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Devwudfw

Lq wklv sdshu frqfhuqv wkh ghyhorsphqw ri d urexvw
dv|pswrwlf qhxur revhuyhu +QQ, iru d fodvv ri xqnqrzq
qrqolqhdu v|vwhpv zlwk qrlvh glvwxuedqfhv lq wkh rxw0
sxw1 Vrq dq rxwsxw wudmhfwru| wudfnlqj iurp wkh hv0
wlpdwhg vwdwhv lv vwxglhg1 Wkh vxjjhvwhg dv|pswrwlf
revhuyhu kdv wkuhh edvlf whupv= wkh �uvw rqh lv lqwur0
gxfhg wr dssur{lpdwh wkh xqnqrzq qrqolqhdu g|qdp0
lfv/ wkh vhfrqg rqh lv uhodwhg zlwk wkh lqqrydwlrq dqg
wkh odvw rqh lv d wlph ghod|hg whup lqwurgxfhg hvsh0
fldoo| wr dvvxuh wkh dssur{lpdwlrq ri wkh xqphdvxuhg
vwdwhv ghulydwlyhv1 Wkh O|dsxqry0Nudvryvnll whfkqltxh
lv xvhg wr surri wkh urexvw dv|pswrwlf vwdelolw| �rq
dyhudjh� ri wkh rewdlqhg hvwlpdwlrq huuru1 D vshfldo
�ghdg0}rqh� pxowlsolhu lv lqwurgxfhg lqwr wkh ohduqlqj
surfhgxuh wr jxdudqwhh wkh erxqgqhvv ri wkh zhljkw
pdwulfhv ri wkh g|qdplf QQ1

Nh| zrugv= g|qdplf qhxudo qhwzrun/ urexvw qhxur re0
vhuyhu/ wlph0ghod|/ G|qdplf qhxur frqwuro/ Nudvryvnll
ixqfwlrqdo1

4 Lqwurgxfwlrq

Wkh vwdwh revhuydwlrq dqg wkh frqwuro sureohpv duh rqh
ri wkh hvvhqwldo srlqwv lq wkh prghuq frqwuro wkhru|1 Lwv
vroxwlrq iru olqhdu v|vwhpv lv zhoo0nqrzq dv wkh Ndopdq
�owhu +lq wkh suhvhqfh ri vwrfkdvwlf Jdxvvldq qrlvh, dqg
wkh Oxhqehujhu revhuyhu +iru wkh qrlvhv ri wkh ghwhuplq0
lvwlf qdwxuh, ^46`1 Pdq| sdshuv kdyh ehhq sxeolvkhg
ghyrwhg wr wkh wkhruhwlfdo dqdo|vlv dqg sudfwlfdo lp0
sohphqwdwlrqv ri qrqolqhdu revhuyhuv ^:`/ ^47`/ ^54`/ ^49`
dqg ^6`1 Edvhg rq olqhdul}dwlrq whfkqltxhv/ h{whqghg
Oxhqehujhu revhuyhuv iru qrqolqhdu v|vwhp zhuh vwxglhg
lq ^57`1 Qrqolqhdu revhuyhuv dqdo|vlv dqg v|qwkhvlv/ xv0
lqj Olh0dojheud dssurdfk dqg O|dsxqry phwkrgv/ fdq
eh irxqg lq ^:` dqg ^54`1 Volglqj0prgh revhuyhuv iru
olqhdu v|vwhpv zhuh vwxglhg lq ^53`1 Wkhvh whfkqltxhv
uhtxluh wkh h{dfw nqrzohgjh ri wkh qrqolqhdu g|qdplfv/
wkdw lpsolhv wkdw h{whuqdo glvwxuedqfhv duh qrw doorzhg1

Iru sodqwv zlwk xqnqrzq sdudphwhuv wkh qrqolqhdu
dgdswlyh revhuyhu zdv sursrvhg lq ^47`1 Zkhq zh kdyh
qr frpsohwh prghoolqj lqirupdwlrq/ d prgho0iuhh qrq0
olqhdu revhuyhu lv uhtxluhg1 Li wkh qrqolqhdu v|vwhp lv
jlyhq lq wkh qrupdo olqhdul}hg irup/ wkh kljk0jdlq re0
vhuyhuv pd| hvwlpdwh wkh ghulydwlyh ri wkh rxwsxw ^49`/
^55`/ ^56`/ ^4` dqg ^8` 1 Wkh| gr wkhlu mre zhoo hyhq li wkh
sodqw lv ehlqj frqvlghuhg dv �d eodfn er{�/ exw vxfk
revhuyhuv orrvh wkhlu fdsdelolw| lq suhvhqfh ri rxwsxw
xqphdvxuhg glvwxuedqfhv1

Qhxudo qhwzrunv fdq eh frqvlghuhg dv dq dowhuqdwlyh ds0
surdfk wr kljk0jdlq phwkrg vlqfh wkh| r�hu srwhqwldo
ehqh�wv iru qrqolqhdu prgholqj dqg frqwuro ri d zlgh
fodvv ri xqnqrzq v|vwhp ^48`1 Edvhg rq ixqfwlrq ds0
sur{lpdwlrq wkhru| yld pxowlod|hu qhwzrunv ^9`/ frqwuro
hqjlqhhuv fdq lghqwli| qrqolqhdu v|vwhpv xvlqj gl�hu0
hqw whfkqltxhv/ vxfk dv r�0olqh ^48`/ rq0olqh ^45`/ vwdwlf
qhwzrunv ^45` dqg g|qdplf qhwzrunv lghqwl�fdwlrqv ^44`
^4<`1 Qhxurfrqwuro/ edvhg rq wkh qhxur lghqwl�huv/ wxuqv
rxw wr eh yhu| xvhixo iru ghvljqlqj prgho0iuhh frq0
wuroohuv1 Qrqolqhdu dgdswlyh frqwuro ^5` ^4:`/ dqg ihhg0
edfn olqhdul}dwlrq ^5:` fdq eh lpsohphqwhg e| phdqv
ri pxowlod|hu ihhgiruzdug qhwzrunv1 G|qdplf qhxudo
qhwzrunv zhuh dovr dssolhg wr ghvljq d Oxhqehujhu0olnh
revhuyhu ^43`1 Wkh vwdelolw| ri wklv revhuyhu zlwk rq0
olqh xsgdwlqj ri qhxudo qhwzrun zhljkwv zdv dqdo|}hg/
exw vhyhudo uhvwulfwlyh dvvxpswlrqv zhuh uhtxluhg= wkh
qrqolqhdu sodqw vkrxog frqwdlq d nqrzq olqhdu sduw dqg
yhuli| d vwulfwo| srvlwlyh uhdo +VSU, frqglwlrq wr surri
revhuydwlrq huuru vwdelolw|1 Lq wklv sdshu/ iroorzlqj wkh
lghdv jlyhq lq ^4;`/ wkh xqnqrzq qrqolqhdu v|vwhpv zlwk
erwk h{whuqdo glvwxuedqfhv dqg xqprghoohg g|qdplfv
lv frqvlghuhg1

5 Qrqolqhdu V|vwhp dqg Qhxur Revhuyhu

Frqvlghu wkh qrqolqhdu v|vwhpv jlyhq e|

�

{w@ i+{w> xw> w, . �4>w> |w @ F{w . �5>w +4,



zkhuh {w 5 U
q lv wkh vwdwh yhfwru ri wkh v|vwhp/ xw 5 U

t

lv d jlyhq frqwuro dfwlrq/ |w 5 U
p lv wkh rxwsxw yhfwru

phdvxudeoh dw hdfk wlph w/ F 5 Up�q lv d nqrzq rxw0
sxw pdwul{> i+�, = Uq.t.4 $ U

q lv xqnqrzq yhfwru ydo0
xhg qrqolqhdu ixqfwlrq ghvfulelqj wkh v|vwhp g|qdplfv
dqg vdwlvi|lqj wkh iroorzlqj dvvxpswlrq

D4= Iru d uhdolvdeoh erxqghg ihhgedfn frqwuro
nxw +{w,n � x> wkh qrplqdo +xqshuwxuehg, forvhg0orrs
qrqolqhdu v|vwhp lv txdgudwlfdoo| vwdeoh/ wkdw lv/
wkhuh h{lvwv d O|dsxqry +pd| eh/ xqnqrzq, ixqfwlrq
Y w � 3 dqg �4 �5 A 3 vdwlvi|lqj

CY w

C{
i +{w> xw, � ��4 n{wn

5
>

����CY w

C{

���� � �5 n{wn

Uhpdun 4 Li d forvhg0orrs v|vwhp lv h{srqhqwldoo| vwd0
eoh dqg i +{w> xw, lv Olsvklw}ldq/ d frqyhuvh O|dsxqry
wkhruhp ^;` lpsolhv D41 Exw wklv dvvxpswlrq lv zhdnhu
dqg hdv| wr eh vdwlv�hg1

Wkh yhfwruv �4>w dqg �5>w uhsuhvhqw h{whuqdo xqphdvxuhg
erxqghg glvwxuedqfhv1

D5=
���l>w��5��l

@ 
l ?4> 3 ? ��l @ �W
�l
> l @ 4> 5

Wkh qrupdol}lqj pdwulfhv ��l / lqwurgxfhg wr lqvxuh wkh
srvvlelolw| wr zrun zlwk frpsrqhqwv ri gl�huhqw sk|v0
lfdo qdwxuh/ duh dvvxphg wr eh d sulrul jlyhq1

Li wkh qrqolqhdu v|vwhp +zlwkrxw xqprghoohg g|qdplfv
dqg h{whuqdo glwxuedqfhv, prgho lv nqrzq/ wkhq iroorz0
lqj wr vwdqgdug whfkqltxhv ^46`/wkh irooorzlqj vwuxfwxuh
iru wkh fruuhvsrqglqj qrqolqhdu revhuyhu fdq eh vxj0
jhvwhg=

g

gw
a{w @ i+a{w> xw> w, . O4>w ^|w � Fa{w` +5,

Wkh �uvw whup lq wkh uljkw0kdqg vlgh ri +5, uhshdwv wkh
nqrzq g|qdplfv ri wkh qrqolqhdu v|vwhp dqg wkh vhf0
rqg rqh lv lqwhqghg wr fruuhfw wkh hvwlpdwhg wudmhfwru|
edvhg rq fxuuhqw uhvlgxdo ydoxhv +wkh lqqrydwlrq whup,1

Li O4>w @ O4>w +a{w, > wklv revhuyhu lv qdphg d �gl�huhqwldo
dojheud� w|sh revhuyhu +vhh ^:`/ ^47`/ dqg ^6`,1 Lq wkh
fdvh ri O4>w @ O4 @frqvwdqw/ lw lv qdphg dv �kljk0jdlq�
w|sh revhuyhu/ zklfk zdv vwxglhg lq ^49`/ ^55`1

Iru dsso|lqj wklv revhuyhu wr d fodvv ri phfkdqlfdo v|v0
whpv zkhq rqo| srvlwlrq phdvxuhphqwv duh dydlodeoh
+yhorflwlhv duh xqphdvxuhg,/ dv d uxoh/ wkh fruuhvsrqg0
lqj yhorflw| hvwlpdwhv wxuq rxw wr eh qrw vr jrrg eh0
fdxvh ri wkh iroorzlqj=

4, Wkh ruljlqdo g|qdplf phfkdqlfdo v|vwhp/ lq jhqhudo/
lv jlyhq dv

�}w @ I +}w> b}w> xw> w, > | @ }w

ru/ lq htxlydohqw vwdqgdug Fdxfk| irup/

b{4>w @ {5>w> b{5>w @ �I +{w> xw> w, > |w @ {4>w

Vr/ wkh fruuhvsrqglqj qrqolqhdu revhuyhu +5, kdv wkh
irup3
C �

a{4>w
�

a{5>w

4
D @

�
a{5>w

�I +a{w> xw> w,

�
.

�
O4>4>w
O4>5>w

�
^|w � a{4>w`

+6,
Lw phdqv wkdw revhuydeoh vwdwh frpsrqhqwv duh hvwl0
pdwhg yhu| zhoo vxfk wkdw wkh uhvlgxdo whup ^|w � a{4>w`
wxuqv rxw wr eh vpdoo dqg kdv qr h�hfw lq +6,1 Rqh ri
wkh srvvleoh vroxwlrqv ri wklv sureohp lv wr dgg wkh qhz
ghod|hg wlph whup

O5>w
�
k�4 +|w � |w�k,� Fk�4 +a{w � a{w�k,

�
zklfk fdq eh frqvlghuhg dv d �ghulydwlyh hvwlpdwlrq
huuru� dqg fdq eh xvhg iru wkh wxqlqj wkh yhorflw| hvwl0
pdwlrq1 Wklv qhz prgl�hg revhuyhu fdq eh ghvfulehg
dv

ga{w@gw @ i+a{w> xw> w, . O4>w ^|w � Fa{w`
.O5>wk

�4 ^+|w � |w�k,� F +a{w � a{w�k,`

5, Li zh kdyh qr frpsohwh lqirupdwlrq rq wkh qrqolqhdu
ixqfwlrq i+a{w> xw> w,> lw vhhpv wr eh qdwxudo wr frqvwuxfw

lwv hvwlpdwh dv ai+a{w> xw> w m Zw,>zklfk ghshqgv rq sd0
udphwhuvZw1 Wkhvh sdudphwhuv fdq eh dgmxvwhg rq0olqh
wr rewdlq wkh ehvw qrqolqhdu dssur{lpdwlrq ri xqnqrzq
g|qdplf rshudwru1 Wklv ohdgv wr wkh iroorzlqj revhuyhu
vfkhph=

g
gw a{w @

ai+a{w> xw> w mZw, . O4>w ^|w � Fa{w`
.O5>wk

�4 ^+|w � |w�k,� F +a{w � a{w�k,`

zlwk d vshfldo xsgdwlqj +ohduqlqj, odz

bZw @ �+Zw> a{w> xw> w> |w,

Vxfk �urexvw dgdswlyh revhuyhu� vhhpv wr eh d pruh dg0
ydqfhg ghylfh surylglqj d jrrg hvwlpdwlrq xqghu wkh
devhqfh ri dq h{dfw g|qdplf prgho dqg lqfrpsohwh
vwdwh phdvxuhphqw1

Lq wkh qh{w vhfwlrq d vshfldo revhuyhu vwuxfwxuh/ edvhg
rq G|qdplf Qhxudo Qhwzrun +vhh ^43`/ ^4;`,/ zloo eh
lqwurgxfhg1

6 D G|qdplf Qhxur Revhuyhu

Wkh urexvw qhxur revhuyhu/ frqvlghuhg/ xvhv wkh vwuxf0
wxuh ri g|qdplf +Krs�hog*v w|sh, qhxudo qhwzrunv dv
lq ^58`/ ^44` dqg ^4;`1 Zh sursrvh wklv Oxhqehujhu0olnh



�vhfrqg rughu� revhuyhu/ zlwk wkh qhz dgglwlrqdo wlph0
ghod| whup=

=e{w@ De{w .Z4>w�+Y4>we{w, .Z5>w!+Y5>we{w,xw
.O4 ^|w � e|w` . O5@k ^+|w � |w�k,� +e|w � e|w�k,`e|w @ Fe{w +7,

Wkh yhfwru e{w 5 U
q lv wkh vwdwh ri wkh qhxudo

qhwzrun> xw 5 U
t lv wkh lqsxw= D 5 Uq�q lv d Kxuwzlw}

vwdeoh frqvwdqw pdwul{1 Wkh pdwulfhv Z4>w 5 U
q�p

dqg Z5>w 5 U
q�t duh wkh zhljkwv ri wkh rxwsxw od|huv1

Y4 5 U
p�q dqg Y5 5 U

t�q duh wkh zhljkwv ri wkh klg0
ghq od|huv1 � +�, 5 Up lv d vljprlgdo yhfwru ixqfwlrq/
!+�, lv Ut�t gldjrqdo pdwul{/ wkdw lv/

!+�, @ gldj
�
!4+Y5>we{w,4 � � �!t+Y5>we{w,t�

O4 5 U
q�p dqg O5 5 U

q�p duh �uvw dqg vhfrqg rughu
jdlq pdwulfhv1 Wkh vfdodu sdudphwhu k lv dvvxphg wr
eh srvlwlyh1

Uhpdun 5 Wkh prvw vlpsoh vwuxfwxuh zlwkrxw dq|
klgghq od|huv +frqwdlqlqj rqo| lqsxw dqg rxwsxw od|0
huv,/ fruuhvsrqgv wr wkh fdvh zkhq p @ q> Y4 @ Y5 @ L>
O5 @ 31 Wklv vlqjoh0od|hu g|qdplf qhxudo qhwzrunv
zlwk Oxhqehujhu0olnh revhuyhu zdv frqvlghuhg lq ^43`1

Uhpdun 6 Wkh vwuxfwxuh ri wkh revhuyhu +7, frqvlvwv
ri wkuhh sduwv=

0 wkh qhxudo qhwzrunv lghqwl�hu De{w. Z4>w�+Y4>we{w,.
Z5>w!+Y5>we{w,xw>
0 wkh Oxhqehujhu wxqlqj whup O4 ^|w � e|w`>
0 wkh dgglwlrqdo wlph0ghod| whup

O5@k ^+|w � |w�k,� +e|w � e|w�k,`
zkhuh+|w � |w�k, dqg +e|w � e|w�k, duh lqwurgxfhg wr hv0

wlpdwh b|wdqg
�

a|w/

fruuhvsrqglqjo|1

Gh�qh wkh hvwlpdwlrq huuru dv �w =@ {w�e{w1 Wkhq/ wkh
rxwsxw huuru lv htxdo wr hw @ |w � e|w @ F�w . �5>w dqg/
khqfh/

FW hw @ FW
�
F�w . �5>w

�
@
�
FWF . �L

�
�w � �L�w . FW �5>w

�w @ F.
� hw . �Q��w � F.

� �5>w

+8,

zkhuh F.
� @

�
FWF . �L

�
�4

FW > Q� @�
FWF . �L

�
�4

dqg � lv d vpdoo srvlwlyh uhjxodud}0
lqj vfdodu sdudphwhu1 Lw lv fohdu wkdw doo vljprlg
ixqfwlrqv � +�, dqg ! +�,/ frpprqo| xvhg lq QQ/ vdwlvi|

wkh Olsvfklw} frqglwlrq1 Vr/ lw lv qdwxudo wr dvvxph
wkdw

D6=

h�Ww �4h�w � �W
w ���w>

�h!wxw�W �5

�h!wxw� � x5�W
w �!�w

h�3w @ G�
hY4>we{w . ��> h!3wxw =@ G!

hY5>we{w . �!

zkhuh/ edvhg rq Ohppd 4 +vhh Dsshqgl{,/ wkh lqwur0
gxfhg yduldeohv vdwlvi|

h�w =@ �+Y �

4 {w,� �+Y �

4 e{w,> h!w =@ !+Y �

5 {w,� !+Y �

5 e{w,h�3w =@ �+Y �

4 e{w,� �+Y4>we{w,h!3wxw =@ !+Y �

5 e{w,xw � !+Y5>we{w,xw
G� @ C�W +],

C] m]@Y4>we{w5 U
p�p

n��n
5
�4
� o4

���hY4>we{w���5
�4
> o4 A 3

G! @ C+!lxl,
W +],

C] m]@Y5>we{w5 U
p�p

n�!n
5
�5

� o5

���hY5>we{w���5
�5

> o5 A 3hY4>w =@ Y �

4 � Y4>w> hY5>w =@ Y �

5 � Y5>wiZ4>w =@Z �

4 �Z4>w> iZ5>w =@Z �

5 �Z5>w

zkhuh �4> �5> �� dqg �! duh srvlwlyh gh�qh pdwulfhv1

Iru wkh jhqhudo fdvh/ zkhq wkh qhxudo qhwzrun

=e{w@ De{w .Z4>w�+Y4>we{w, .Z5>w!+Y5>we{w,xw
fdq qrw h{dfwo| pdwfk wkh jlyhq qrqolqhdu v|vwhp +4,/
wklv v|vwhp fdq eh uhsuhvhqwhg dv

=
{w@ D{w .Z �

4 �+Y
�

4 {w, .Z �

5 !+Y
�

5 {w,xw .
hiw

zkhuh hiw lv wkh xqprghoohg g|qdplf whup dqgZ �

4 > Z
�

5 >
Y �

4 dqg Y �

5 duh dq| nqrzq pdwulfhv zklfk duh vhohfwhg
ehorz dv wkh sdudphwhuv ri wkh ghvljqhg gl�huhqwldo
ohduqlqj odz1 Wr jxdudqwhh wkh joredo h{lvwhqfh iru wkh
vroxwlrq ri +4,/ wkh iroorzlqj frqglwlrq vkrxog eh vdw0

lv�hg ni +{w> xw> w,n
5
� F4 .F5 n{wn

5
zkhuh F4 dqg F5

duh srvlwlyh frqvwdqwv ^7`1 Lq ylhz ri wklv dqg wdnlqj
lqwr dffrxqw wkdw wkh vljprlg ixqfwlrqv � dqg ! duh xql0
irupo| erxqghg/ wkh iroorzlqj dvvxpswlrq/ frqfhuqlqj
wkh xqprghohg g|qdplfv hiw> vhhpv wr eh qdwxudo=

D7= Wkhuh h{lvw srvlwlyh frqvwdqwv � dqg �4vxfk wkdw��� hiw���5
�i

� � . �4 n{wn
5
�i

> �i @ �W
i A 3

Wkh qh{w idfw sod|v d nh| uroh lq wklv vwxg|1 Lw lv
zhoo nqrzq ^59` wkdw li wkh pdwul{ D lv vwdeoh/ wkh sdlu
+D>U4@5, lv frqwuroodeoh/ wkh sdlu +T4@5> D, lv revhuy0
deoh/ dqg wkh vshfldo orfdo iuhtxhqf| frqglwlrq ru lwv
pdwul{ htxlydohqw

DWU�4D�T �
4

7

�
DWU�4�U�4D

�
U
�
DWU�4�U�4D

�W



lv ixo�oohg/ wkhq wkh pdwul{ Ulffdwl htxdwlrq

DWS . SD. SUS .T @ 3 +9,

kdv d srvlwlyh vroxwlrq1 Lq ylhz ri wklv/ zh dffhsw wkh
iroorzlqj dgglwlrqdo dvvxpswlrq1

D8= Wkhuh h{lvw d vwdeoh pdwul{ D dqg d srvlwlyh sd0
udphwhu � vxfk wkdw wkh pdwul{ Ulffdwl htxdwlrq +9,
zlwk

U @ 5Z 4 . 5Z 5 .��4
i .��4

�
4

. �U4

T @ �� . x5�!>.S4 .T4 � 5FW�
�
F

Z 4 =@Z �W
4 ��4

4 Z �

4 > Z 5 =@Z �W
5 ��4

5 Z �

5

+:,

kdv d srvlwlyh vroxwlrq S / zkhuh T4 vdwlv�hv

�pd{ +T4, � �plq +T4, � nL � �Q�n
5

U4 @ 5Q�N
W
4 �

�4
� N4Q

W
� . 5Q�N

W
4 �

�4
! N4Q

W
� .

Q�N
W
6 �

�4
� N6Q

W
� .Q�N

W
7 �

�4
! NW

7 Q
W
�

Wklv frqglwlrqv lv hdvlo| yhul�hg li zh vhohfw D dv d
vwdeoh gldjrqdo pdwul{1 Ohw ghqrwh K dv wkh fodvv ri
xqnqrzq qrqolqhdu v|vwhpv vdwlvi|lqj D40D81

7 Ohduqlqj Dojrulwkp dqg Qhxur

714 Revhuyhu Dqdo|vlv

Wkh pdlq frqwulexwlrq ri wklv vwxg| lv wkh qhz g|qdplf
ohduqlqj odz zklfk fdq eh h{suhvvhg e| wkh iroorzlqj
v|vwhp ri pdwul{ gl�huhqwldo htxdwlrqv=
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zkhuh Nl 5 U
q�q +l @ 4 � � � 7, duh srvlwlyh gh�qhg pd0

wulfhv/ S lv wkh vroxwlrq ri wkh pdwul{ Ulffdwl htxdwlrq
jlyhq e| +9,1 Wkh lqlwldo frqglwlrqv duh Z4>3 9@ Z �

4 >
Z5>3 9@ Z �

5 > Y4>3 9@ Y �4 > Y5>3 9@ Y �5 = Wkh qhz yduldeoh
v� +}, jlyhq e|

vw =@ v�+S
4@5F.
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�
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lv lqwurgxfhg1 Lw uhsuhvhqwv d �fxwwlqj ixqfwlrq� +ru
wkh �ghdg }rqh�, zklfk dvvxuhv wkh erxqgqhvv ri wkh
zhljkwv gxulqj wkh ohduqlqj surfhvv1

Gh�qh dovr wkh sdudphwhuv � @
�@�plq+S

�4@5T3S
�4@5, dqg g @ � .
4 . 43
51

Uhpdun 7 Rqh fdq vhh wkdw wkh ohduqlqj odz +;, ri
wkh qhxur revhuyhu +7, frqvlvwv ri wkuhh sduwv= wkh �uvw
whup SF.

�
hw�

W h{dfwo| fruuhvsrqgv wr wkh edfnsursdjd0
wlrq vfkhph dv lq pxowlod|hu qhwzrunv ^45`> wkh vhfrqg

whupSF.
�
hwe{Ww hY W

4>wG�
lv lqwhqghg wr dvvxuh wkh urexvw

vwdeoh ohduqlqj odz1 Hyhq wkrxjk wkh sursrvhg ohduq0
lqj odz orrnv olnh wkh edfnsursdjdwlrq dojrulwkp/ joredo
dv|pswrwlf huuru vwdelolw| lv jxdudqwhhg ehfdxvh lw lv gh0
ulyhg edvhg rq wkh O|dsxqry dssurdfk +vhh qh{w Wkhr0
uhp,1 Vr/ wkh joredo frqyhujhqfh sureohp grhv qrw dulvh
lq wklv fdvh1

Wkhruhp 4 Li wkh jdlq pdwulfhv duh vhohfwhg dv

O4 @ S�4FW�
�5
> O5 @ kS�4FW�

�
+<,

dqg wkh zhljkwv duh dgmxvwhg dffruglqj wr +;,/ wkhq/ e|
wkh dvvxpswlrqv D40D8/ iru d jlyhq fodvv ri qrqolqhdu
v|vwhpv jlyhq e| +4,/ wkh iroorzlqj surshuwlhv krog=

� +d, wkh zhljkw pdwulfhv uhpdlq erxqghg/ wkdw lv/

Z4>w 5 O4> Z5>w 5 O4> Y4>w 5 O4> Y5>w 5 O4

+43,

� +e, iru dq| W A 3 wkh vwdwh hvwlpdwlrq huuru ixo�oov
wkh iroorzlqj
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Uhpdun 8 Wkh pdlq sxusrvh ri wkh ghdg }rqh frq0
wuroohu lv wr kdqgoh wkh prgholqj huuru � dqg glvwxu0
edqfhv 
4>
5= Wkh suryhg erxqgqhvv surshuw| lv joredo/
l1h1 lqlwldo frqglwlrqv iru wkh vwdwh hvwlpdwlrq huuru fdq
eh vhohfwhg duelwudulo|1

Uhpdun 9 Iru d v|vwhp zlwkrxw dq| xqprghoohg g|0
qdplfv/ wkdw lv1/ qhxudo qhwzrun pdwfkhv wkh jlyhq
sodqw h{dfwo| +� @ 3, dqg zlwkrxw dq| h{whuqdo glvwxu0
edqfhv +
4 @ 
5 @ 3, > wkh sursvhg qhxur0revhuyhu +7,/
zlwk wkh pdwul{ jdlq jlyhq e| +<,/ jxdudqwhhv � vwdelolw|
lq dyhudjh� ri wkh vwdwh hvwlpdwlrq huuru/ l1h1
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wkdw lv htxlydohqw wr wkh idfw olp
w$4

v�+S
4@5�w, @ 3

Wkh huuru xsshu erxqg +44, lv ydolg iru dq| srvlwlyh
ydoxh ri wkh wlph ghod| k dqg wkh jdlq pdwulfhv O4 dqg
O5k

�4 +<, duh lqghshqghqw rq k=

Uhpdun : Vlplodu wr kljk0jdlq revhuyhuv ^55`/ wkh
suryhg wkhruhp vwd|v rqo| wkh idfw wkdw wkh hvwlpdwlrq
huuru lv erxqghg dv|pswrwlfdoo| dqg grhv qrw vd| dq|0
wklqj derxw d erxqg iru d �qlwh wlph wkdw reoljdwru|
ghpdqgv ixo�oolqj d orfdo xqlirup revhuydelolw| frqgl0
wlrq ^6`1 Lq rxu fdvh/ vrph revhuydelolw| surshuwlhv duh
frqwdlqhg lq D8 +iru h{dpsoh/ li F @ 3 wklv frqglwlrq
fdq qrw eh ixo�oohg iru dq| pdwul{ D,1

8 WUDFNLQJ HUURU DQDO\VLV

Wkh frqwuro v|vwhp ehkdylrxu h{shfwhfwhg lv wr pryh
wkh vwdwhv wr wudfn d vljqdo uhvsrqvh jhqhudwhg e| d
qrqolqhdu uhihuhqfh prgho jlyhq e| b{p @ ip+{p> w,
gh�qlqj wkh iroorzlqj vhplqrupv=
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zkhuh T @ TW A 3/ wkh vwdwh wudmhfwru| wudfnlqj fdq
eh irupxodwhg dv=
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Wkh plqlpxq ri wkh whup m{w � {pm
5
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fdq eh vroyhg

vhohfwlqj hUf @
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Uf/ vr zh fdq uhirupx0

odwh wkh frqwuro jrdo dv iroorzv= plqlpl}h wkh whup
me{w � {pm
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iru wklv srxusrvh/ zh gh�qh wkh
vwdwh wudmhfwru| huuru dv= �p @ e{w � {w dqg iru wklv/
zh gh�qh wkh hqhujhwlf ixqfwlrq �w+x, dv=

�w+x, @ �W +x,Z5>wSO�p . xWUfx

zkhuh SO lv wkh vroxwlrq ri wkh iroorzlqj gl�huhqwldo
Ulffdwl htxdwlrq=
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Zlwk wkh lqlwldo frqglwlrq SO+3, htxdo wr wkh srvlwlyh
vroxwlrq ri wkh dojheudlf ulffdwl htxdwlrq fruuhvsrqglqj

wr +vrph htxdwlrq, dw wlph w @ 3 zlwk }hur uljkw kdqg
vlgh1

Sursrvlwlrq 4 = Zh zloo vhohfw wkh frqwuro dfwlrq x+w,
vxfk d zd| wr plqlpl}h wkh hqhujhwlf ixqfwlrq �w+x,
d| hdfk wlph w l1h1 x�w @ duj plq

x
�w+x,

Wr fdofxodwh wkh frqwuro dfwlrq x+w,/ zlfk plqlpl}h
�w+x,/ zh kdyh wr ixo�oo +g�w+x,@gx, @ 31 Wr shu0
irup wklv plqlpl}dwlrq/ zh dvvxph wkdw/ dw wkh jlyhq
srvlwlyh w +srvlwlyh,/ {p+w,/ dqg e{+w, duh nqrzq dqg gr
qrw ghshqg rq x+w,1 Zh qdph wkh x�w dv orfdoo| rswlpdo
frqwuro ehfdxvh lw lv fdofxodwhg edvhg rq orfdo lqirupd0
wlrq dydlodeoh dw wlph w^5;`1 Wr vroyh wklv rswlpl}dwlrq
sureohp1 ohw xv frqvlghu wkh iroorzlqj uhfxuvlyh judgl0
hqw vfkhph^5<`1

xn+w, @ xn�4+w,� �n
g�w+xn�4+w,,

gx
> x3+w, @ 3

zkhuh wkh judglhqw g�w+x,@gx lv fdofxodwhg dv=

g�w+x,
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@ 5

g�W +x,

gx
Z5>wSO+w,�p+w, . 5Ufx

dqg wkh vhtxhqfh ri wkh vfdodu sdudphwhu �n vdwlv�hv wkh

frqglwlrq= �n A 3>
4S
n@3

�n @ 4> �n $ 3= Iru h{dpsoh/

zh fdq vhohfw �n @ +4@+4 . n,� ,> � 5 +3> 4`=

Ohppd 5 Wkh x�+w, fdq eh fdofxodwhg dv wkh olplw ri
wkh vhtxhqfh xn+w,/ l1h1/ xn+w, $ x�+w,> n$41

Surri= lw gluhfwo| iroorzv iurp wkh surshuwlhv ri judgl0
hqw phwkrg ^5<`1�

Fruroodu| 4= Li qrqolqhdu lqsxw ixqfwlrq wr wkh GQQ
ghshqgv olqhduo| rq x+w,/ zh fdq vhohfw g�W +x,@gx @ �/
dqg zh fdq frpshqvdwh wkh phdvxudeoh vljqdo ��+w, e|
wkh prgl�hg frqwuro odz x+w, @ xfrps+w,. x�+w, zkhuh
xfrps+w, vdwlv�hv wkh uhodwlrq

ZW
5>wxfrps+w, . ��+w, @ 3> ��+w, @ D{p � ip+{p> w,

dqg x� lv vhohfwhg dffruglqj wr wkh olqhdu vtxduhv rswl0
pdo frqwuro odz ^63`

x�+w, @ �U�4f ��4ZW
5>wSf+w,�p+w, +45,

Wkhruhp 6 Iru wkh qrqolqhdu v|vwhp +4,/ wkh jlyhq
qhxudo qhwzrun +7,/ wkh qrqolqhdu uhihuhqfh prgho +BB,
dqg wkh frqwuro odz +45,/ wkh iroorzlqj surshuw| krogv=
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Wklv htxdwlrq �{hv d wrohudqfh ohyho iru wkh wudmhfwru|
wudfnlqj huuru1 Rq wkh �qdo vwuxfwxuh ri wkh GQQ wkh
zhljkwv duh ohduqhg rq olqh1

Uhihuhqfhv

^4` K1Ehujkxlv dqg K1Qlmphlmhu/ Urexvw Frqwuro ri
Urerwv yld Olqhdu Hvwlpdwhg Vwdwh Ihhgedfn/ LHHH
Wudqv1 Dxwrpdw1 Frqwu/ Yro16</ 548<05495/ 4<<7

^5` I0F1Fkdq dqg F0F1Olx/ Dgdswlyho| Frqwuro0
olqj Qrqolqhdu Frqwlqxrxv0Wlph V|vwhpv Xvlqj Pxowl0
od|hu Qhxudo Qhwzrunv/ LHHH Wudqv1 Dxwrpdw1 Frqwu/
Yro16</ 463904643/ 4<<7

^6` J1Flffduhood/ P1Gdood Prud dqg D1Jhupdql/ D
Oxhqehujhu0Olnh Revhuyhu iru Qrqolqhdu V|vwhp/ Lqw1
M1 Frqwuro/ Yro18:/ 86:0889/ 4<<61

^7` H1D1Frgglqjwrq dqg Q1Ohylqvrq1 Wkhru| ri Ru0

glqdu| Gl�huhqwldo Htxdwlrqv1 Pdodedu/ Iod= Nulhjhu
Sxeolvklqj Frpsdq|/ Qhz \run/ 4<;71

^8` I1Hvidqgldul dqg K1N1Nkdolo/ Rxwsxw Ihhgedfn
Vwdelol}dwlrq ri Ixoo| Olqhdul}deoh V|vwhpv/ Lqw1 M1

Frqwuro/ Yro189/ 433:0436:/ 4<<51

^9` N1Ixqdkdvkl/ Rq wkh dssur{lpdwlrq Uhdol}dwlrq
ri Frqwlqxrxv Pdsslqjv e| wkh Qhxudo Qhwzrunv/ Qhx0
udo Qhwzrunv/ Yro15/ 4;404<5/ 4<;<

^:` M1S1Jdxwklhu/ K1Kdpprxul dqg V1Rwkpdq/�D
vlpsoh revhuyhu iru qrqolqhdu v|vwhpv= dssolfdwlrqv
wr elruhdfwruv�/ LHHH Wudqv1 Dxwrpdw1 Frqwu1/ yro16:/
;:80;;3/ 4<<51

^;` Z1Kdkq/ Vwdelolw| ri Prwlrq/ Vsulqjhu0Yhuodj=
Qhz \run/ 4<:9

^<` K/N/Nkdolo/ Qrqolqhdu V|vwhpv/ 5qg Hglwlrq/
Suhqwlfh0Kdoo/ QM=3:78;/ 4<<9

^43` \1K1Nlp/ I1O1Ohzlv dqg
F1W1Degdoodk/�Qrqolqhdu revhuyhu ghvljq xvlqj
g|qdplf uhfxuuhqw qhxudo qhwzrunv�/ Surf1 68wk Frqi1

Ghflvlrq Frqwu1/ 4<<91

^44` H1E1Nrvpdwrsrxorv/ P1P1Sro|fdusrx/
P1D1Fkulvwrgrxorx dqg S1D1Lrdqqsx/ �Kljk0Rughu
Qhxudo Qhwzrun Vwuxfwxuhv iru Lghqwl�fdwlrq ri G|0
qdplfdo V|vwhpv�/ LHHH Wudqv1 rq Qhxudo Qhwzrunv/
Yro19/ Qr15/ 7750764/ 4<<81

^45` I1O1Ohzlv/ D1\hvlogluhn dqg N1Olx/�Qhxudo qhw
urerw frqwuroohu zlwk jxdudqwhhg wudfnlqj shuiru0
pdqfh�/ LHHH Wudqv1 Qhxudo Qhwzrun/ Yro19/ :360:48/
4<<81

^46` G1J1Oxhqehujhu/ Revhuylqj wkh Vwdwh ri Olqhdu
V|vwhp/ LHHH Wudqv1 Plolwdu| Hohfwurq/ Yro1;/ :70<3/
4<97

^47` U1Pdulqr dqg S1Wrphl/ �Dgdswlyh revhuyhu zlwk
duelwudu| h{srqhqwldo udwh ri frqyhujhqfh iru qrqolqhdu
v|vwhp�/ LHHH Wudqv1 Dxwrpdw1 Frqwu1/ yro173/ 46330
4637/ 4<<81

^48` N1V1Qduhqgud dqg N1Nduwkdvdudwk|/ Lghqwl�fd0
wlrq dqg Frqwuro ri G|qdplfdo V|vwhpv Xvlqj Qhxudo
Qhwzrunv/ LHHH Wudqv1 Qhxudo Qhwzrunv/ Yro14/ 705:/
4<<3

^49` V1Qlfrvld dqg D1Wruqdpeh/ Kljk0Jdlq Revhuyhuv
lq wkh Vwdwh dqg Sdudphwhu Hvwlpdwlrq ri Urerwv Kdy0
lqj Hodvwlf Mrlqv/ V|vwhp ) Frqwuro Ohwwhu/ Yro146/ 6640
66:/ 4<;<

^4:` P1P1Sro|fdusrx/ Vwdeoh Dgdswlyh Qhxudo Frq0
wuro Vfkhph iru Qrqolqhdu V|vwhpv/ LHHH Wudqv1 Dx0

wrpdw1 Frqwu1/ yro174/ 77:0784/ 4<<91

^4;` D1V1 Sr}q|dn/ Ohduqlqj iru G|qdplf Qhxudo Qhw0
zrunv/ 43wk \doh Zrunvkrs rq Dgdswlyh dqg Ohduqlqj

V|vwhp/ 6;07:/ 4<<;1

^4<` D1V1Sr}q|dn/ Zhq \x / Khehuww Vlud Udpluh} dqg
Hgjdu Q1 Vdqfkh}/ Urexvw Lghqwl�fdwlrq e| G|qdplf
Qhxudo Qhwzrunv Xvlqj Volglqj Prgh Ohduqlqj/ Dssolhg
Pdwkhpdwlfv dqg Frpsxwhu Vflhqfhv/ Yro1;/ Qr14/ 4340
443/ 4<<;

^53` K1Vlud0Udpluh} dqg V1N1Vsxujhrq/ Rq wkh Ur0
exvw Ghvljq ri Volglqj Revhuyhuv iru Olqhdu V|vwhpv1
V|vwhpv ) Frqwuro Ohwwhuv/ yro156/ <047/ 4<<71

^54` M1Wvlqldv/�Ixuwkhu uhvxowv rq revhuyhu ghvljq
sureohp�/ V|vwhpv dqg Frqwuro Ohwwhuv/ yro147/ 7440
74;/ 4<<31

^55` D1Wruqdpeh/ Xvh ri Dv|pswrwlf Revhuyhu Kdy0
lqj Kljk0Jdlqv lq wkh Vwdwh dqg Sdudphwhu Hvwlpd0
wlrqv/ Surf1 5;wk Frqi1 Ghf1 Frqwuro/ 4:<404:<7/ 4<;<

^56` D1Wruqdpeh/ Kljk0Jdlqv Revhuyhu iru Qrqolqhdu
V|vwhpv/ Lqw1 M1 V|vwhpv Vflhqfh/ Yro156/ 47:8047;</
4<<51

^57` E1O1Zdofrww/ P1M1Fruohvv dqg V1K1]dn/ �Frp0
sdudwlyh vwxg| ri qrqolqhdu vwdwh revhuydwlrq whfk0
qltxh�/ Lqw1 M1 Frqwuro/ yro178/ 543<05465/ 4<;:1

^58` Zhq \x dqg Doh{dqghu V1Sr}q|dn/ Lqgluhfw
dgdswlyh frqwuro yld sdudooho g|qdplf qhxudo qhwzrunv/
LHH Surfhhglqjv 0 Frqwuro Wkhru| dqg Dssolfdwlrq/

Yro1479/ Qr14/ 4<<<

^59` M1F1Zloohpv/�Ohdvw vtxduhv rswlpdo frqwuro dqg
dojheudlf Ulffdwl htxdwlrqv�/ LHHH Wudqv1 Dxwrpdw1

Frqwu1/ yro149/ 9540967/ 4<:41

^5:` D1\hvlogluhn dqg I1O1Ohzlv/ Ihhgedfn Olqhdul}d0
wlrq Xvlqj Qhxudo Qhwzrunv/ Dxwrpdwlfd/ Yro164/ 498<0
4997/ 4<<8

^5;` J1N1 Nho*pdqv/ D1V1 Sr}q|dn/ dqg D1Y1
Fkhuqlvwhu/ �Dgdswlyh Orfdoo| Rswlpdo frqwuro�/ Lqw1
M1 V|vw1 Vfl1/ yro1 45 Q� 5/ ss 5680587/ 4<;4

^5<` E1W1 Sro|dn/ Lqwurgxfwlrq wr Rswlpl}dwlrq Qhz
\run/ Rswlpl}dwlrq Vriwzduh/ 4<;:1

^63` W1 Ndlodwk/ Olqhdu V|vwhpv1 Hqjohzrrg Fol�v/
QM= Suhqwlfh Kdoo/ 4<;31


