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Abstract

The existence conditions for unknown input observers
for LTI systems are well known and several methods for
its design have been proposed in the literature. How-
ever, for nonlinear systems only suÆcient conditions
are known for certain classes of systems. In this paper
suÆcient conditions under which the construction of an
state unknown input observer for nonlinear systems are
derived. Furthermore, this conditions are also shown
to be necessary, under some additional conditions. A
method to design full order and reduced order unknown
input observers is proposed, and its convergence is an-
alyzed. Although in this paper the study is restricted
to SISO systems, most of the results can be carried on
to MIMO systems. These results are important in the
design of Fault Detection and Isolation Filters, robust
nonlinear observers, and decentralized control.

Keywords: Unknown Input Observers, Nonlinear ro-
bust observers, Nonlinear Observers.

1 Introduction

The classical theory of observers is concerned with the
reconstruction of the state from the input and output
of the system. For LTI systems it is a well-known fact
that the necessary and suÆcient condition for the exis-
tence of such a classical observer is detectability. When
the input is not completely available for measurement
the existence conditions for an unknown input observer
(UIO) are more restrictive than detectability: necessary
and suÆcient conditions are now well-known [2, 5, 6].
Unknown input observers �nd a wide applicability in
the design of robust observers, decentralized control,
and for fault detection and isolation problems.

For nonlinear systems the problem of UIO is not yet
solved. Usually the construction of Nonlinear UIO is
treated as a part of the problem of fault detection and
isolation (FDI) [1, 3, 9, 12, 13, 14]. In most of these ref-
erences suÆcient conditions are studied for a FDI sys-
tem to exist. For a general class of nonlinear systems
[13] propose a method to construct an UIO, but con-

ditions for its convergence are not given. Furthermore,
the necessity of such conditions is also not discussed.

The objective of this paper is to �nd conditions under
which the construction of a state unknown input ob-
server for nonlinear systems is possible. Furthermore,
the necessity of the derived conditions is also studied.
Although this study is restricted to SISO systems, most
of the results can be carried on to MIMO systems. A
method to design full order and reduced order unknown
input observers is proposed, and its convergence is an-
alyzed. A preassigned structure for the observer is not
assumed. It is shown that under two basic conditions,
that are necessary and suÆcient in the LTI case, the
UIO is (globally) convergent.

The paper is organized as follows. The next section
poses the problem and the results in the LTI case are
reviewed. In section 3 the problem is solved for systems
in normal form, a reduced and a full order observer
are proposed, and their global convergence is analyzed.
Section 4 deals with the same problem when the system
is given in a general form. Section 5 discusses the neces-
sity of the basic conditions imposed on the system, and
Section 6 illustrates the method and the results with
a physically motivated example. Finally some conclu-
sions are given.

2 Problem Formulation

Consider the nonlinear system �

_x = f (x; u) + g (x)w ; x (0) = x0
y = h (x) ;

(1)

where x 2 Rn is the state vector, u 2 Rp is the known
input vector, w 2 R is the unknown input, and y 2 R
is the output of the system. f , g, and h are suÆciently
smooth functions de�ned for (x; u) 2 Dx � Rp where
Dx is a domain of Rn . Denote as x (t; x0; u (t) ; w (t))
the solution of (1) passing through x0 at t = 0 and
belonging to the functions u (t) and w (t), and as
y (t; x0; u (t) ; w (t)) = h (x (t; x0; u (t) ; w (t))) its corre-
sponding output. If no confusion arises this functions
will be denoted simply by x (t) and y (t).



Our objective is to design an UIO (Unknown Input Ob-
server) for (1), i.e., an observer that does not require
the information on the unknown input signal w (t) to
estimate asymptotically the state x (t).

De�nition 1 Consider a �nite dimensional nonlinear
system

_z = ' (z; u; y) ; z (0) = z0
x̂ = � (z; u; y) ;

(2)

where z 2 Dz � Rm is the state vector, and ', and �

are suÆciently smooth functions de�ned for (z; u; y) 2
Dz � Rp � R where Dz is a domain of Rm . Denote
as z(t; z0; u; y) the solution of (2) corresponding to the
functions u, and y and passing through z0 at t = 0.
System (2) is called an Unknown Input Observer (UIO)
of system (1) if: (i) system (1-2) have unique and global
solutions for each initial condition x(0) = x0 2 Dx,
z(0) = z0 2 Dz, and for every admissible1 u (�) and
w (�); and (ii)

lim
t!1

kx̂(t; z0; u; y)� x(t; x0; u; w)k = 0 : (3)

Three classes of observers can be distinguished accord-
ing to the dimension of z: reduced order, full order and
expanded order observers.

To put the results in perspective the SISO LTI case will
be �rst recalled. Consider the system

_x = Ax +Bw

y = Cx
; (4)

where x 2 Rn , w 2 R, and y 2 R are the state vector,
the unknown input and the output of the system, re-
spectively. In this case, without loss of generality, only
the unknown input will be considered. Known inputs
can be easily included in the observer.

A necessary and suÆcient condition for the existence of
an UIO observer for (4) is well-known

Lemma 2 [5, Th. 1.12] The system (4) has an un-
known input observer (UIO) if and only if

rank

�
sI �A �B
C 0

�
= n+ 1; 8 s 2 C+0 ; (5)

and
CB 6= 0: (6)

C
+
0 is the closed right half plane of the complex plane.

Equation (5) can be interpreted as a minimum phase
condition, while condition (6) is equivalent to the fact
that the relative grade of the system is 1.

1They are called admissible if the trajectory of (1-2) stays for
the future time in the region of de�nition of the system.

A full order UIO for (4) is (see for example [2]):

_z = (AI �KC) z +
�
AIB (CB)

�1
�
y; z (0) = z0

x̂ = z +B (CB)
�1

y ;

(7)

where z 2 Rn , and AI =
h
I �B (CB)

�1
C
i
A. The

convergence of (7) is assured if the system matrix of
the UIO, Ao , AI �KC, is Hurwitz. We have

Lemma 3 Suppose that system (4) satisfy the condi-
tions of Lemma 2. Then Ao in (7) has n� 1 eigenval-
ues at the (stable) positions of the zeros of the plant (4),
that cannot be moved by the output injection vector K,
and one further eigenvalue that can be arbitrarily placed
by K.

Proof: Since the relative degree of (4) is 1 its inverse,
with system matrix AI , has n�1 eigenvalues at the po-
sition of the zeros of (4), and one extra eigenvalue at
s = 0, as can be easily seen by noting that CAI = 0.
Because of (5) AI has all but one stable eigenvalues.
The pair (C;AI ) is not observable, since rank (OI) =

rank
h
CT ; AT

I C
T ; � � � ; A

(n�1)T
I CT

iT
= rank (C) = 1,

where OI is the observability matrix of the pair (C;AI ).
Furthermore, the observability subspace of (C;AI ) has
dimension 1, and the only observable eigenvalue of
(C;AI) is the one at s = 0. This can be concluded
by noting that from CAI = 0 one can conclude that
rank

�
AT
I ; C

T
�
= rank (AI)+1, and since AI has n�1

stable eigenvalues its rank is n � 1. From this observ-
ability analysis it follows that Ao has n� 1 eigenvalues
at the (stable) positions of the zeros of the plant (4),
that cannot be moved by the output injection vector
K, and one further eigenvalue that can be arbitrarily
placed by the observer vector K.

Note that all but one of the eigenvalues of the UIO (7)
are �xed by the zeros of the plant.

3 Unknown Input Observers for systems in

normal form

For simplicity we will consider in this section the design
of UIO for nonlinear systems (1) in normal form:

_y = � (y; �; u) + 
 (y; �)w ; y (0) = y0 (8)

_� = � (y; �; u) ; � (0) = �0 (9)

where � 2 Rn�1 , �, 
, and � are suÆciently smooth
functions de�ned for (y; �; u) 2 Dy�D��R

p where D�

is a domain of Rn�1 , and Dy is a domain of R. It will
be assumed that 
 (y; �) is not identically zero for all
(y; �) 2 Dy �D�, since then one would have the trivial
case when w does not have any in
uence on the system.



Denote as y (t; y0; �0; u (t) ; w (t)) and � (t; y0; �0; u (t))
the solutions of (8-9) passing through (y0; �0) at t = 0
and belonging to the functions u (t) and w (t). If no
confusion arises this functions will be denoted simply
by y (t) and � (t). The subsystem (9) driven by y and
u will be called the tracking dynamics of the plant.

Condition 4 For system (8-9) it will be assumed that

 (y; �) 6= 0 for all (y; �) 2 Dy �D�.

Note that, under condition 4, system (8-9) has the fol-
lowing invertibility property:

Proposition 5 Suppose that Condition 4 is satis�ed.
For any (admissible) pair of functions (y (t) ; u (t)) and
an (admissible) initial state �0, there is a corresponding
trajectory of (9), � (t) = � (t; y (t) ; �0; u (t)), and a func-
tion w (t) such that y (t) and � (t) are solutions of (8-9)
corresponding to the initial states y0 = y (0), � (0) = �0
and to u (t).

Proof: The necessary w (t) is given by

w (t) =
_y (t)� � (y (t) ; � (t) ; u (t))


 (y (t) ; � (t))
;

that is well de�ned since 
 (y; �) 6= 0 for all (y; �) 2
Dy �D�.

In other words, any (admissible) pair (y (t) ; u (t)) can
be synthesized by selecting w (t) for any (admissi-
ble) initial condition �0. This shows that the pair
(y (t) ; u (t)) does not carry any information on the ini-
tial state �0, when w (t) is unknown.

For the (tracking) dynamics (9) the following (strong)
stability property will be assumed, in order to be able
to determine the true state � (t) from the measurable
external variables:

Condition 6 Fix any (admissible) pair of functions
(y (t) ; u (t)) and an (admissible) initial state �0 for sys-
tem (8-9). Then the corresponding trajectory of (9),
�� (t) = � (t; y (t) ; �0; u (t)), is uniformly and asymp-
totically stable. This means that for any (admissible)
~� 2 D� and the same pair (y (t) ; u (t)) the correspond-
ing trajectory converges uniformly and asymptotically

to �� (t), i.e.



� (t)� �

�
t; y (t) ; ~�; u (t)

�


 ! 0. An

equivalent form of expressing this condition is: for ev-
ery (admissible) pair (y (t) ; u (t)) and �� (t) given as
above the equilibrium point " = 0 of

_" = [� (y; "+ ��; u)� � (y; ��; u)] ; " (0) = "0 (10)

is uniformly and asymptotically stable for every (admis-
sible) "0 such that "0 + �0 2 D�.

Remark 7 Condition 6 is global. One can also con-
sider local versions of it.

A full order UIO for system (8-9) is given by

�

� = �Ky�; � (0) = �0
�

�̂ = �
�
y; �̂; u

�
; �̂ (0) = �̂0

ŷ = y � � ;

(11)

where Ky > 0 is a design parameter. A reduced order
(m = n� 1) UIO is given by

�

�̂ = �
�
y; �̂; u

�
; �̂ (0) = �̂0: (12)

In this case there are no design parameters, since the
UIO is just a copy of the tracking dynamics (9) of the
plant. The convergence of these observers is stated in
the following

Theorem 8 Assume that for system (8-9) Condition
6 is satis�ed. Then the reduced order Unknown Input
Observer (12) is a global (with respect to D�) UIO for
the system (8-9). If Ky > 0 the same is true for the
full order UIO (11).

Proof: It is immediate that if the reduced order UIO
converges so does the full order UIO. For this last one
the dynamics of the observation error is given by 10,
and because of condition 6 the aÆrmation follows.

Remark 9 For local versions of condition 6 one ob-
tains local versions of the theorem, i.e. local UIOs.

Remark 10 If in the full order observer (11) in the

equation for �̂ the output y is replaced by its estimated
value ŷ, as is usually done for observers, then the global
result does not follow from Condition 6. The observa-
tion error equation would have an exponentially decay-
ing perturbation term, that could destroy the stability of
the observer. This problem does not appear in the LTI
case.

Remark 11 These results are in concordance with
those for the LTI case.

4 Unknown Input Observers for systems in

general form

When the system (1) is not in normal form, one can
design an UIO by transforming it to that form. We will
give some suÆcient conditions for this to be possible.
Let us recall from [7, 10] some well known concepts.



De�nition 12 (Relative degree with respect to w).
The relative degree of system (1) with respect to w, �w,
is de�ned as the integer such that

LgL
i
f0
h (x) = 0 ; 8x 2 U0 ; 0 � i � �w � 2

LgL
�w�1
f0

h (x) 6= 0 ; 8x 2 U0 ;

where U0 is a neighborhood of the origin, and f0 (x) =
f (x; 0). If U0 = R

n , then �w is a global relative degree.

In the present paper it will be assumed that in the re-
gion of interest of the state space the plant has relative
degree 1. In this case the system can be brought to the
normal form. Adapting the results from [10, Lemmas
4.1.2 and 4.3.1] it is easy to obtain

Lemma 13 Assume that for system (1) the relative de-
gree with respect to w is 1. Then there exist n�1 func-
tions �i (x), i = 2; � � � ; n, such that: (i) The functions
fh (x) ; �2 (x) ; � � � ; �n (x)g form a local di�eomorphism
about the origin; (ii) Lg� (x) = 0. In local coordinates
(y; �) = (y (x) ; � (x)) = (h (x) ; �2 (x) ; � � � ; �n (x)) =
� (x) system (1) is expressed in normal form (8-
9), where � (y; �; u) = Lfh

�
��1 (y; �)

�
, 
 (y; �) =

Lgh
�
��1 (y; �)

�
, � (y; �; u) = Lf �

�
��1 (y; �)

�
. If, in

addition, the global relative degree �w = 1 is well de-

�ned and (iii) the vector �elds ~f = f0 �
Lf0h

Lgh
g (x),

~g = 1
Lgh

g (x) are complete, then there exists a global

di�eomorphism transforming (1) into the normal form
(8-9).

Remark 14 Note that Condition 4 implies that for
system (1) �w = 1 in U0 = ��1 (Dy �D�).

The full (11) and reduced order (12) Unknown Input
Observers derived for systems in normal form together
with the static mapping

x̂ = ��1
�
y; �̂

�
; (13)

are UIOs for the estimation of the state in original coor-
dinates. Note that for the realization of these observers
the knowledge of the transformation map � (x) is nec-
essary. Since this mapping can be computed by solving
a system of partial di�erential equations, the calcula-
tion of the proposed observers can be in general very
diÆcult.

However, in some particular cases those PDE can be
solved explicitly. The easiest one is that of LTI sys-
tems. Moreover, for SISO bilinear systems an explicit
expression for the UIO can be given, under a (weak)
additional restriction (see [11]). It is interesting that
the obtained observer is in general not bilinear, as is
often assumed in the literature.

5 Necessity of the proposed conditions

For systems in the normal form (8-9) it was shown that
Condition 6 is suÆcient to design a global reduced or-
der UIO. In this case the relative degree condition 4
(see remark 14) is not necessary, as long as the normal
form is given. In the extreme case when 
 (y; �) = 0
for all (y; �) 2 Dy �D� in (8-9), condition 6 is still suf-
�cient for the design of an UIO. However, in this case
the design of an UIO is equivalent to the design of an
observer without unknown inputs, and then condition 6
is very restrictive and, by no means, necessary. It turns
out, that if condition 4 is satis�ed, then condition 6 is
necessary for the existence of an UIO:

Lemma 15 Assume that for system (8-9) condition
4 is satis�ed. Assume, furthermore, that condition
6 is not met in the sense that there exist time func-
tions y (t) and u (t) and two vectors �10 ; �20 2 Rn�1

such that the corresponding solutions of (9), �1 (t) =
�
�
t; �10 ; u (t) ; y (t)

�
and �2 (t) = �

�
t; �20 ; u (t) ; y (t)

�
are

such that limt!1 k�1 (t)� �2 (t)k 6= 0. Then there does
not exist an UIO for the system.

Proof: Because 
 (y; �) 6= 0 there exist two in-

puts, _y��(y;�i)+�(y;�i)u

(y;�i)

= wi (t), i = 1; 2, such that

applied to the plant (together with u (t) and the initial
state �i0) produces the state trajectories (y (t) ; �1 (t)) 6=
(y (t) ; �2 (t)) in the plant. Since the only information
of the UIO are the signals y (t) and u (t) the estimated
state by the UIO for these two signals has to converge
to two di�erent signals, what is impossible.

The conclusions of this lemma are also valid for systems
in general form.

Remark 16 Condition 4 can be weakened somehow for
the necessity of condition 6. Needed is the invertibility
condition of proposition 5.

For systems in general form (1) with well-de�ned rela-
tive degree �w = 1 the system can be transformed (lo-
cally) to the normal form. Condition 4 is then satis�ed,
and Condition 6 is again suÆcient for the design of the
UIO. However, if the relative degree (with respect to w)
is not well-de�ned it can still be possible to transform
system (1) to the normal form and to design an UIO,
although Condition 4 is not satis�ed. For LTI systems,
however, condition 4 is necessary for the existence of
an UIO for every input. Therefore, Condition 4 cannot
be dropped in general. It turns out that for systems
with a well de�ned relative degree (with respect to w)
Condition 4 is also necessary for the existence of an
UIO:

Lemma 17 Assume that system (1) satis�es the global



conditions of Lemma 13. Suppose, moreover, that the
system is complete, i.e. for every time function u (t) 2
U , a set of functions that includes the zero function,
for every function w (t) bounded in �nite time inter-
vals, and for every initial condition x0 there exists a
trajectory of the system x (t; x0; u (t) ; w (t)) for every
t � 0. If �w � 2 then there is no a global UIO for the
system in the sense of de�nition 1.

Proof: Without lost of generality let us assume that
f (0; 0) = 0, and h (0) = 0. Let us also suppose that
�w = 2, but the arguments are the same for bigger
values. Let us put the system in the normal form [10]

_v1 = v2
_v2 = � (v; �; u) + 
 (v; �)w ; v (0) = v0
_� = � (v; �; u) ; � (0) = �0
y = v1

(14)

Now suppose that there exists a global UIO as given by
de�nition 1. If we apply to the plant u = 0, w = 0, and
the initial state is x0 = 0, then y = 0 for all the time.
Then the equilibrium point of the UIO (suppose z = 0)
has to be a globally and asymptotically stable point for
the dynamics

_z = ' (z; 0; 0) ; z (0) = z0 :

By Lemma 5.4 in [8] the system _z = ' (z; 0; y (t)) is
LISS and as y (t) ! 0 then z (t) ! 0. Now let us
suppose that the plant in normal form (14) has as input
u = 0, as initial condition for the tracking dynamics
� (0) = �0, and as unknown input

w (t) =
�y (t)� � (y (t) ; _y (t) ; � (t) ; 0)


 (y (t) ; _y (t) ; � (t))
;

where y (t) = � (t+ Æ)
�1

sin (t+ Æ)
2
, �; Æ > 0, and � (t)

is the corresponding solution of the tracking dynamics.
w (t) is well de�ned since 
 6= 0. Since y (t) ! 0 and
supt�0 ky (t)k can be made as small as desired by select-
ing � small, for the UIO it is necessary that z (t) ! 0.
Also the estimation x̂ (t) ! 0. But x (t) 9 0 since
_y (t)9 0. A contradiction.

Remark 18 Condition 4 is the same as for the linear
case, cfr. (6). In the linear case if (5) is satis�ed,
then Condition 6 is satis�ed. So these conditions are
generalizations of the ones in the linear case.

6 Example

Consider a D.C. motor [7, Sec. 4.10] in which the rotor
voltage is kept constant can be described by equations
(1) with state variables x1 = Is, stator current, x2 = Ir,
rotor current, and x3 = 
, angular velocity of the motor

shaft, without known input u and as unknown input
w = Vs, stator voltage,

f (x; u) =

2
4 �Rs

Ls
x1

�Rr

Lr
x2 +

Vr
Lr
� KLs

Lr
x1x3

�F
J
x3 +

KLs
J

x1x2

3
5 ;

g (x) =
h

1
Ls

0 0
i
; h (x) = x1 :

Rs and Ls are the resistance and, respectively, induc-
tance of the stator winding. Rr and Lr are the resis-
tance and, respectively, inductance of the rotor wind-
ing. Vr is the rotor voltage, J the inertia of the load, F
the viscous friction constant, and K a conversion con-
stant. The objective is the reconstruction of the whole
state x by measuring one state variable x1, the stator
current, and considering w = Vs, the stator voltage, as
an unknown perturbation signal. Since this system is
already in the regular form (8-9) one can readily see
that Condition 4 is satis�ed. Now let us check if Con-
dition 6 is ful�lled. The tracking dynamics (9) takes
the form

_� = � (y; �; u) =

�
�Rr

Lr
�KLs

Lr
y (t)

KLs
J

y (t) �F
J

�
�+

�
Vr
Lr

0

�
;

(15)
with �T = [x2 ; x3]. Condition 6 is satis�ed if the equi-
librium point " = 0 of (see (10))

_" =

�
�Rr

Lr
�KLs

Lr
y (t)

KLs
J

y (t) �F
J

�
" ; " (0) = "0 ; (16)

is uniformly and asymptotically stable for every (ad-
missible) "0 and every y (t). Note that this equation
is, for �xed y (t), a linear time-varying equation in ".
The quadratic candidate Lyapunov function V (") =
1
2

�
Lr"

2
1 + J"22

�
, that is positive de�nite since J > 0

and Lr > 0, and with time derivative along the trajec-
tories of (16) _V (") = �Rr"

2
1 � F"22 ; which is negative

de�nite since Rr; F > 0. Therefore (16) is global and
exponentially stable for every y (t), and Condition 6 is
satis�ed globally. Furthermore both full-order (11) and
reduced order (12) Unknown Input Observers converge
globally. The reduced order observer has the bilinear
structure given by (15).

Simulations corresponding to these two observers for an
arbitrary unknown input function w are given in Fig-
ure 1. The error dynamics for both observers is the
same, except obviously for the output error. The pa-
rameters used for the simulations were: Rs = 25:2 
,
Ls = 63:5 H , Rr = 0:05 
, Lr = 0:003 H , Vr = 100 V ,
J = 15 Kg � m2, F = 0:1, and K = 0:0166. Further-
more Ky = 10, xT0 = [10 ; �5 ; 10] (for plant), zT0 =
[20 ; �30 ; 10] (full order UIO), and zT0 = [�30 ; 10]
(reduced order UIO).
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Figure 1: Simulation results: Error of the Full Order UIO
(Down-Left) and of the Reduced Order UIO
(Down-Right) of the C.D. Motor. Unknown in-
put signal w (t) (Up-Left), plant states of the
plant (Up-Right) x1: | , x2: { { , x3: { � { .
Shown is (x̂2 � x2) =100.

7 Conclusions

In this paper the problem of UIO to reconstruct the
complete state for nonlinear systems has been ad-
dressed. Although the study has been made for SISO
systems, most of the results can be carried on to MIMO
systems. A method for constructing full and reduced
order UIOs was proposed, and their convergence ana-
lyzed. The global convergence of both observers was
established. These conditions are necessary and suf-
�cient in the linear case and they were shown to be
necessary in the nonlinear case, under some additional
conditions. Since unknown input observers �nd a wide
applicability in the design of robust observers, decen-
tralized control, and for fault detection and isolation
problems it is expected that the results of this paper
can have an impact on these areas.
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