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Abstract

In this paper, we perform the seismic control exper-
iment of a flexible structure in order to investigate
applicability of the model set identification meth-
ods to robust controller design. From the viewpoint
of application to robust control, we identify model
sets based on nominal models represented by ratio-
nal transfer functions, in contrary to most existing
methods based on affinely parameterized functions
which tend to be high order functions. Also, we de-
rive a less conservative error bound which takes ac-
count of low correlation properties of input signals.
Based on the model set identification method and
the Ho controller design method based on LMIs,
we show that a closed-loop system which satisfies
given design specifications is obtained systemati-
cally.

1 Introduction

In robust control system design, we need a model
set of the true plant which consists of a nominal
model and its norm-bounded uncertainty. There-
fore, identification methods of model sets which are
compatible with robust control framework have re-
ceived much attention, see, e.g. [1]~[7] . One of
the most distinguished features of these methods
compared with traditional probabilistic/statistical
identification[8] is that they consider the estima-
tion error is due to not only measurement noises
but also unmodeled dynamics. Another important
feature of these methods is that they evaluate error
bounds of nominal models, which are essential in
most of robust controller design methods, by using
the given experimental data and a priori informa-
tion on the plant. Therefore, it is expected that the
model set identification methods make it possible
to obtain a robust controller design more system-
atically. However, in contrast to much theoretical
development which has been made in the past ten
years, few experimental studies have been reported
on model set identification and its application to
the robust control system design. In most of robust
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controller design applications, the plant model set
are constructed skillfully by the designers of great
experience.

One of the practical difficulties of many model set
identification methods is that the identified error
bounds tend to be conservative. Although recent
studies (see e.g. [9]~[14]) try to reduce the con-
servativeness by integrating the probabilistic iden-
tification framework, the validity of these methods
in the practical situation is still unclear. Another
difficulty of most of these methods is that, because
of computational complexity, the nominal model is
limited to affinely parameterized functions which
tend to be high order functions.

The main purpose of this paper is to investigate
applicability of the model set identification meth-
ods to robust controller design by the experimen-
tal studies on seismic control of a flexible struc-
ture. From the viewpoint of application to robust
control, we identify model sets based on nominal
models represented by rational transfer functions.
Also, we derive a less conservative error bound
which takes account of low correlation properties
of input signals. Based on the model set identifica-
tion method and the H ., controller design method
based on LMI, we show that a closed-loop sys-
tem which satisfies given design specifications is
obtained systematically.

In this paper, we use the following notations. For
a vector ¢ € C", we define ||z||c := maxi<i<n |4
and ||z| := />, |zi|?, where z; denotes the i-th
element of z. The Hardy space of bounded analytic
functions in |z| > 1 is denoted by Hso, The real
rational subspace of H is denoted by RH . For
a system G(z) € Heo, let ||G|co denote Hoo norm.

2 Model set identification method

In this section, we describe the model set identifica-
tion method which is applied to the experimental
study. This method first obtains the frequency-
domain data and their residual bounds using the
experimental I/O data and a priori information on
the true plant, as described in Section 2.2. And
then, the model sets based on the nominal mod-



els represented by rational transfer functions are
identified by using the frequency-domain data, as
described in Section 2.3.

2.1 Model Description
Consider the following linear shift-invariant stable
SIMO system affected by additive noise

y(t) = Pia(2)u(t) + v(t), (1)

where z is the shift operator, u(t) is an L-periodic
scalar input signal and y(¢) € R’ is output vector

corrupted by an additive noise v(t) € R‘. The
transfer function of the true plant P;4(z) is assumed
to belong to the following system set given a priori
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Also, we assume that the experimental data
{u(t),y(t) f;__le is given, where N = KL for an
integer K.

For the true system P;4(z), we consider the follow-
ing model set

I(P,,W)={P| P=P,+ AW, A€ A}, (3)

where P, (z2) € RHeo is the n-th order nominal
model described by

Pp(2) := B(2)A(2)7", (4)
where
AR) =14az  +---Fapz™™ (5)
B(2) := [B1(2), Ba(2), -+, Be()]T,  (6)
Bi(z) :=bio + bz + -+ binz " (7)
We define the coefficient vector
0 := [01,'",an,bw,"',b1n,bm,"',bm]T (8)

Also, W(z) € RHy is a given scalar weighting
function and A(z) is an unstructured uncertainty
which belongs to the following set

A:={A(2) € Hoo | [A(2)lle0 <} (9)

2.2 Frequency-domain data set
First, the following correlation sequences are
obtained using the given experimental data

{u(®), (&) }5"

{roy(7), o (MY, (10)
where
1 Nt
Toy(T) = N2 u(t —7)y(t), (11)

rl¥ (1) and rY (1) are defined in the same way as

(11).

And then, we obtain the discrete Fourier trans-

form(DFT) of r}Y (r) and rl},(7) in (10)
{Silzly(wk)’s'zl;u(wk) i:}}’ (12)

where wp = 2nk/L, and we define DFT of

{roo(M)}7Z0 as {Siy(wi) 12 -

Now, since u(t) is L-periodic, the following input-
output equation is satisfied.

Suy(wi) = Pig(wi) Sy (wi) + R(wr)
k=0,---,L—1, (13)
where R(wy) is the residual
R(wk) = S{:v(wk) + E(wk), (14)

SL (w) is the term due to the noise, and also we
have an additional residual term E(wy,) because the
system is not in steady state at ¢ = 0. Pjg(wy) is
the frequency response of Pig(z) for z = e/“*.

An upper bound of ||E(wg)|| is given in the follow-
ing proposition.

Proposition 1 An upper bound of ||E(wg)| is
given as &,

_ VeMpNo(1-pN)

3 N~ o0 (¢1 4 ¢2), (15)
where
L—-1L-1 ]
=YY plou(r, i)l (16)
7=0 j=1

L-1 L pL—i-n—l I
Cy .—T;O ; m |ruu(—Ns—1+T—n)|(l7)
J
$u(T,§):=>_u(-T+i)u(-Ne—j+i) (18)

i=0

The upper bound in (15) decays exponentially as
N, grows. Also, it is important to note that the
conservativeness is reduced in the case where the
input signals u(t) are low-correlated because of
|rL (=Ng—1+7—n)| in (17) and ¢, (7, j) in (16).
This is a distinguished feature compared with the
existing bound [11], which does not take account of
the correlation properties of the input signals.

On the other hand, we consider the following upper
bound of ||SL, (wg)||, which takes account of a low
correlation property of v(t)[14],

L
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Note that some discussions on the choice of 7 in the
case when v(t) is a Gaussian white noise are given
in [14].

From (14), (15) and (19), an upper bound of the
residual ||R(wg)|| is given as

Ak i= & + Ck- (20)
Using A\, we define the residual set
Ri = A{R(we) | |1R(wr)l < Ax}, (21)
for each k.

In our model set identification method, we use
the frequency-domain data in (12) and its residual
bound A in (20). In (20), £ decays exponentially
as N grows, while {; decays as N grows. How-
ever, the total length of the experiment is limited
in practical situations. Therefore, Ny and N should
be chosen appropriately, such that A, is as small as
possible for the given total data length.

2.3 Identification method

From (3), eq.(13) can be written as

S5 (i) = Po(wi) S, (wr) + A(wr)W (wi) Sy (wr)
+R(wg) (22)

Therefore, an upper bound of ||A(wy)|| is described
using the given frequency-domain data as

1188y (i) = P (wi) S (i) | + Ak
- W (i) (wr) ’

5k : vwk:

(23)
We consider the identification problem of the fol-
lowing P,,, which minimizes the peak of ¢

P, = arg fnin max 1y, (24)
st. 0 <7, Vk (25)

We note that, the model set obtained by the opti-
mization problem in (24) and (25) is the smallest
one such that there exists a A(z) € A which sat-
isfies (22) for any R(wr) € Ri. Therefore, this
model set is unfalsified by the given frequency-
domain data in (12) in terms of the model vali-
dation methodology [15][16]. Also, note that, since
this identification algorithm takes account of the
worst-case error bounds at the only given discrete
frequency points wy, the obtained model set is prac-
tical for robust control by choosing L as an appro-
priately large value.

The problem in (24) is equivalent to identify the
following @ and v

0 = arg Join
s.t. (| A(wr) Syu(wi) = B(wr) (W) S (i)

< AR W (@i)] (VS (Wr) = k) , Ywr(26)

Since this is a nonlinear optimization problem, it
is difficult to obtain the global optimal solution.
Therefore, we consider the following iterative algo-
rithm.

Step 1 Fix A(wg) = 1 and A = 0 on the right
hand side in (26). Then obtain A;(z) and
B (%) by computing 6 in (26) via convex op-
timization.

Step 2 Fix A(wy) = A;(wy) on the right hand side
in (26). Then obtain A5(z), B2(2) and 7y by
computing 6 in (26) via convex optimization.

Step ¢ Similarly to Step2, identify A;(z), Bi(z)
and v for A(wg) = A;—1(w) on the right
hand side in (26).

In the case where we have A;_j(wg) ~ A;(w) by
the iteration, the nominal model P,,(z) and 7 iden-
tified using this iterative algorithm are expected to
be a good approximate of the exact optimal solu-
tion of the problem in (26).

Figure 1: Flexible structure

3 Model set ID and control of flexible
structure

3.1 Outline of experimental system

The five-story frame structure at the Disaster Pre-
vention Research Institute, Kyoto University[17] is
depicted in Fig.l. This system is 2.3m high and
12¢ in weight. The dimensions of the shaking table
are 5.0m x 3.0m. The Active Mass Damper(AMD)
systems are installed on the roof in order to sup-
press the seismic disturbances from the shaking ta-
ble. The AMD has a mass which is driven linearly
through an ball screw by an AC servo motor. Note
that we use only one AMD in the experiments, al-
though two AMD systems crossing each other are
installed on the roof. The acceleration of the 5th
floor and the 4th floor, and the stroke of the AMD
are measured in this study. Therefore, the exper-
imental system can be described as the following
continuous time system:

Ye(t) = Pe(s)uc(t) +d(t), (27)
uc(t) = C(s)ye(1), (28)
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Figure 2: Experimental system

where d(t) is the seismic disturbance from the shak-
ing table and C(s) is the controller which is ob-
tained in Section 3.3. The output vector of the
closed loop system y.(t) := [yf (t) 2 (t) yI (¥)]7 is
composed of the acceleration of the 5th floor and
the 4th floor relative to the ground, defined by y; (t)
and y»(t) respectively, and the stroke of the AMD
y3(t). The control input u.(t) € R is generated
by the inertia force of the moving mass on the 5th
floor.

Since y3(t) is the displacement of the AMD relative
to the 5th floor, the transfer function vector P, in
(27) can be described as

P1 (S)
P.(s) = Py(s) ) (29)
st(Ps(S) — Pyi(s))

where Pj;(s) and Py(s) are the transfer function
from u.(t) to y1(t) and yo(t) respectively, and Ps(s)
is the transfer functions from wu.(t) to the accelera-
tion of the moving mass relative to the ground. In
this study, we have a priori information that Ps(s)
is well approximated by the given constant

Mg
mala /2w + 2w J, [l

Pz = (30)
where J, is the moment of inertia of the motor and
l, is the lead length of the ball screw. Therefore,

we identify a nominal model P, (s) and its error
bound W (s) of the following P;4(s)

Pia(s) == [Pi(s), P2(s)]7, (31)

as described in Section 3.2. And in Section 3.3,
based on Py, (s), Pn3 and W(s), we design a con-
troller which guarantees robust stability and also
makes the sensitivity to the seismic disturbance
small in the low frequency range.

3.2 Model set identification

In our model set identification problem, the true
plant is described as (1), where P;4(z) denotes the
z-transform of Pj4(s) in (31) with sampling time
0.01s. We perform impulse response experiments
and choose M and p in (2) as M = 650 and
p = 0.985. Fig.3 shows the impulse response of
y1 which is the average of the results of seven ex-
periments by the solid line and also shows its bound
Mp™ by the broken line. From Fig.3, we can ob-
serve that M and p are chosen such that Mp™ is
a reasonably conservative bound, and P;4(z) has
very small decay rate p~! ~ 1.015. On the other
hand, the constant 1 in (19) is chosen as n = 0.264
according to the noise data v(t) observed with the
input u(t) = 0.
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Figure 3: Impulse response and its bound

The input signal is chosen as a filtered pseudo-
random binary sequence(PRBS)

u(t) = F(2)u(t), (32)

where %(t) is a PRBS with period 2047 and F(z)
is the z-transform of the band-path filter

1

F&) = Gas6/m 17

(33)

The input-output data are observed with sam-
pling interval 0.01s, and then we obtain {u(t), y(¢)}
for identification with sampling interval 0.1s and
the period L = 205 by decimation. Therefore,
the length of the total obtained data(N; + N) is
5L = 1025.

The design parameters N and N, are chosen as
N; =4L and N = L = 205 according to the value
of A in (20), as described in Section 2.2. Table 1
shows the relationship between A\ and N,. Table 1
indicates that Vs should be chosen as a large value,
since this experimental system has small decay rate
p~ L. And also, we show the values of the existing
bounds[11]. From this result, the bounds given in
(15) are less conservative than the existing bound.

In the situation stated above, we now apply the
identification algorithm with ten iterations. Since



Table 1: Residual bound level (maxy \g)
[N, [ 205 [ 410 | 615 | 820 |

Proposed || 9.8E—1 | 5.9E—2 | 4.0E—3 | 2.5E—4
Existing 7.6 43E-1 | 3.0E-2 | 2.9E-3
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Figure 4: Gain plot of P, (1st iteration)
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Figure 5: Gain plot of P, (10th iteration)

our goal is control system design which makes the
sensitivity to the seismic disturbance small in the
low frequency range and also guarantee the robust
stability mainly for the model uncertainty in the
high frequency range, the weighting function W(z)
in(3) is chosen as the z-transform of the low-cut
filter

(s/20 +1)°
(s/250 +1)6

in order that the model error is small in the fre-
quency range.

W(s) = (34)

The gain plots of the model error of the identified
fourth order nominal models on the first iteration
and the tenth iteration are shown in Fig.4 and Fig.5
respectively. The broken line shows the gain plots
of the identified transfer function from wu(t) to y; (t)
and the solid line shows the spectrum estimates
|Suy (wi)|/SEL, (wr). From these figures, we can see
the performance of the nominal model is improved
by the proposed iteration algorithm particularly in
the low frequency range.

Also, the uncertainty bound «|W (wg)| on the the

tenth iteration are shown in Fig.6. The broken
line shows the uncertainty bound ~|W(wg)| and
the solid line shows the nonparametric error bound
0k|W (wg)| in (23). In Fig.6, v|W(wy)| is a tight
bound of 6;|W (wy)| particularly in the low fre-
quency range.

From Fig.5 and Fig.6, we can see that a good model

set which reflects our requirements described in
(24) and (25) is obtained.
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Figure 6: Error bounds (10th iteration)

Note that, since the weighting function in (34) is of
high order, we use the second order function Wi (2),
which bounds 6| W (wg)| as tight as possible, in the
controller design step in Section 3.3. Note that the
bilinear transforms P,,(s) and Wj(s) of P, (z) and
Wi(z) are used in Section 3.3.

3.3 Controller Design
In this section, we design a controller based on the
following specifications:

i) Suppress the acceleration for the first and the
second modes.

ii) Guarantee the robust stability for the model set
identified in Section 3.2.

iii) Keep the stroke of the moving mass of the
AMD system within range £30cm.

We formulate the specification i), ii) and iii) in the
framework of the H., control based on the sys-
tem shown in Fig.7. In this figure, Wi(s) is the
z-transform of the weighting function obtained in
Section.3.2. Since the disturbance d(t) from the
shaking table has the same mode as the response
from the AMD, Ws(s) is chosen as

2 _ 1
(; s+pz s+pz) ) l 1/132 ]

(35)
where p; and p; are the pole of the nominal model
P,,(s). Also, W3 is chosen as a diagonal matrix

W3 = diag(20,20,1). (36)
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Figure 8: Control performance in frequency domain

Based on the formulation in Fig.7, our design speci-
fication is described as the following design problem

of C(s).
C(s) = arg mcgn €,

st | Trwilleo <1, IT.2w2ll0 <1, (37)

where T,1,1(s) denotes the transfer function from
wy to 21 and T,9,2(s) denotes the transfer func-
tion from wsy to zo. Since it is difficult to get the
exact optimal solution, we obtain C(s) based on a
design method[18] which gives an upper bound of
the optimal € based on the linear matrix inequali-
ties(LMIs).

For the obtained closed-loop system, we perform
the seismic control experiment. The El Cen-
tro earthquake wave of the North-South direction
scaled down to the maximum acceleration 100gal
is used as the disturbance from the shaking table.
Fig.8 shows the control effect in frequency-domain
by the DFT of the acceleration of the 5th floor.
The solid line shows the spectrum of the seismic re-
sponse of the designed closed-loop system. On the
other hand, the broken line shows the one without
control. From Fig.8, we can see that our controller
reduces the peak of the spectrum for the first and
the second mode.

The experimental results shown in this section in-
dicate that, a closed-loop system which satisfies
our design specification is systematically obtained
based on the model set identification method and
the H, controller design method based on LMI.
Although the obtained controller is still conserva-

tive because of computational complexity of the ro-
bust controller design method, it is practical as the
first step for practical model set identification.
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