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Abstract of quadratic infinite horizon control problems, see [4] or
[11].

This paper presents a new detectability concept for discrete-
time Markov jump linear systems with finite Markov state,
which generalizes the MS-detectability concept found in the
literature. The new sense of detectability can similarly as-
sure that the solution of the coupled algebraic Riccati equa-
tion associated to the quadratic control problem is a stabi-
lizing solution. In addition, the paper introduces a related
observability concept which also generalizes previous con-
cepts. Tests for detectability or observability are derived
from the corresponding definitions, that can be perfomed in
a finite number of steps. An illustrative example is included
to show that a system may be detectable in the new sense
but notin the MS sense.

It is widely known for deterministic linear systems that the
following assertions are equivalent: (i) there exists a ma-
trix G for the system(A,C) such that the spectral radius of
(A+GC) is less than one; (ii) if the output process has “very
low” energy, then the state trajectory is “fast decaying”, i.e.,
every non-observed state corresponds to stable modes of the
system. Assertions (i) and (ii) give rise to the same de-
tectability concept for deterministic systems. On the other
hand, the single detectability concept available in the MILS
theory parallels the concept in assertion (i). The extension
for the second concept has not been investigated yet and it
is not known up to this date if a similar equivalence holds.

In this paper we fill this gap: we derive a detectability
concept which relates the energy carried out by the out-
1 Introduction put and the trajectory decay. We call this new concept W-
detectability, and as a matter of fact, we show that it general-
The paper considers the discrete-time Markov jump linear izes MS-detectability, the existing concept in the literature,

system (MJLS) see [4] and [10]. At one stage, a simple example shows
that W-detectability does not imply MS-detectability, and

[ x(k+1) = Agyx(k), k>0, the paper also demonstrates that the W-detectability plays
y(K) = CopgX(K), x(0) =0, 6(0) ~ o (1) the same role as MS-detectability in the theory of coupled

algebraic Riccati equations (CARE): it guarantees that the

wherex andy are the state and the output variables, respec- Solution to the CARE is stabilizing.
tively. The moded is the state of an underlying discrete-
time homogeneous Markov chaih= {6(k); k > 0} having

S ={1,...,S} as state space a®l= [p;j],i,j =1,...,S
as the transition probability matrix. The initial distribu-
tion of © is determined byp; = P(6(0) =i),i=1,...,S
MatricesA; andGC;, i = 1,...,S belong to the collections
of Sreal matrices:A = (Ay,...,As), dim(A) =sx s, and
C=(Cy,...,Cs),dim(C) =qgxs.

The related concept of W-observability is derived from the
W-detectability. It is also shown that the requirements for
observability which appear in the MJLS literature, such as
in [10] and [12], are more demanding than those for W-
observability. Tests that allow computation of the structural
properties of W-detectability and W-observability are pre-
sented in the paper.

The theory of Markov jump linear systems is fairly com-
plete nowadays, e.g. see [2], [4], [5], [7], [9] and [11], and it
parallels the theory of deterministic linear systems in many
aspects. One important similarity is the role of the stochas-
tic concepts of stabilizability and detectability to guarantee Let RS represent the linear space formed by sllectors.
existence, uniqueness and stability of closed-loop solutions Let R"* (respectively,R") represent the normed linear
1Research supported in part by FAPESP, Grant 98/13095-8, and in part space formed by all x sreal matrices (respectively.x r)
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2 Notation, Concepts and Basic Results
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thatU -V e R0 (U -V € R™). Let M"S denote the o .
linear space formed by a numb8rof matrices such that ~ Definition 1. The system® is mean square stable (MS-

M™S = {U = (Ug,...,Us) : Ui € R™S,i = 1,...,S}; also, stable) if for eacho andpo,
M'™=M"". We denote byM " (M) the setM " when it _ 5
is made up by € R™ (Uj e R™) foralli = 1,...,S Itis lim Exo o {X(K)|"} =0

known thatM "5 equipped with the inner product ) ) -
Remark 1. Ji et al. in [11] have shown that MS-stability

s conceptis equivalent to others second moment stability con-
<UV>= Ztr{Ui’Vi} cepts, such as exponential stability. It is also known that: (i)
i= if the system is not MS-stable, then there ex¥t6) € M ¥
such that||X(t)|| > p&'||X(0)|| for some 0< p < 1 and

forms a Hilbert space. We define the notfo||> =< & > 1; (i) if lim {0 | X (t)]| = O, then||X(t)|| < BT ||X(0)]]
U,U >. forsomeB >1and 0< { < 1.
Consider syster®; fori = 1,...,Swe define Definition 2. Consider syster®. We say thatA,C) is MS-
detectable when there exidtse M 'S for which the system
Xi(t) = Exg o {X()X(1) Lo(t)=i } 2) z(k+1) = (Ag(x) — Lo(kCa(x))2(K), 2(0) = 20, k> 0, is MS-
stable.

and, for instance, with this notation we can write
Exoo{ X7} =< X, >= ||X(t)1/2||2 We also define the i ional i ical i
X0,Ho = 2= : Notice that the functional in (4) has the physical interpreta-

operatord. : M - M, and the dual :M % —+M%as tion of the accumulated energy of the output progess
s the interval 0<t <N —1. Indeed,
L) = Z pjiAjUjA/j ) N—-1
=1 WH(X) = EXO7PO{ Z) X(t)'Co) Corny X(1) }

s A
TiU) =A{Y pjUj}A, i=1...S
j=1

= EXO7PO{ ':Z:Mtﬂz }

We de_note'l' %(U)=U, and fort > 1, we can defind t(U) The W-detectability concept relates the energy of the output
recursively byT '(U) = T (T =1(U)). Notice thatT and and the trajectory decay, as follows.
L are linear and continuous on their arguments and the set
C={UeM¥L: U]l =1|TYU)| > &} for somet >0 Definition 3 (W-detectability). Consider systen®. We
ando > 0, is a compact set. say that(/A,C) is W-detectable when there exist integhks
ty > 0 and scalars & & < 1, y > 0 such thatwNi(X) >
ForN > 0, let us introduce the functional Y|IX|| whenevet|X(tq)|| > &[|X]].
N-1 Remark 2. The above concept of detectability is based in
WN(X) = Z} < X(t),C'C > (4) standard concepts of detectability for linear time-varying
t=l

systems, see e.g. [1] or [8]. As we shall see in Lemma 3,
the concept retrieves the idea that every non-observed state

wheneveX(0) = X. We consider the sequen€¢n),n> 0 corresponds to stable modes of the system. Notice that ev-

w . .
onM*, defined recursively as ery MS-stable MJILS is W-detectable witly andy arbitrary
andd andty such thad = Bl < 1, wheref andl are as in
Oi(n) ::Cilci +TI(O(n_l))7 n= 1727"' (5) Remark 1.

foreachi =1,...,S with O(0) = 0. Notice thaO;(n+ 1) >

Oi(n),i=1,...,S . .
3 W-Detectability Properties

The following results are adapted from [3] and [6]; the proof

is omitted. We start this section presenting some properties of the func-
tionalWN(X) and the associated sequer@@) in (4) and
Lemma 1l. Consider system ®. Then, (5) respectively.
X(t+1) =Li(X(t), t>0 A deterministic linear representation for MJLS with finite
X (0) = % = x4 Hoj, i=1,...,S (6) Markov state space was proposed in [3]; see Appendix A
’ for details. The associated dimension is

and WN(X) =< X,0(N) >. (=5°S (7
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trollability theorem for linear time-invariant systems, to ob-
tain the results in the lemma.

Lemma2. (i) If for some X, W!(X) =0, thenW"(X) =0
for all n>0;

(ii) If there exists n, 0 < n < ¢, such that W!(X(n)) =0,
then W/ (X (t)) = O for everyt > n.

See Appendix A for the proof. Now we are ready to present
the main result of the section.

Lemma 3. Consider system ®. (A,C) is W-detectable if
and only if whenever W!(X) = 0 one has that ||X(t)|| — O
ast — o,

Proof: Necessity. We shall show that under W-
detectability of(A,C), ||X(t)|| — 0 ast — co whenW!(X) =

0. SinceW!(X) = 0, from Lemma 2 (ii) we have that
WE(X(t)) = O for everyt > 0. Then, in view of the W-
detectability of(A,C), we have thafiX (t +tq)|| < &||X(t)]|
foreveryt > 0 and soméy > 0 and 0< d < 1; consequently,
[|[X(t+ntg)|| < 8" ||X(t)]] and, hence,

: —
lim maxl||x(t+ntd)||§rlmnm6

max [|X(t)|| =0
N—00 0<t<ty— 1

0<t<ty—

and the result follows in a straightforward manner.

Sufficiency. Let us consider the set

7.=1{Z:||Z||=1,< Z,0(¢) >= 0} 8)

and let us denote &) the trajectory corresponding to an
initial conditionZ € Z. By hypothesis||Z(t)|| — 0 ast — o

and we can write in a similar fashion to Remark 1 that there
exist 0< { < 1 andP > 1 such that|Z(t)|| < BL, VZ € Z.
Consequently, there exigt > 0 and 0< & < 1 such that
[|Z(tq)|] < O, VZ € Z, and we can write

ZcC={Z:1Z]| =1,|1Z(ts)]| < 8}

In this proof we shall demonstrate that there exigts

0 such that whenevef|X(tg)|| > & then W{(X) =<

X,0(¢) >>y||X|| and consequentl§A,C) is W-detectable.
Let us deny the assertion and suppose that for eyery

there existsX, ||X|| = 1 such that< X,0(¢) >< y and
[|[X(ta)|| > 6, i.e.,X € C whereC is the compact set

C={X:[IXll = L, [IX(ta)[| > 3}

which is the complement of s&. Let us take a sequence
Xn € C such that< Xn,0(¢) >< yn andy, — 0 asn — .
Hence, from the compacity @ there exists a subsequence
Xm Which converges to sonmé € C and from the continuity
of Wi(X) =< X,0(¢) >,
; ¢ W) —

lim (W (Xm)) =W'(X) =0
In view of (8), X € 7 c C, which completes the proof by
contradiction. O
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first identifying a bas®/ = {V},... .V}, v/ € RS, r <s, for
N (Gi(¢)), the null space of each matr®;(¢) in (5). For
eachi = 1,...,S defineV; by settingVi = 3'_; v/, and
Ch§0Ck if the following set of equations has a solut®in
M

R =Vi+Li(P),

i=1,...S (9)

In the positive case, one has thatdim || X(t)|| = 0 when
X(0) =V, sinces > 4L (V) <R for eachi; in this situation,
it is not difficult to check that lim.,« ||X(t)|| = 0 whenever
W¢{(X(0)) = 0 and from Lemma 3 we have thg,C) is W-
detectable. In the negative caga,C) is not W-detectable;
in fact, if we deny this assertion and assume tffaC)
is W-detectable, Lemma 3 leads to {iga ||L'(V)|| = 0,
sinceW!(V) = 0, and due to Remark 1 we can wrie=
S oLi(V) € M, which satisfies (9).

3.1 W-detectability is Weaker than M S-detectability
In this section we show that MS-detectability implies W-
detectability, but the reverse implication fails.

Lemma 4. Suppose system @ is MS-stable. Then (A-—
GD, D) is W-detectable for every Ge MS9and D € M 95,

Proof: In this proofX(-) andT (-) refers to the systers®
andX(-) andT (-) refers to the system

&: {X(k+ 1) = (Agk) — GokyDaq )x(k), k>
" ¥(k) = Dy x(k), X(0) =xo, 6(0) ~ Ho

We shall show thaf|X(t)|| — O ast — oo, provided that
W¢(X) = 0. From Lemma 2 (i) we can write

n-1
0=W"(X) =< %x(t), D'D >
t=

for everyn > 0. Then, we have that X(t),D'D >=<
DX (t)¥2,DX(t)/2 > = 0 which implies thaD;Xi(t) = 0
for allt > 0 andi. Now, we setﬂi = (A — GiD;) for every
i=1,...,Sand we obtain

Li(X())

S ~ o~ ~,
_Zipiinxi(t)Ai,

S
3 Pi(A = GD)X (1A -G
S N ~

Thus, provided thaX(0) = X(0), one has thaX(t) = X(t)
for all t > 1,and sinced is MS-stable, we conclude that
IX(t)]] = [IX(t)|| = O ast — co. Finally, from Lemma 3 we
have that{ A— GD, D) is W-detectable. O

Theorem 1. If (A,C) is MS-detectable then (A,C) is W-
detectable.
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there existd. such that the system can be shown from [4] or [11] that whe®;, i = 1,...,S
satisfies (13), then
& X(k+ 1) (Ao — Lo Corky)X(k), k>0 L

YK =Degx(k),  x(0) =%, 6(0) ~ ko 37(X) = lim N(X) << X,P> (14)
is MS-stable. Leﬁi = A — LG for all i and, from Lemma
4, (A—GD,D) is W-detectable for evergs € M9 and In this section we shall show that systebg is MS-stable
D € M %S, The proof is completed by retrieving the orig- ~ provided that satisfies (13) an¢A, QY/2) is W-detectable.
inal systemd with the choiceD = C andG = —L. O In particular, we conclude that the solution to the CARE

arising in optimal linear quadratic control problems is a
We present here a simple example showing that the converse stabilizing solution under the W-detectability assumption,
of Theorem 1 is not necessarily true, and hence that W- in such a manner that W-detectability plays the same role
detectability generalizes the MS-detectability concept. Let as the MS-detectability concept in optimal linear quadratic

S=2 and set problems, cf. [4] and [7].
A=A, = {2 1} Cy = [1 0} "C,=0:P= {0-5 0-5] Lemma 5. Assume (A, QY?) is W-detectable. Then, (A —
0 2 00 05 05 BG, (Q + G'RG)Y/?) is W-detectable for any G € M "S.

From (7) we have that = 8 and from (5) and Lemma 1,

we can evaluatév8(X) =< X,0® >> 98.69|X||. Hence, Proof: _In this proof,L andW refer to the syster®, and
WB(X) = 0 only if X = 0 and we conclude from Lemma L andW refer to®; X(-) is the trajectory of syster..
3 that(A,C) is W-detectable. On the other hand, one can We show that|X(t)[| — 0 ast — e wheneveiW!(X) = 0.
check by implementing it that the Riccati difference equa- From Lemma 2 (i) we can write for every> 0, that

tion:

R(n) =AEi(P(n—1)){I ~G/(R +GEi(P(n—1)C) ™ 0=Wr(X ; <X(1),(Q+GRG)Y%(Q+GRG)? >
Ei(P(n—1))}A{+1 n—1 n-1
R (0) :o, i=1,...,S = %<x(t),Q+G’RG>z< %x(t),G’RG>
does not converge a&s— o, and from [4, proposition 6] we (15)
have that there is loe M " such that the systerfk+1) = Hence, we can evaluate < X(t),_G’RG >=<
(A0 —Chio Lo )2(K) is MS-stable and hencé, C) is not RY2GX(t)¥2,RY2GX(t)/? >= 0 and since R > 0,
(K) ~ ~B(K) ~8(K) (1) — '
MS-detectable. we get thatGiX(t) = 0, for eacht > 0 andi. We set
A = (A —BiGj) fori=1,...,Sand we obtain
~ S -~
4 W-Detectability and the Linear Quadratic Control Li(X(t)) :_Z pijAX (1A

Consider the closed loop version of systém

D¢ @ x(k+1) = (Agy — BaGerw )X(k)  (11)
whereB € MS™ and G € M ™S can be regarded as a lin-  for everyt >0, meaning that the trajectories of systeins
ear state feedback control; consider also the associated costand® coincide whenever the initial conditions coincide. We

—ZDIJA DA = Li(X(1)

functional conclude from (15) that
N N-1 -1 ~
MNX) = EXo,vo{ tZ) X(t)' (Qa(t) + o Ret) o )X(1) } WE(X) = tZ) <X(1),Q><W!(X)=0
N—-1
= Z) < X(t),Q+GRG > and the detectability ofA, Q¥/2) assures thaX (t)|| — 0 as
= . O
(12) > o

whereQ € M andR € M St are weighting matrices. No- Theorem 2. Consider the system ®; and assume that
tice that the functionald" andWN are closed related. In (A QY/2) is W-detectable and G satisfies (13) in the un-
fact, it is easy to check that wh&= (Q + G'RG)Y/2, the known P € M %, Then, the systemis MS-stable.
expressions fowN(X) andJN(X) are identical.

Consider the coupled equation in the unkndva M Proof: In this proofX(:) refers to the trajectory of sys-
R tem ®.. Notice that, from Lemma 5 and the assumption

=Ti(P+GRG +Q, i=1,...S (13 in the theorem, we have th&,C) is W-detectable, where
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as in Definition 3. For sake of argument we assume that
the system is not MS-stable. In this situation, there exists
X(0) # 0 such that

IX(®)] > pE'IX(0)

for some O< p < 1 andg > 1, see Remark 1. Let us define
the sequenchl = {ng,ny,...} where eaclm; is such that

[IX((ni + Dta) || = S[[X(nita) |

(16)

holds. If the number of elements & is finite, one can
check that

lim [IX (nta)]| = 0
which contradicts (16) and we conclude that the number of
elements oN is not finite. Then we can take a subsequence
from N with infinetly many element®’ = {n;,,n;,,...},
where eachiy is such that,, > nj +max{1, (Ng/ta)},
and we can write

J*(X) = §0< X(n),Q+GRG >

o Ny

> <X(mtg+j),Q+GRG >

> 3 y[IX(ita) | >y S pEM [IX(0)]]
k=0

>y S pEM X (0)] = e
K=0
Thus, there exists ne € M ¥ satisfying (14), contradicting
the hipothesis that there exiftse M ¥ satisfying (13). O
Corollary 1. Consider the system
X(k+ 1) = Ae(k)X(k) + Be(k)u(k)

and the associated infinite-horizon linear quadratic cost
J®°(X). If (A,QY2) is W-detectable and there exists a so-
lution P € M ¥ to the CARE

P =AEi(P){l -Bi(R +BEi(P)B) 'BEI(P)}A+Q
17)
then the system is MS-stable with the feedback gain

u(k) = —(R +B{Ei(P)Bi) "'B{Ei (P)A x(K) (18)
defined whenever 6(k) =i.
Proof: It is easy to check that the gaiG = (R +

B/Ei(P)Bi)"1B/Ei(P)A satisfies equation (13) iR, and
the result follows immediately from Theorem 2. O

5 W-Observability Concept

A particularization of the W-detectability concept in Defini-
tion 3 is obtained by setting= 0. This leads to the follow-
ing observability concept.
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W-observable when there exist a positive intelygrand a
scalary > 0 such thaw™i (X) > y||X|| for everyX ¢ M %,

An equivalent concept of W-observability which allows a
simple computational test is presented in the sequel. It is
obtained in a similar fashion to that in Lemma 2 (i); the
proof is omitted.

Lemma 6. Consider system @. (A,C) is W-observable if
and only if O;(¢) > Ofor eachi=1,...,S.

The observability condition in Definition 4 or Lemma 6
is more general than similar conditions for MJLS in the
literature. We can mention the concept found in [12],
namely, observability in the deterministic sense of each pair

(pﬁ/zA;,Ci), i =1,...,S This condition is sufficient for the

W-observability to hold, since from (5) we can write
0i(9) > C/Gi + PiAC/IGA +---+ pS AT VCIGAT 1 > 0

In another comparison, Ji and Chizeck introduce in [10]
the idea of sample path controllability, for which, there
should exist a numbeN such that for each sample path
6(0),...,8(N), the matrix[C’e(o) Aé(l)cle(l) Aé(N)C'e(N)]
has a.s. full rank. It is simple to check that this condition
assures observability in Definition 4.

6 Conclusions

The paper introduces the concept of W-detectability for
MJLS, which generalizes the previous concept of MS-
detectability, and plays the same role in the quest for sta-
bilizing solutions of quadratic control problems. The corre-
sponding concept of W-observability also generalizes pre-
vious ideas on observability encountered in the literature
of discrete-time MJLS. The W-detectability concept car-
ries along a computational test for this structural property
as presented in Remark 3. The test of W-observability in
Lemma 6 for MJILS is similar to the test for deterministic
time-invariant linear systems with dimensién

A Appendix: Proof of Lemma 2

For V € RS, let us identify the columns ofV =

[Vi:Vo:---:vg). ForU = (Uy,...,Us)and following [3], let
us introduce the following linear and invertible operators

¢ (V1)

bU)=|
$(Us)
Proposition 4a) of [3] yields that

6(T (U)) =Ad(U) (19)
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A :=diag AL @AY, ..., As® Ag)(P®1g)

whereV ® Z represents the Kronecker tensor product of ma-
tricesV andZ.

Let us conside®(n) = (O1(n),...,0s(n)), n> 0 as in (5),
and define" € R % andq e R “1 by

o"=9(0(n)), a=9(CC)
and we write (5) equivalently as

0" = (C{C1+ T(O(n—1))....,CiCs + Ts(O(n — 1)))
= q+§(To(O(n—1))..... Ts(O(n - 1))

the last identity is provided by the linearity §f From (19),
we have that

o"=q+AP(01(n—1),...,05(n—1)) =q+Ac™L, n>1
(20)

and (20) is equivalent to
o"=q+Aq+---+A"1g, n>1 (21)

Now let us consider the expressianX,O(n) >. We denote
x = (X) € R%! and it is straightforward to check that

< X,0(n) >=x, 0" (22)
and since< X, T "(C'C) >> 0, one has that,A"q > 0.
Proof of Lemma 2 (i).

From Lemma 1, we have that’(X) =< X,0(¢) >. Ifthere
existsX such thaw!(X) = 0 then, from (21) and (22), we
obtain

0=x,0" =X,(q+Aq+---+A"q) (23)
Sincex{,A"q > 0 for each 0< n < ¢ — 1, we have that
xA"q=0,

Thus, using the Cayley-Hamilton theorem, we can conclude
thatx(,ok =0 for eachk > 0, and from (22) it follows that

foreachO<n</-1

<X,0(k) >=0, k>0 O

Proof of Lemma 2 (ii).

From Lemma 1, we have th&l¢!(X(t)) =< X(t),0(¢) >.
If <X(n),0(¢) >=0forsome X n< ¢, then from Lemma
2 (i) we have that X(n),O(¢+t—n) >=0, for each > n,
and we can write,

< X(t),0(0) > =< LY""(X(n)),0(¢) >

=< X(n),T"(0(0)) >
<< X(n),0(f+t—n)>=0 O
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