y]

where z|(3) denotes the second component of vector ,

eal 0 —ba
Ap(t)Z[bpe(“&—“P“ papt |+ Br(t)=I=4p(1)) b_pub;]

3.3.2 Inner loop IMC: Since the engine con-
trol unit is implemented by a digital system, in this
section a discrete version of the intake manifold con-
trol developed in Sec. 3.2 is derived. Let 79 denote
the sampling period of the discrete-time IMC and let
{tr} denote the sequence of sampling times. The intake
manifold discrete—time model is

260 9] o [0 iy a0

The asynchrony between the TGC and the IMC is han-
dled by interpolating the values of the sequence p(k),
generated at dead—center times {t;}, on the fixed time
base {tn} of the intake manifold control. Given a
time ty, let h(k) = argmin, (¢, > t;). For all h with
th € [th(r)sth(r+1))s the reference trajectory (&,p) is
defined as in (16) and (15), where t is replaced by
(h — h(k))To and

(k) — ik — 1)

my=mg() =" PESD) =50 (25)



To avoid chattering around the point (&, p), the bang-
bang control (19) is used to steer the state to the set

R(@,p)={(e,p): (a=a)*+(p—p)* < p; Alo(e, p)| < p2}

(26)
centered on (&,p), where p;,p2 are control parame-
ters. Inside R(&,p) the linear feedback vg(a,p) =

0 Ay [ (200) o ()]

is applied®. The discrete-time IMC is:

(2)

(Je) (a,p) lf (Oé,p) g R(&aﬁ)
v(h) = { orlap) if (ap) € R(@p) 2D

The overall hybrid tracking feedback control is:

Torque Generation Control: dead—center times {¢;}

compute T'(k + 2) according to (21)

compute Prmin, Pmax according to (23) (28)
compute p(k) and set y(k) according to (12)

compute mj(k), nz(k) according to (25)

Intake Manifold Control: sampling {¢}

compute o(a,p) according to (20), (15), (16), (25) (29)
set v(h) according to (27)

4 Tracking performances of the hybrid
closed—loop system

According to the design methodology described in [4],
the hybrid design is concluded with an analytic discus-
sion on the performances achieved by the hybrid track-
ing feedbacks (28—29), when applied to the hybrid en-
gine model presented in Sec. 2. The following cases are
considered:
R.1 fixed engine speed and ramp reference torque;
R..2 fixed engine speed and generic reference torque;
R..3 hybrid plant model and generic reference torque.

R.1: fixed crankshaft speed and ramp reference
torque. Consider an approximated hybrid model of
the engine where: the crankshaft speed is supposed to
be constant, i.e. n(t) = 30/7, and the reference torque
is a ramp of type (10). We have
Proposition 4.0.1 If the reference signal T satisfies
the hypothesis of Lemma 3.1.1, where pmin and Pmaz
are given by (23), and if Q € (0,1] and

Q S mln{ ﬁmaw _T(k+2) ﬁmzn _T(k+2) }
then I(k+1) I(k+1)

o 3K < oo such that T(k) = T'(k), for all k > K, and
Futher, if the manifold pressure is affected by multi-
plicative and additive disturbances ep(k) and €4(k),
e, p(k) = pk)ent(K) + ea(k), with lear(k) — 1] <
dy <1 and [ea(k)| < da, then limp_ oo I(k) = L < o0.

)

8For unconstrained v, vg(a,p) is a dead-beat control that
achieves convergence of dynamics (24) to (&,p) in two steps.
Since in our case v is bounded, the parameters p; and p2 that
define the set R(&,p) in (26) are chosen such that R(&,p) be a
controlled invariant for dynamics (24).

Note that, if () is small then the upper bounds d4 and
dps are small.

R.2: fixed crankshaft speed and generic refer-
ence torque. When a generic reference torque signal
T'(t) is applied, feedback (28) computes the next value
of the requested torque by locally approximating the
reference signal according to (21). If the crankshaft
speed is fixed at 30/7 then, at a given dead center
time tg, the hybrid control (28-29) produces a torque
T (1) that exactly matches the value of the ramp signal
starting at time ¢, _o with value T(tk,g). If the second
derivative with respect to time of the reference torque
T(t) is bounded by M", then the estimation error is
upper bounded by

T (te) — T(tx)| < 4M"7% . (30)

In the IMC loop, the discontinuities due to a non—ramp
torque signal are added to those due to the variations
of p(h) introduced by the equivalence ratio modulation.
Hence, non—ramp reference signals do not qualitatively
change the closed—loop behavior.

R.3: hybrid plant model and generic reference
torque. Consider now the case where the hybrid feed-
back control (28-29) is applied to the hybrid engine
model in Sec. 2. Let 74(k) denote the difference be-
tween the time 7(k) up to the next dead center from
the current dead center, and its estimated value 7(k),
i.e. (k) = 7(k) — 7(k). By (10) and (22), T(k + 2) =
Glp(k + 1) + mp(k + 1)1a(k + 1)]y(k). Assuming that

feedback (12) set y(k) = %, i.e. the control has

locked the reference signal T'(k), we have
T(k+2) = T(k+2)+msk)Talk +2) +

my(k + 1)

Hence, the generated torque is affected by two distur-
bances caused by the error 74(k): the first is due to
manifold pressure estimation errors, the second is due
to torque signal interpolation®. Further, (k) is affected
by the manifold pressure measurement time error only:

I(k+2)=1k+1)(1-Q)+ ms(k+ 1)(1 —~v(k))ra(k)

Being 1—y(k) and m;(k+1) bounded, for any @ € (0, 1),
max |[Ta(k)]|

limg—,o0|l(k)| <L, with L proportional to =5

5 Simulations

The tracking performances achievable by the hybrid
feedbacks (28-29) are illustrated in this section. As the
simulation results depicted in Figure 3 demonstrate, a

9Recall that, the error on T(k +2) due to the tangent approx-
imation of the reference torque is upper bounded as in (30).
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Figure 3: Evolution of the closed—-loop hybrid engine model with a sinusoidal reference torque. On the top: produced torque (solid) and
reference torque (dashed); catalytic converter state I(k); throttle valve angle a(t). On the bottom: desired pressure p (dashed),
intake manifold pressure p(t) (solid), pressure for stoichiometric mix (dotted); equivalence ratio v(k); throttle-motor voltage v(t).

satisfactory tracking behavior is achieved by the pro-
posed control. A sinusoidal reference torque is applied.
The control action is composed of two subsequent parts.
First, overloading the catalytic converter, the TGC at-
tempts to reach the reference torque by using an equiv-
alence ratio v greater than the stoichiometric value 1.
Then, keeping the torque locked on the reference signal,
the control balances the catalytic converter by driving
the manifold pressure to values that both guarantee
torque tracking and, at the same time, produce lean
mixture, until the catalytic converter state is steered to
0. At each dead center, a new reference signal is pro-
vided to the IMC. The errors on the estimation of the
next dead center time produce a noise on the reference
manifold pressure signal p(h). To reduce the negative
effects of such noise in the intake manifold inner loop,
signal p(h) is filtered through an one—order low—pass fil-
ter. The discontinuities of p(h) produced at each dead
center appear also in the input signal v(h). Such dis-
continuities decrease when the catalytic converter state
converges to 0 because, in this case, p(h) depend only
on the torque reference signal that is smooth.

Conclusions

The design of a torque—tracking controller for a spark
ignition engine equipped with an electronic-throttle
valve, has been addressed using a hybrid model for the
engine. The control strategy distributes the control
actions between fuel injection and air loading achiev-
ing both torque tracking and proper catalytic converter
management. The robustness of the solution has been
discussed and simulation results have been shown.
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