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Abstract

A methodolgy for the design of continuous practical
observers for nonlinear uniformly observable systems is
presented. The system is �rst transformed into observ-
ability normal form, using the observability map semi-
di�eomorphism. Since this normal form may have a
non-Lipschitz continuous right hand side, a so called
��approximate high-gain observer is designed for it,
constituting the dynamic part of the observer. The
inverse of the transformation is used as the static part.
Convergence of the observer's state trajectory to a ball
around the true state trajectory is guaranteed, with the
radius of the ball as small as desired.

1 Introduction

Consider the following SISO nonlinear system:

_x = f(x; u) ; x (0) = x0
y = h(x)

�
(1)

where the state x evolves in an open connected subset
M of Rn , the input u 2 R and the output y 2 R. The
functions f :M�R ! R

n and h :M ! R are assumed
to be smooth, for simplicity. Let us denote the solution
of (1) which passes through x0 at t = 0, corresponding
to the input function u(t), as x(t; x0; u(t)). In a similar
way, let us denote as y(t; x0; u(t)) = h(x(t; x0; u(t))) the
corresponding output.

Many results have been reported on the design of ob-
servers for system (1) [6]. One of the most widely
used is the method of the high-gain observer, which
is based on a transformation into observability normal
form, by way of the observability map. Two condi-
tions must be met: the observability map must at least
be a semi-di�eomorphism (uniform observability), and
the normal form should have a locally Lipschitz con-
tinuous right-hand side [8]. In this paper we propose a
methodolgy to design practical observers for uniformly

observable systems that may not satisfy the second re-
quirement.

In the next section, the basic methodology involved
in the design of continuous high-gain observers will be
brie
y recalled and its basic shortcoming will be stated.
Section 3 presents the Propositions that theoretically
sustain the main result, which is presented in Section
4. An example is then worked out in Section 5. Finally,
some conclusions are given.

2 High-gain continuous observers

Let us initially recall some notions in the design of high-
gain observers. We will also concentrate on autonomous
systems, later extending the results to forced systems
such as (1).

Consider the autonomous system described by

_x = f(x) ; x (0) = x0
y = h(x)

�
(2)

where x 2M � R
n , y 2 R and f and h are suÆciently

smooth1 onM . Let us denote the solution of (2) which
passes through x0 at t = 0 as x(t; x0). In a similar way,
denote y(t; x0) = h(x(t; x0)) as the output.

Consider another dynamical system,

_̂z = f̂(ẑ; y) ; ẑ (0) = ẑ0 (3)

x̂ = ĥ(z; y) (4)

where z 2 
 � R
n , f̂ :
�R ! R

n , and ĥ :
�R ! R
n .

De�ne ẑ(t; ẑ0; y) as the solution to (3) passing thorugh
ẑ0 at t = 0.

System (3-4) is called an observer on W � M if it
satis�es: [8] (i) it has unique and global solutions, (ii)

acts as a simulator whenever x0 = x̂0
:
= ĥ (ẑ0; h(x0)),

1By \suÆciently smooth" it is meant that all required partial
derivatives are de�ned and continuous.



and (iii) there exists V � 
, such that x0 2 W and
ẑ0 2 V imply that the trajectories x̂(t; x̂0) and x(t; x0)
remain in W for all t � 0 and converge as t!1.

Equation (3) is called the dynamical part of the ob-
server, whereas (4) is called the static part. The sys-
tem (2) is said to have a global observer if there is an
observer on M , a semi-global observer if there is an
observer on every compact subset ofM , and a local ob-
server at x0 if there is an observer on a neighborhood
of x0. If the functions f̂ and ĥ are smooth, the observer
is called smooth (C1), and if at least one of them is
continuous, then it is said to be continuous (C0).

For observer design purposes it is common to use a
continuous, (at least once) di�erentiable, and invertible
correspondence � :M ! �M � R

n , such that z = �(x)
and system (2) is transformed into: [7]

_z = �f(z) ; z(0) = z0
y = �h(z)

�
(5)

where z 2 �M � R
n , and

�f(z) =
@�

@x
f(x)

����
x=��1(z)

�h(z) = h
�
��1(z)

�
9=
; (6)

The dynamical part of an observer for (2) is imple-
mented with an identity observer for the transformed
system (5)2. One possibility is a Luenberger observer:

_̂z = �f(ẑ) + l (ẑ)
�
y � �h(ẑ)

�
; ẑ(0) = ẑ0 : (7)

The inverse of the mapping ��1 can be used as the
static part:

x̂ = ��1(ẑ) : (8)

A standard assumption is that � is a di�eomorphism
(smooth with a smooth inverse), which guarantees a
smooth transformed system (5), with unique solutions
that correspond one-to-one to those of the original sys-
tem (2). Furthermore, the convergence of trajectories
for the transformed system carries on to that of the
original one. In this case, the observer obtained is also
smooth, and by derivating the output equation (8), an
identity observer for system (2) can be directly con-
tructed.

Xia and Zeitz [8] have shown that this methodology
is still applicable if � is assumed to be a semi-
di�eomorphism, where just continuity (not smoothness)
of the inverse transformation is required. The trans-
formed system (5) can thus be smooth or continuous.
If (5) has the property of uniqueness of solutions, a one-
to-one correspondence (T-equivalence) between trajec-
tory solutions of (2) and (5) can be established. If addi-
tionally ��1 is uniformly continuous on �M , asymptotic

2This only makes sense whenever this is easier than for the
original system.

convergence of ẑ(t;�(x̂0); y) to �(x(t; x0)) implies that
of x̂(t; x̂0) to x(t; x0).

A particularly interesting result is obtained when the
smooth observability map q :M ! R

n of system (2)

q(x) =

2
6664

h(x)
Lfh(x)

...
Ln�1f h(x)

3
7775 =

2
66664

y
_y
...

(n�1)
y

3
77775 (9)

is used as the transformation map �. If system (2) is
uniformly observable (i.e. q is injective form M onto its
range), then q(x) is at least a semi-di�eomorphism (see
[8, Lemma 3]).

In this case z = q(x) transforms system (2) into observ-
ability normal form: [9]

_z = f�(z) =

2
6664

z2
z3
...

'(z)

3
7775

y = z1;

9>>>>>=
>>>>>;

(10)

where z 2 N = q(M), and '(z) = Lnfh
�
q�1(z)

�
can be

smooth or just continuous. Now consider the following
Lemma:

Lemma 1 ([8]) Let system (2) be uniformly observ-
able on M ; denote N = q(M). If Lnfh Æ q�1(z) is Lips-
chitz continuous on a subset N 0 � N and q�1(z) is uni-
formly continuous on N 0, then (2) admits a continuous
observer on M 0 = q�1(N 0) with gain vector l 2 Rn

_̂z = f�(ẑ)� l[ẑ1 � y]
x̂ = q�1 (ẑ)

�
(11)

One possible method to calculate the observer gain l
for (11) is the method of the high-gain observer pro-
posed by Gauthier et al. [2], where l = S1(�)�1c
for some suÆciently large �, cT = [1; 0; : : : ; 0] (i.e.
y = cT z), and S1(�) is the stationary solution of
_St(�) = ��St(�) � ATSt(�) � St(�)A + ccT , with the
matrix A having components Ai;j = Æi;j�1.

Although the method described here allows the design
of observers for a great class of nonlinear systems, it is
not applicable to many uniformly observable systems.
The composition of a smooth function and a continu-
ous one (Lnfh Æ q�1(z)) is in general continuous but not
Lipschitz.

Example 1 Consider the following �rst order system:

_x = k
y = xp;

(12)



where k 2 R n f0g and p � 3 is an odd integer. Its
observability normal form is

_z = kp z(p�1)=p

y = z:

Note '(z) = kp z(p�1)=p is non-Lipschitz continuous.
There is also no uniqueness of solutions, since z(t) � 0
and z(t) = (k t)

p
are two solutions for the initial condi-

tion z(0) = 0. Therefore, a continuous observer using
Lemma 1 cannot be constructed.

The purpose of this paper is to extend the observer de-
sign method to the whole class of uniformly observable
systems. Since the function ' of the observability nor-
mal form (10) is in general just continuous, it could lack
unicity of solutions, as in the previous Example 1. We
will introduce some concepts to relate the unique tra-
jectories of the original system with the set of possible
trajectories of the observability normal form.

Moreover, in case (10) has unique solutions it is well
known that it is structurally observable, since its ob-
servability map is the identity. But what does observ-
ability mean if there is no uniqueness of solutions?

Instead of insisting on the construction of an asymp-
totic observer, we will take a more practical perspective
by designing approximate observers for non-Lipschitz
observability normal forms (10), such that the trajec-
tories of the observer converge to a small ball around
the true system trajectories, and one can make the ra-
dius of this ball as small as desired.

3 Trajectory semi-equivalence and
observability

Recall that a system is called observable if output in-
distiguishability of two initial states implies the identity
of these two initial states [4]. For systems with unique
solutions, observability implies a one-to-one correspon-
dence between output and state trajectories. However,
for systems with no unique solutions, for the same ini-
tial condition two di�erent state trajectories might be
solutions, but if their output trajectories are the same,
the system would then still be called observable. A
stronger condition than observability is thus needed.

De�nition 1 System (2) is called trajectory observ-
able if every output trajectory corresponds to one and
only one state trajectory.

This concept reduces to observability for systems with
unique solutions.

Proposition 1 A system in observability normal form
(10) is structurally trajectory observable.

Proof: It is obvious that two di�erent output trajec-
tories correspond to di�erent state trajectories, since
y = z1. Now we will prove that two di�erent state
trajectories z

�
t; z0

(1)
� 6= z

�
t; z0

(2)
�
generate di�erent

output trajectories. The unique solution to the scalar
di�erential equation _zk�1 = zk is

zk�1 (t; z0) = z0;k�1 +
Z t

0

zk (�; z0) d�;

which, for di�erent z
(i)
k

�
t; z0

(i)
�
, i = 1; 2, will re-

sult in distinct scalar trajectories z
(i)
k�1

�
t; z0

(i)
�
, be-

cause z
(i)
k

�
t; z0

(i)
�
are absolutely continuous functions

of time and must be di�erent in a set with mea-
sure not zero. Therefore their integrals are also dif-

ferent. Di�erent z
(i)
k

�
t; z0

(i)
�
will iteratively imply

di�erent z
(i)
1

�
t; z0

(i)
�
, which means y(1)

�
t; z0

(1)
� 6=

y(2)
�
t; z0

(2)
�
. In observability normal form, non-unicity

of solutions can only occur for the (scalar) di�erential
equation _zn = '(z). Even if this happens for some ini-
tial condition, the previous discussion shows that their
output trajectories will be di�erent.

System (5)3 may have non unique solutions whereas
the plant (2) has unique solutions. To construct an
observer, we need some correspondence between their
state trajectories. We will extend the concept of trajec-
tory equivalence of [8] to do so.

Let Z(t; z0) represent the set of solutions (state trajec-
tories) to system (5) passing through z0 at t = 0, and
Y (t; z0) the corresponding set of output trajectories.

De�nition 2 System (2) is said to be trajectory semi-
equivalent to system (5) if there exists an injective map-
ping � :M ! �M , such that if x(t; x0) and h (x(t; x0))
are the unique state and output trajectories of system
(2), then �(x(t; x0)) and �h (�(x(t; x0))) are state and
output trajectories of system (5).

Additionally, for every z0 2 �M , there exists a unique
state trajectory z(t; z0) 2 Z(t; z0) of (5), such that
��1(z(t; z0)) is the unique state trajectory of system (1),
and h

�
x(t;��1(z0))

�
= �h (z(t; z0)) 2 Y (t; z0).

When z0 = �(x0), this equivalence will be denoted
as x(t; x0) !) z(t; z0), where z(t; z0) 2 Z (t;�(x0)) is
unique for every x(t; x0).

Proposition 2 If the observability map q (x) (9) is
a semi-di�eomorphism from M onto N , (the system

3The observability normal form (10) is a special case of (5).



is uniformly observable), then system (2) is trajectory
semi-equivalent to system (10).

Proof: From (6), it is obvious that if x (t; x0) is a
state trajectory of (2), then q (x (t; x0)) is a state trajec-
tory of (10) passing through q(x0) at t = 0, thus proving
the �rst requirement. To prove the second requirement,
consider the state trajectory x

�
t; q�1(z0)

�
of system

(2). Using the �rst part of this proof, q
�
x
�
t; q�1(z0)

��
is a state trajectory of system (10), passing through
q
�
q�1(z0)

�
= z0 at t = 0. Notice the corresponding

output trajectories in both coordinate systems are equal
(see (6)). Therefore, the trajectory

z (t; z0) = q
�
x
�
t; q�1(z0)

�� 2 Z(t; z0) ;
is unique because of trajectory observability. Hence,

q�1(z (t; z0)) = x
�
t; q�1(z0)

�
(13)

is a state trajectory of system (2).

Proposition 3 Let �(t) be some time function evolving
on N . If q is a semi-di�eomorphism from M onto N
with q�1 uniformly continuous on N , such that system
(2) is trajectory semi-equivalent to system (10), then

k�(t)� z (t; z0)k ! 0 (14)

implies



q�1(�(t)) � x
�
t; q�1(z0)

�

! 0 (15)

whenever x
�
t; q�1(z0)

� !
) z (t; z0).

Furthermore, for every � > 0, there exists a Æ (�) > 0,
such that

lim
t!1

k�(t) � z (t; z0)k < �

implies

lim
t!1



q�1(�(t)) � x
�
t; q�1(z0)

�

 < Æ :

Proof: Trajectory semi-equivalence implies a one-
to-one correspondence between valid state trajectories.
Uniform continuity of q�1 implies from (14) that

kq�1(�(t)) � q�1(z (t; z0)) k ! 0 :

Using the proof from Proposition 2 we know that equa-
tion (13) is ful�lled; hence (15) also. The second part
also follows from the uniform continuity of q�1.

4 Approximate high-gain observers

Proposition 3 implies that an identity observer for the
observability normal form, together with the algebraic
map q�1, may consitute the dynamic and static parts,
respectively, of an observer for the original system.
Since designing an identity observer for a non-Lipschitz
normal form may not be easy, we will instead consider
the design of an �-approximate observer, based on the
high-gain approach.

De�nition 3 System (3-4) is called an �-approximate
observer, � > 0, of system (2) on a subset W � M
if (i) it has unique and global solutions; (ii) does not
necessarily behave as a simulator when x0 = x̂0

:
=

ĥ(ẑ0; h(x0)); and (iii) there exists a subset V � 
 and
T � 0, such that x0 2 W and z0 2 V imply that
x(t; x0) 2 W and x̂(t; x̂0; y) 2 W for all t � 0, and
additionally

kx̂ (t; x̂0; h (x(t; x0)))� x(t; x0)k � � 8 t � T: (16)

Consider the following system:

_̂z = ~f� (ẑ)� S1 (�)
�1
c(cT ẑ � y) ; ẑ(0) = ẑ0 ; (17)

where ~f�(z) :
= [z2; z3; � � � ; ~'(z)]T , with ~' : N ! <

Lipschitz continuous with respect to z, and

sup
z2�

j ~'(z)� '(z)j � Æ

on any compact subset � � N . Finding such a ~' is
possible for every continuous function ', for every Æ,
and for every compact set � because of the classical
Stone-Weierstrass Theorem (see for example [5]).

Notice ~f� can also be written as

~f� (z) = f� (z) + �f (z) (18)

where �f
:
= ~f��f� = [0; � � � ; 0;�']T , with �' :

= ~'�'
non-Lipschitz continuous, and k�f(z)k = j�'(z)j � Æ
for any z in a compact subset � � N .

Theorem 1 For every � > 0, a non-Lipschitz con-
tinuous observability normal form (10) admits an �-
approximate high-gain observer of the form (17).

Proof: De�ne e(t)
:
= ẑ(t; ẑ0; y(t))�z(t; z0) and e(0) =

e0, where z(t; z0) and ẑ(t; ẑ0; y(t)) are, respectively, the
solutions of (10), and (17) driven by the output of (10).

Following the proof of the high-gain observer (see [2])
and using the same Lyapunov arguments for the non-
Lipschitz dynamics of e(t) (this is allowed since Lya-
punov theory is also valid for continuous systems [1]),

d

dt
kekS1(�) � �
kekS1(�) + k�fkS1(�)



where kxk2S
:
= xTSx and 
 = �

2 � C1kn
p
S, with

n the order of the system, k the Lipschitz constant
of ~', S

:
= supi;j jS1(1)i;j j = S1(1)n;n, and C1 =

(�min[S1(1)])
� 1

2 , i.e. kxk � C1kxkS1(1).

The previous (scalar) di�erential inequality yields

kekS1(�) � exp (�
t)
�
ke0kS1(�) � k�fkS1(�)

�
+k�fkS1(�):

Hence, exponentially, for some T � 0 and � > 1

kekS1(�) � �k�fkS1(�) 8 t � T : (19)

As k�fk ! 0, the Lipschitz constant k of ~' increases,
forcing the observer to need a higher gain � in order to
achieve 
 > 0. We need to show that despite this, the
ultimate bound on kek does not become too big.

Since

S1(�)i;j =
1

�i+j�1
S1(1)i;j ; (20)

then

k�fk2S1(�) = S1(�)n;nj�'j2 =
S

�2n�1
j�'j2: (21)

Consider e = [e1; e2; � � � ; en]T and �i
:
= ei=�

i. Using

(20), it can be shown that kek2S1(�) = �k�k2S1(1), which

together with (21) and (19) yields

k�k2S1(1) =
1

�
kek2S1(�) �

�2

�
k�fk2S1(�) =

�2S

�2n
j�'j2 :

Because k�k � C1k�kS1(1), then k�k � �C1

p
S

�n j�'j.
Since j�ij = jeij=�i � k�k and j�'j � Æ,

jeij � �C1
p
S

�n�i
Æ :

As Æ ! 0, even if � must grow, the �nal bounds on
each component ei do not grow accordingly, since �
is a �xed constant and S and C1 depend only on the
system dimension. In conclusion

kek � �C1
p
Sk�k Æ � KnÆ = �

where �
:
=
�

1
�n�1 ; � � � ; 1� ; 1

�T
. Since 1 < k�k � p

n

for � � 1, then Kn = �C1
p
nS. Given �, choose Æ �

�=Kn and for a big enough �, requirement (16) of the
de�nition is satis�ed.

Remark 1 The approximate observer (17) converges
to a neighborhood of any trajectory of the non-Lipschitz
normal form (10), although it is based on a system with
unique solutions!

Theorem 2 For every uniformly observable nonlinear
system (2) an �-approximate high-gain observer can be
designed for any � > 0.

Proof: Theorem 1 can be used to design an iden-
tity �-approximate observer for its observability normal
form. Because the observer is driven by the unique
output of system (2), the solution to which ẑ(t; ẑ0; y(t))
will approximately converge is the one corresponding
to x(t; q�1(z0)) via trajectory semi-equivalence. Propo-
sition 3 completes the proof.

Remark 2 These results can easily be extended to in-
clude forced systems such as (1), whenever the input
function is suÆciently smooth, by using the input de-

pendent observability map q

�
x; u; _u; : : : ;

(n�2)
u

�
[9, 10].

5 Example

Instead of returning to Example 1, for which a trivial
continuous observer can be easily designed (not high-
gain, though) (see [3]), consider the following second
order uniformly observable system:

_x1 = ax1 ; x1(0) = x1;0
_x2 = �ax1 � x32 ; x2(0) = x2;0

y = x1 + x2

9>=
>; (22)

The observability map z = q(x) =
�
x1+x2
�x3

2

�
yields

_z1 = z2; z1(0) = z1;0

_z2 = 3
�
az2 + (az1 � z2)

3

p
z22

�
; z2(0) = z2;0

y = z1 :

9>=
>;
(23)

The function '(z) = 3
�
az2 + (az1 � z2)

3

p
z22

�
is non-

Lipschitz continuous, and the system has multiple so-
lutions for some initial conditions. The unique equi-
librium point of (22) is x = 0, while (23) has multi-
ple equilibria at z2 = 0. Consider the initial condition
z0 = [�z1;0; 0]

T ; then z(t) � z0 is a solution to (23).
Consider now x(t; x0), where x0 = q�1(z0). It is easy
to see that q(x(t; x0)) does not remain constant for all
t > 0, but it is another solution to (23) for the same
intial condition z0.

To construct the �-approximate observer, ' must be
approximated by a Lipschitz function ~' in the vicinity
of z2 = 0. A possibility is:

~'(z) =

8<
:
3
�
az2 � 3

p
z52 + az1

3

p
z22

�
;jz2j � �

3
�
az2 � 3

p
z52 + az1

3

p
�2  

�
z2
�

��
;jz2j < �

where  (m) = m2
�
5
3 � 2

3m
2
�
is a fourth order polyno-

mial that approximates g(m) =
3
p
m2. In this case

Æ = 3aZ1
3

p
�2 sup

jmj<1

��� (m)� 3
p
m2
��� � 0:9125aZ1

3

p
�2 ;



where Z1 = sup� jz1j for some subset � � N ; Æ can be
made as small as desired within �, by letting �! 0.

In Figure 1 some simulations are shown, using an �-
approximate high-gain observer as (17) as the dynamic
part and

x̂ = q�1(ẑ) =
�
ẑ1 +

3
p
ẑ2

� 3
p
ẑ2

�

as the static part. Simulations were performed for two
di�erent approximations (generated by varying �), with
system (22) unstable (a > 0).
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Figure 1: Trajectories of the system (|) and the observer
when x0 = [0:25; 0]T , x̂0 = [0:5; 0]T , a = 0:2,
and � = 3, with two approximations: � = 0:2
(- -) and � = 0:002 (� � �).

Notice from the simulations that as soon as ẑ2(t) leaves
the \approximation zone" jz2j < �, convergence im-
proves considerably (see the error trajectories ei(t) =
xi(t) � x̂i(t) for � = 0:2 around t = 7:5). Still, a small
error remains (not perceptible in the �gure). Of course,
in this unstable case z1(t) ! 1 as t ! 1, and the
observer cannot guarantee (approximate) convergence
when z(t) leaves some subset �0.

6 Conclusions

The usual methodolgy for the design of continuous
high-gain observers has been extended to be applica-
ble to the whole class of uniformly observable systems.
Whenever the observability normal form results non-
Lipschitz continuous, an �-approximate observer may
be designed. Ultimate boundedness of the observation
error on a ball with radius as small as desired is thus
acheived. The methodolgy can also be easily extended
to forced systems with suÆciently smooth inputs.
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