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Abstract

In this paper concerns the development of a robust
asymptotic neuro observer (NN) for a class of unknown
nonlinear systems with noise disturbances in the out-
put. Son an output trajectory tracking from the es-
timated states is studied. The suggested asymptotic
observer has three basic terms: the first one is intro-
duced to approximate the unknown nonlinear dynam-
ics, the second one is related with the innovation and
the last one is a time delayed term introduced espe-
cially to assure the approximation of the unmeasured
states derivatives. The Lyapunov-Krasovskii technique
is used to proof the robust asymptotic stability ”on
average” of the obtained estimation error. A special
”?dead-zone” multiplier is introduced into the learning
procedure to guarantee the boundness of the weight
matrices of the dynamic NN.

Key words: dynamic neural network, robust neuro ob-
server, time-delay, Dynamic neuro control, Krasovskii
functional.

1 Introduction

The state observation and the control problems are one
of the essential points in the modern control theory. Its
solution for linear systems is well-known as the Kalman
filter (in the presence of stochastic Gaussian noise) and
the Luenberger observer (for the noises of the determin-
istic nature) [13]. Many papers have been published
devoted to the theoretical analysis and practical im-
plementations of nonlinear observers [7], [14], [21], [16]
and [3]. Based on linearization techniques, extended
Luenberger observers for nonlinear system were studied
in [24]. Nonlinear observers analysis and synthesis, us-
ing Lie-algebra approach and Lyapunov methods, can
be found in [7] and [21]. Sliding-mode observers for
linear systems were studied in [20]. These techniques
require the exact knowledge of the nonlinear dynamics,
that implies that external disturbances are not allowed.

For plants with unknown parameters the nonlinear
adaptive observer was proposed in [14]. When we have
no complete modelling information, a model-free non-
linear observer is required. If the nonlinear system is
given in the normal linearized form, the high-gain ob-
servers may estimate the derivative of the output [16],
[22], [23], [1] and [5] . They do their job well even if the
plant is being considered as ”a black box”, but such
observers loose their capability in presence of output
unmeasured disturbances.

Neural networks can be considered as an alternative ap-
proach to high-gain method since they offer potential
benefits for nonlinear modeling and control of a wide
class of unknown system [15]. Based on function ap-
proximation theory via multilayer networks [6], control
engineers can identify nonlinear systems using differ-
ent techniques, such as off-line [15], on-line [12], static
networks [12] and dynamic networks identifications [11]
[19]. Neurocontrol, based on the neuro identifiers, turns
out to be very useful for designing model-free con-
trollers. Nonlinear adaptive control [2] [17], and feed-
back linearization [27] can be implemented by means
of multilayer feedforward networks. Dynamic neural
networks were also applied to design a Luenberger-like
observer [10]. The stability of this observer with on-
line updating of neural network weights was analyzed,
but several restrictive assumptions were required: the
nonlinear plant should contain a known linear part and
verify a strictly positive real (SPR) condition to proof
observation error stability. In this paper, following the
ideas given in [18], the unknown nonlinear systems with
both external disturbances and unmodelled dynamics
is considered.

2 Nonlinear System and Neuro Observer

Consider the nonlinear systems given by

wy= [, up,t) + &g yo = Cup + &gy (1)



where x; € R"™ is the state vector of the system, u; € R4
is a given control action, y; € R™ is the output vector
measurable at each time ¢, C € R™*" is a known out-
put matrix; f(-) : R*T4+1 — R™ is unknown vector val-
ued nonlinear function describing the system dynamics
and satisfying the following assumption

Al: For a realisable bounded feedback control
|lus (2¢)|| < @, the nominal (unperturbed) closed-loop
nonlinear system is quadratically stable, that is,
there exists a Lyapunov (may be, unknown) function
Vi >0 and A\ Ay > 0 satisfying
%f(xt,ua < A H

o7

5 || < A2 llael

Remark 1 If a closed-loop system is exponentially sta-
ble and f (x¢,us) is Lipshitzian, a converse Lyapunov
theorem [8] implies A1. But this assumption is weaker
and easy to be satisfied.

The vectors §; ; and §, , represent external unmeasured
bounded disturbances.

A% e, =<0 0<Ag =AL i=12

The normalizing matrices A¢,, introduced to insure the
possibility to work with components of different phys-
ical nature, are assumed to be a priori given.

If the nonlinear system (without unmodelled dynamics
and external diturbances) model is known, then follow-
ing to standard techniques [13],the folllowing structure
for the corresponding nonlinear observer can be sug-
gested:

d . R N

8t = f(@ue t) + L [ye — O] (2)
The first term in the right-hand side of (2) repeats the
known dynamics of the nonlinear system and the sec-
ond one is intended to correct the estimated trajectory
based on current residual values (the innovation term).

If L1+ = L1+ (&), this observer is named a ” differential
algebra” type observer (see [7], [14], and [3]). In the
case of Ly = Ly =constant, it is named as ”high-gain”
type observer, which was studied in [16], [22].

For applying this observer to a class of mechanical sys-
tems when only position measurements are available
(velocities are unmeasured), as a rule, the correspond-
ing velocity estimates turn out to be not so good be-
cause of the following:

1) The original dynamic mechanical system, in general,
is given as

Z = F(Zt,é’t,utat): Y=z

or, in equivalent standard Cauchy form,

Ty = o4, Do = F (g, ue, 1), ye = T1t

So, the corresponding nonlinear observer (2) has the
form

14 Toy Ly .
L = N s + 1, .
ot ( F (&4, u4,1) ) < Liog ) [Ye 1,75]

It means that observable state components are esti-
mated very well such that the residual term [y — &1 4]
turns out to be small and has no effect in (3). One of
the possible solutions of this problem is to add the new
delayed time term

Loy [W™" (ye — o) — Ch™ (20 — &4 1)]

which can be considered as a ”derivative estimation
error” and can be used for the tuning the velocity esti-
mation. This new modified observer can be described
as
d@t/dt = f(@t, Ug, t) + Ll,t [yt — Cit]
+Loth™ [(ys — ye—n) — C (& — Z4—p)]

2) If we have no complete information on the nonlinear
function f(Z, us,t), it seems to be natural to construct
its estimate as f(&,u¢,t | Wy),which depends on pa-
rameters W;. These parameters can be adjusted on-line
to obtain the best nonlinear approximation of unknown
dynamic operator. This leads to the following observer
scheme:

A

%i‘t = f(&¢,us, t | We) + L1t [ye — CZ4]
+L2,th71 (Yt — ye—n) — C (T4 — &—p)]

with a special updating (learning) law
Wy = @ (W, &4, ue,t, ye)

Such ”robust adaptive observer” seems to be a more ad-
vanced device providing a good estimation under the
absence of an exact dynamic model and incomplete
state measurement.

In the next section a special observer structure, based
on Dynamic Neural Network (see [10], [18]), will be
introduced.

3 A Dynamic Neuro Observer

The robust neuro observer, considered, uses the struc-
ture of dynamic (Hopfield’s type) neural networks as
in [25], [11] and [18]. We propose this Luenberger-like



”second order” observer, with the new additional time-
delay term:

It— AZy + Wi 30 (Vi) + Wa i p(Va, tIt)Ut

+L1 [ys — ytHLz/h[(th Yi—n) — (e — Ge—n)] (4

The vector z; € R™ is the state of the neural
network, u; € R? is the input. A € R"*" is a Hurtwitz
stable constant matrix. The matrices Wy, € R™*™
and Wy, € R"*? are the weights of the output layers.
Vi € R™*™ and Vo € R9*™ are the weights of the hid-
den layers. o () € R™ is a sigmoidal vector function,
¢(-) is R?*? diagonal matrix, that is,

¢(-) = diag [ (VauZe)1 - - - g (Vo Te)g]

L € R®™™ and Ly € R™ ™ are first and second order
gain matrices. The scalar parameter h is assumed to
be positive.

Remark 2 The most simple structure without any
hidden layers (containing only input and output lay-
ers), corresponds to the case whenm =n, Vi =Vo =1
Ly = 0. This single-layer dynamic neural networks
with Luenberger-like observer was considered in [10].

Remark 3 The structure of the observer (4) consists
of three parts:

- the neural networks identifier AT+ Wq,0(V1,4%)+
Wa (Va1 Ty )us ;

- the Luenberger tuning term Ly [y: — Uz);

- the additional time-delay term

L2/h [(?Jt - yt—h) - @t - ﬂt—h)}
where(yy — yi—n) and (Jp — Yi—p) are introduced to es-

timate ¢ and g,

correspondingly.

Define the estimation error as A; := x; — ;. Then, the
output error is equal to e; = y; —y; = CA; + &5, and,
hence,

Cle, = CT (CAL+&yy)
(CTC +80) Ar —81A; + CTe, (5)
= Cf e+ 6NsA — Cf &y

where Cf = (CTC+61)'CT,Ns =
(CTC + 61 )71and 6 is a small positive regularaz-

ing scalar parameter. It is clear that all sigmoid
functions o (-) and ¢ (-), commonly used in NN, satisfy

the Lipschitz condition. So, it is natural to assume
that

A3:

~ T ~
TN G, < ATALA,, (qﬁtut) Ay (d)tut) <WATALA,
~ ~ 1 <
02 = DoV14T + Vo, Quuz i = Dy Vo 17t + v

where, based on Lemma 1 (see Appendix), the intro-
duced variables satisfy

oy 1= U(Vfﬂ?t)l— o(Viae), by o= d(Viwy) —
» oy = o(Vi'y) — o(V1,:2y)
ORTIES ¢(V2 E’f'\t)uz‘ - ¢(V2 tfv\f)ut
D, = 60 (Z) ‘Z v, 125516 Rmxm
Il <t Hvl |
Dy = (¢, u,)

P(Vs'Z:)

s l1>0

1

X
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, lg>0

~ . 2
~V1,t = Vl* - Vl,t; ,‘{2/,15 = Vg* - VQ,t
Wi = Wi — Wiy, Wayi=Ws — Way,

2
vol?, <1 Hvz,ta:t R

where Aq, Ao, Ay and A, are positive define matrices.

For the general case, when the neural network

/I\.t: ATy + We,0(V1,4T) + Wa 1 p(Va 1 @) uy

can not exactly match the given nonlinear system (1),
this system can be represented as

= Axy + Wio(Via) + Wad(Vaa)ue + fi

where ft is the unmodelled dynamic term and Wy, Wy,
Vi and V5" are any known matrices which are selected
below as the parameters of the designed differential
learning law. To guarantee the global existence for the
solution of (1), the following condition should be sat-
isfied ||f (¢, ue, t)||> < Oy +Cs ||| where Cy and Csy
are positive constants [4]. In view of this and taking
into account that the sigmoid functions o and ¢ are uni-
formly bounded, the following assumption, concerning
the unmodeled dynamics f;, seems to be natural:

A4: There exist positive constants 7j and 7j; such that

2
= - = 2
fe A ST+ ez, . Ap=A7 >0
The next fact plays a key role in this study. It is
well known [26] that if the matrix A is stable, the pair
(A, RY?) is controllable, the pair (Q'/2, A) is observ-

able, and the special local frequency condition or its
matrix equivalent

ATRT'A - Q> [ATR™'-RTA] R[ATR'-R7'4]"



is fulfilled, then the matrix Riccati equation
ATP4+ PA+PRP+Q =0 (6)

has a positive solution. In view of this, we accept the
following additional assumption.

A5: There exist a stable matriz A and a positive pa-
rameter & such that the matriz Riccati equation (6)
with
R—2W1+2W2+A +A + Ry
Q=A,+T Am,+P1+Q1—2CTAC (7)
Wi =WiTAT' W, W= W5TAS 1W2

has a positive solution P, where Q1 satisfies

>\max (Ql) Z )\min (Ql) Z HI - 6N6H2
Ry = 2Ns KT A KA N + 2Ns KA KN+
NsK{A,'K3N{ + NsK{AJ'K{ N}
This conditions is easily verified if we select A as a

stable diagonal matrix. Let denote H as the class of
unknown nonlinear systems satisfying A1-A5.

4 Learning Algorithm and Neuro

4.1 Observer Analysis

The main contribution of this study is the new dynamic
learning law which can be expressed by the following
system of matrix differential equations:

W= —K; |:5tPC+6t (CT + 7 VthD )
58 (Wiah, Lo + 23 WE,D,A 1D, )

+ 2 ||PCE+€7§UT|| tr{ﬁll/:;i){/f/]t}]

W2,t: —Ks [StPC;ret ((dmt)T + ftT‘N/thD@)
+3t6 (WQ,tA;1 (QSuf) (QSUI‘) + /I\t/x\?fWVQJ:thsA;lD@)

+2||PCrequT ¢7|| f,,{v‘v?é“vz By

V1 = —Kg [StPCJref.Tt W1 f_D
+ s, A2 ) V1 &+ st&ctthvl 4D, A 1D

+2 HPC""@pT?Wl tD H 1“”{‘7‘?—J‘711}

Vo o= Ky [StPC”retfc\t Wa,D,
+—451A2m1xt VQ t+ sféa:fa:tTVQ tD A 1D

F2PCredT WD, | i

¢

(8)
where K; € R™*" (4 = 1---4) are positive defined ma-
trices, P is the solution of the matrix Riccati equation
given by (6). The initial conditions are Wy,9 # WY,
Wao # W3, Vio # Vi, Vag # V5. The new variable
s, (2) given by

s; = s, (PY2CFe,), s, (2) = [1 - ﬁ}
+

is introduced. It represents a ”cutting function” (or
the ”dead zone”) which assures the boundness of the
weights during the learning process.

Define also the parameters L =
T/ Amin(P~Y2QoP~1/?) and d =7 + Y1 + 10T 5.

Remark 4 One can see that the learning law (8) of
the neuro observer (4) consists of three parts: the first
term PC’:'etUT ezxactly corresponds to the backpropaga-
tion scheme as in multilayer networks [12]; the second
termPC’;"etfv\tTXN/f{;Do is intended to assure the robust
stable learning law. FEven though the proposed learn-
ing law looks like the backpropagation algorithm, global
asymptotic error stability is guaranteed because it is de-
rived based on the Lyapunov approach (see next Theo-
rem). So, the global convergence problem does not arise
in this case.

Theorem 1 If the gain matrices are selected as

Ly =P 'CTA,,, Ly=hP 'CTA, 9)

and the weights are adjusted according to (8), then, by
the assumptions A1-A5, for a given class of nonlinear
systems given by (1), the following properties hold:

- (a) the weight matrices remain bounded, that is,

Wig€ L™, Wo,eL™, VigzeLl™, Vo,elL™

(10)

- (b) for any T > O the state estimation error fulfills
the following

—/ (PY2A) | AI7), dt <d (11)

Remark 5 The main purpose of the dead zone con-
troller is to handle the modeling error  and distur-
bances Y1, Yo. The proved boundness property is global,
i.e. nitial conditions for the state estimation error can
be selected arbitrarily.

Remark 6 For a system without any unmodelled dy-
namics, that is., meural network matches the given
plant exactly (T = 0) and without any external distur-
bances (Y1 = Y9 = 0), the propsed neuro-observer (4),
with the matriz gain given by (9), guarantees ” stability
in average” of the state estimation error, i.e.

s
s, (PY2ANATQAdt =0

. 1
limsup —
H T—oo



that is equivalent to the fact tlim s, (PY2A) =0

The error upper bound (11) is valid for any positive
value of the time delay i and the gain matrices L; and
Loh~1 (9) are independent on h.

Remark 7 Similar to high-gain observers [22], the
proved theorem stays only the fact that the estimation
error is bounded asymptotically and does not say any-
thing about a bound for a finite time that obligatory
demands fulfilling a local uniform observability condi-
tion [3]. In our case, some observability properties are
contained in A5 (for example, if C = 0 this condition
can not be fulfilled for any matriz A).

5 TRACKING ERROR ANALYSIS

The control system behaviour expectected is to move
the states to track a signal response generated by a
nonlinear reference model given by &, = fm(zm,t)
defining the following seminorms:

1 T
|z\z2 =lim sup - /zT(t)Qz(t)dt
T—00 O

where Q@ = Q7 > 0, the state trajectory tracking can
be formulated as:

Jnin :rq?él)l J J= v~ Imﬁ)(» + |ut|?§ic

So, for any n > 0 it follows

T < (U tn) |8 — 2y, +

The minimun of the term |z; — arm%c can be solved

selecting éc = (1—}-77_1) R., so we can reformu-
late the control goal as follows: minimize the term
|7y — acm\éc + \Ut|12§c for this pourpose, we define the
state trajectory error as: A,, = T; — x; and for this,
we define the energetic function WU;(u) as:

Wy(u) = ’yT(u)Wg,tPLAm +ul'R.u

where Pp, is the solution of the following differential
Riccati equation:

—Pp =P A+ ATPr 4+ 2A, +Q
+ Py, (lejtzilI/VLt + Agl + WQI;tWQ,t) Pr

With the initial condition Pr(0) equal to the positive
solution of the algebraic riccati equation corresponding

to (some equation) at time ¢ = O with zero right hand
side.

Proposition 1: We will select the control action wu(t)
such a way to minimize the energetic function Wy(u)
ay each time t i.e. uf = arg min Uy (u)

u

To calculate the control action w(t), wich minimize
U:(u), we have to fulfill (d¥;(u)/du) = 0. To per-
form this minimization, we assume that, at the given
positive t (positive), z,,(t), and Z(t) are known and do
not depend on u(t). We name the u; as locally optimal
control because it is calculated based on local informa-
tion available at time ¢[28]. To solve this optimization
problem. let us consider the following recursive gradi-
ent scheme[29].

) AWy (ug_1(t))
du ’

where the gradient d¥(u)/du is calculated as:

ug(t) = up—1(t) — 7 up(t) =0

() v ()
du du

and the sequence of the scalar parameter 7 satisfies the
o0

WgytPL(t)Am(t) + 2R u

condition: 74 > 0, > 74 = oo, T, — 0. For example,
k=0
we can select T, = (1/(1+k)7), 7 € (0,1].

Lemma 2 The u*(t) can be calculated as the limit of
the sequence ug(t), i.e., up(t) — u*(t), k — oo.

Proof: it directly follows from the properties of gradi-
ent method [29].H

Corollary 1: If nonlinear input function to the DNN
depends linearly on u(t), we can select dy’ (u)/du =T,
and we can compensate the measurable signal £ (¢) by
the modified control law u(t) = Ucomp(t)+ u*(t) where
Ucomp(t) satisfies the relation

WQJ:tucomp(t) + 6* (t) - 0, 5* (t) = AIm — f7n(xm; t)

and u* is selected according to the linear squares opti-
mal control law [30]

u*(t) = —R;T Wy, Pe(t) (1) (12)

Theorem 3 For the nonlinear system (1), the given
neural network (4), the nonlinear reference model (77)
and the control law (12), the following property holds:

T

. 1 .
Bl 10} < 23, + timsup — [ @il (@)

0



This equation fixes a tolerance level for the trajectory
tracking error. On the final structure of the DNN the
weights are learned on line.
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