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Abstract

For a large class of robustness problems with uncertain
parameter vector ¢ confined to a box @), there are many
papers providing results along the following lines: The
desired performance specification is robustly satisfied
for all ¢ € @ if and only if it is satisfied at each ver-
tex ¢' of Q. Since the number of vertices of @ explodes
combinatorically with the dimension of ¢, the computa-
tion associated with the implementation of such results
is often intractable. The main point of this paper is to
introduce a new approach to such problems. To this
end, the definition of approzimate feasibility is intro-
duced, and the theory which follows from this definition
is vertex-free.

1. Introduction

In this paper, we consider robustness problems for sys-
tems described in terms of a design vector z € X C R”
and a real uncertain parameter vector ¢ € Q@ C R,
where () is a box. For such systems, the objective is to
select © € X such that a given continuous performance
specification

Jlx,q) <0

is satisfied for all ¢ € (). When such a design vector z
exists, the triple (f, X, Q) is said to be robustly feasible.
For the case when a design vector & € X exists lead-
ing to strict inequality, this triple 1s said to be strictly
robustly feasible. Equivalently, there exists some ¢ > 0
such that

fleq) < —0o

for all ¢ € Q. There are a large number of papers in
the literature with robust feasibility formulations which
fit into this framework; e.g., see [1]-[5]. Later in this
section, we provide three examples illustrating how this
formulation arises.

1.1 Vertexization: In many papers, it is shown that
the robust satisfaction of f(z,¢) < 0 is guaranteed if
an only if f(z,¢*) < 0 for each of the vertices ¢* of
the ¢-dimensional box ). Henceforth, we use the word
verterization to describe a large number of such re-
sults in this literature. The takeoff point for this paper
is the fact that as the dimension ¢ of ¢ increases, the

number of vertices, N = 2¢, undergoes a so-called com-
binatoric explosion. Consequently, the computational
requirements associated with a vertexization result may
be excessive. One well-known example illustrating this
situation involves the failure of Matlab’s LMI toolbox
which can result; 1.e., for a linear matrix inequality
(LMI) involving even a modest number of uncertain
parameters, the vertexization which is typically used
can lead to a computational burden which cannot be
handled with the existing code; e.g., see [4] for further
discussion of this issue.

1.2 Approximate Feasibility: The main objective of
this paper is to describe a new approach to robust de-
sign problems which 1s aimed at overcoming the type of
computational intractability problems described above.
Central to this new approach is the notion of approz-
imate feasibility. This new concept, introduced in [3]
in the restricted context of an LMI, involves softening
the robustness formulation so as to allow an arbitrar-
ily small volume € > 0 of performance violation in the
space of uncertain parameters. After formalization of
the theoretical framework, it is seen that the approx-
imate feasibility problem lends itself to a vertex-free
solution. This avoidance of the vertex combinatorics is
a main focal point of this paper.

1.3 Overview of Paper: In Section 2, to further mo-
tivate the theory to follow, we provide three examples
of well-known robustness problems which all have the
vertexization property discussed above. In Section 3,
the formal definition of approximate feasibility is given
and concepts are illustrated via simple example. Sec-
tion 4 is devoted to the notion of “homogenization”
and the main result is given in Section 5. For a large
class of homogenizable robustness problems described
by (f, X,Q), it is shown that their approximate feasi-
bility counterparts are solvable via minimization of an
appropriately constructed convex function ®. This con-
vex optimization problem is subsequently illustrated in
Section 6 by re-visiting the motivating examples given
in Section 2. Section 7 considers the conditions under
which approximate feasibility is equivalent to robust
feasibility. Finally, in Section 8, future research is dis-
cussed.



2. Three Motivating Examples

2.1 Example (Vertexization of Robust Quadratic
Stability): Consider the famous quadratic stability
problem with uncertain parameter vector ¢ € @, un-
certain n X n state space matrix

¢
Alg) = Ao+ Augs
i=1

being the affine linear combination of fixed matrices
as indicated above and symmetric candidate Lyapunov
matrix P = P(z) with entries #; € R viewed as the
design variables. Then, the problem of robust quadratic
stability is to select a design vector z € X = R” such
that P(z) > 0 and

AT (q)P(x) + P(2) A(g) < 0
for all ¢ € (). Hence, with

F(x,9) = Amax (AT (9) P(z) + P(x)A(q)),

it is well known (for example, see [1]) that this strict
feasibility design problem for « is reducible to the ver-
tices ¢' of Q. That is, the satisfaction of the Lya-
punov inequality above for all ¢ € @ 1s equivalent to
AT (¢"YP(x) + P(2)A(q") < 0 for i = 1,2,..., N. This
result, and an analogous result for a more general lin-
ear matrix inequality, is the basis for numerical solu-
tion of the problem. That is, one considers a “large
LMTI” by stacking the individual vertex LMIs. How-
ever, since N = 2° we see that the computational task
can easily get out of hand. For example, with five states
and ten uncertain parameters, the resulting LMI is of

size greater than 5000 x 5000.

2.2 Example (Vertexization of Robust Least Squ-
ares): Many robustness problems reduce to least squ-
ares problems. Indeed, with uncertain parameter vec-
tor ¢ € @, uncertain m x n matrix A(q), uncertain mx 1
vector b(g) and prespecified error tolerance § > 0, the
robust least squares problem (for example, see [5]) is to
find a design vector x € X = R” such that

1A(g)x = b(g)||* < 67
for all ¢ € Q. Letting

fa.q) = [A(g)a = b(a) | - &°

to make a connection with the notation in this paper,
the key observation to make is that if A(q) and b(q)
depend affine linearly on ¢, the left-hand side above is
convex in ¢. This implies that this inequality is satisfied
for all ¢ € @ if and only if || A(¢")z—b(¢")||? < 6% at each
vertex ¢' of Q. Analogous to the case of the quadratic
stability above, a computational scheme based on this
vertexization may be impractical to carry out.

2.3 Example (Vertexization of Uncertain Linear
Inequalities): With ¢ € @, A(q) and b(q) as defined

above, many robustness problems can be reduced to

finding a robustly feasible solution for the set of un-
certain linear inequalities. More specifically, with con-
straint set X being a polyhedron, the robust feasibility
problem for linear inequalities is to find a design vec-
tor # € X such that

Alg)x < b(q)

for all ¢ € Q. Note that this problem is described in
terms of the formulation in this paper by taking

F(x,q) = maxni (A(q)x = b(q)),

where 7; denotes a unit vector in the i-th co-ordinate di-
rection. Moreover, analogous to the robust least squares
problem above, it is readily shown that if A(¢) and b(q)
depend affine linearly on ¢, the desired set of linear
inequalities is satisfied for all ¢ € @ if and only if
A(g")x < b(q) at each vertex ¢° of Q.

3. Approximate Feasibility

As indicated in the introduction, our approach to com-
putational intractability problems involves softening the
robustness formulation so as to allow an arbitrarily small
volume € > 0 of performance violation in the space of
uncertain parameters. We now formalize this idea.

3.1 Approximate Feasibility: We say that (f, X, Q)
is approzimately feasible if the following condition holds:
Given any € > 0, there exists some z° € X such that

Vol({q €Q: f(zfq) > 0}) <e.

We call z¢ an e-approzimate solver. Asindicated above,
instead of guaranteeing satisfaction of f(z,q) < 0 for
all ¢ € @), we seek solution vectors x with associated
veolation set

Qvaa(r) ={¢€Q: f(x,q) >0}

having volume less than any arbitrarily small prespec-
ified level € > 0. Analogous to the case of robustness,
we say that (f, X, Q) is strictly approzimately feasible if
there exists some ¢ > 0 such that the following condi-
tion holds: Given any € > 0, there exists some 2 € X
such that

Vol({q €Q: f(zfq) > —0'}) < €.

One of the main objectives of this paper is the problem
of generating e-approximate solvers.

3.2 Approximate Feasibility Versus Robust Fea-
sibility: Although robust feasibility trivially implies
approximate feasibility (if /¢%* is feasible, take ¢ =
z/% for all € > 0), there are simple examples to show
that the converse 1s false. To illustrate, for the LMI-
type scalar problem of [3] described by

f($aQ) :1_$q2a

X = R and |¢| < r defining @, a straightforward cal-
culation leads to

Vol(Qbad(x)) =2r for <0



and
Vol(Qbad(x)) = 2min<r —1 for =z > 0.
) \/5

Hence, (f, X, Q) is approximately feasible but not ro-
bustly feasible; see Section 7 for a result on the rela-
tionship between robust and approximate feasibility.

3.3 Motivation of Theory to Follow: To motivate
the more formal technical exposition to follow in Sec-
tions 4 and 5, we first illustrate our theory on a simple
scalar example. To this end, we now compare the com-
mon sense solution method with the formal solution
given in this paper. With the ideas associated with
this example in mind, it is felt that the generalization
to follow 1s more transparent.

Indeed, we consider a simple scalar LMI for strict ro-
bust feasibility described by f(z, q) = 1+zg(q) with g(q)
being a continuous, possibly nonlinear, function and
defined by |¢| < r. By inspection, with X = R, (f, X, Q)
is strictly robustly feasible if and only if g(¢) has one
sign. In such a case, letting g* = minyy <, |9(g)| > 0, it
follows that feasible solutions = z¢?* are completely
characterized by z/¢%* = —psgn ¢(0) with p > 1/g*.

By way of contrast, we now solve this same problem
by considering the specialization of theory to follow to
the simple scalar problem at hand. To this end, we
consider the function

in lieu of f(z,q) = 14+2g(q). To motivate the formalism
to follow, we make three key observations: First, ®(x)
is a convex function of #. Second, in view of the simply
derived inequality

r

Vol(Qvaa(z)) < /e““g(q)dq = o(z),

—r

it follows that (f, X, @) is approximately feasible if & ()
can be made arbitrarily small by choice of . That is,

" =infd(x) =0

implies approximate feasibility. Third, if ®* = 0, we
can use any iteration sequence z; leading to the min-
imum value of the convex function ®(z) to obtain an
e-approximate solver. That is, given any € > 0, by pick-
ing k suitably large so as to guarantee

S(xy) = / ety < ¢

and by taking ¢ = xj, we have obtained an e-approxim-
ate solver.

To complete this analysis, we illustrate the ideas above
using the specific function g(¢) = 1 4 ¢ with » < 1.
Then, via a straightforward integration, we obtain ®(x) =
(2¢1*% sinh ra) /2 as the function to be minimized via

our method. To see how the minimization of this func-
tion leads to an e-approximate solver, we first observe
that # achieves strict robust feasibility if and only if

r<—1/(1—=r). For such x, Vol( bad(x)) =0; similarly,

for # > —1/(1 4+ r) we have Vol(Qbad(x)) = 2r. Fi-
nally, for the nontrivial case when —1/(1 —r) < z <
—1/(14r), asimple calculation leads to Vol (Qbad(l‘)) <

r—1—1/z < ®(z).

It is apparent that a convex minimization of ®(x)
leads to an e-approximatesolver for any prescribed € > 0.
To illustrate, for a given € > 0, suppose zy — —o0 18
a sequence obtained via minimization of ®(z). Then,
it follows that an e-approximate solver has been found
once xj decreases to the point that

etk ginh rag

Lk

< €.

For example, if » = 0.75 and ¢ = 0.01r, we guarantee
satisfaction of Vol (Qbad(xk)) < ¢ once xp < —13.26.

4. Approximate Feasibility Indicators
and Homogenization

Motivated by the observations in the previous section,
we first introduce the class of test functions which play
the key role in establishing approximate feasibility of
robustness problems.

4.1 Approximate Feasibility Indicator (AFI): A
continuous function ¢ : R — R is said to be an ap-
prozimate feasibility indicator if it has the following
properties:

1. ¢(¢) > 0 for all € R;
2. ¢(¢) < 1if and only if ¢ < 0;
3. ¢({) > 0as { = —oc.

4.2 Remark: Note that the definition above does not
depend on (f, X,Q). However, as explained in Sec-
tion 5.2, there are a number of reasons associated with
numerical computation why it is advantageous to tailor
the choice of approximate feasibility indicator ¢(¢) to
the specification f(z,q).

4.3 Types of AFIs: The first type of AFI was already
introduced in Section 3.3; it has the form ¢(¢) = e¢.
Indeed, Conditions 1-3 above hold, and this function
is an AFL. Clearly, such modifications as ¢(¢) = e¢
with a > 0 also satisfy the definition above and can be
used as AFIs. Various piecewise linear functions can
also be taken as AFI. For instance, the second type of
AFT is described by

{0 for ¢ < —5;
¢(C)_{ 1+¢/8 for { > —p,

where 5 > 0 is an adjustable parameter.



Before stating the main result, we describe the class
of homogenizable performance specification functions
f(z,q) to which the theory applies.

4.4 Homogenization: The function f(z,q) is said to
be homogenizable in x if there exists a continuous func-
tion f+ : (0,00)xR” xR’ — R and a positive integer k
such that

f+(7x0a7$aQ) = Pykf+(x0a$aQ)
and

fT(zo,z,9) <0 if and only if f(xi,q)<0
0

for all ¥ > 0, zp > 0, x € R™ and ¢ € Q. The
pair (xg, z) is called the extended design vector.

4.5 Example (LMI): To illustrate the homogeniza-
tion concept, we consider the linear matrix inequality

Folg) + Y @iFi(q) <0,
i=1

where F;(q),¢ = 0,...,n, are known continuous sym-
metric matrix functions of ¢ € (). To assure negative-
definiteness above, we take

f(xa Q) = /\max (FO(q) + Z szz(Q)) .
i=1
For the homogenization of f(z,¢), we take k = 1 and

ST (o, 2, q) = Amax (l‘oFo(q) + ixlﬂ(g))

Note that for some special cases, no homogenization
may be needed because f(z,q) may already be homo-
geneous. For example, the quadratic stability prob-
lem (see Example 2.1), a special case of an LMI, corre-
sponds to Fy(q) =0 above. In this case, we can take

f+(x0a$aQ) = f($aQ)

4.6 Example (Least Squares): In the least squares
setup (see Example 2.2) with

f(z,q) = [|A(g)z — b(q)[|* — &7,

we obtain a homogenization with £ = 2 and
F*(xo,,q) = [[A(g)x — b(q)aol” — 8%xg.

4.7 Example (Linear Inequalities): For the prob-
lem in Example 2.3 with the performance specification

Fla,q) = maxy] (A(g)x — b(g)),
the natural homogenization

F* (o, 2, q) = maxy] (A(g)a — b(q)xo)

with & = 1 can be used. In Section 6.2, we see that
other homogenizations are possible and obtain a so-
called extended AFI which proves to be convenient for
computation.

5. Main Result
In the theorem to follow, we use AFI ¢(¢) with argu-

ment
C = f+(x0a$aQ)

in the determination of approximate feasibility.

5.1 Theorem: Given the continuous homogenizable
performance specification function f(z,q), X = R”
and an approzimate feasibility indicator ¢(-), define

(w0, ) = /¢(f+(xo,x,Q))dq
Q

& = inf P(zg,z).

and To>0.x

Then the following holds:

(1) Strict robust feasibility of (f, X, Q) implies ®* = 0;
(i1) ®* = 0 implies approzimate feasibility of (f, X, Q);
(iii) For any xo >0 and x € R",

Vol (Qbad(%)) < ®(xg, z).

Proof: To prove (i) it suffices to show that for any ¢ > 0
there exist 2§ > 0 and #° € R” such that ®(z§, 2°) < <.
Indeed, by strict robust feasibility there exists some z =
zf¢% ¢ R™ such that f(z/¢* ¢) < 0for all¢ € Q. Let-
ting f*(zo,,q) be the function obtained from f(z,q)
via the homogenizability assumption and in view of
Condition 3 defining an approximate feasibility indi-
cator ¢, it follows that with v suitably large, zf = v
and 2° = y2/¢%* we have

£

o 5.2, 0) < g

for all ¢ € Q. It now follows that

S(r5,2°) = /¢(f+(x8,x€’q))dq </ﬁ@dq:6
Q Q

To prove (ii) and (iii), we fix arbitrary 2y > 0 and
r € R". Using the definition of f*(z¢,z,q) and basic
facts defining the AFI, we obtain

Vol (@ua( L)) = Volifa € @ 1 (e 2.0) > 0}

IN

/ ¢(f+(x0, z,q))dqg = ®(xo, x).
Q

The proof of the theorem is complete.

5.2 Remarks: The theorem above indicates that the
approximate feasibility question can be recast as an op-
timization problem. In this regard, it is important to



note that this optimization can often be accomplished
via convex programming. Indeed, it can readily be
shown that this is the case if f*(zg,z,q) is convex
in (zg,2), and ¢(¢) is convex and monotonically in-
creasing. Whereas the conditions in Theorem 5.1 for
approximate feasibility do not depend on the choice of
AFI ¢, the behavior of a numerical algorithm is a dif-
ferent matter. This is particularly true for many cases
when the integral above is not computable in closed
form and Monte Carlo integration is used. In this re-
gard, there is considerable incentive to tailor the AFI ¢
in an appropriate manner to the specification f in or-
der to obtain a closed form for the integral, thereby
avoiding Monte Carlo simulation entirely.

6. Numerical Examples

In this section, we consider two numerical examples.
In the first example, the function ®(xg, z) is computed
using the standard Monte Carlo technique for approx-
imate calculation of integrals. Namely,

1 & + j

Amax r0,7,q°
@(xo’x)zﬁze (fH(wo,ma”)
j=1

where ¢/ = (¢],...,¢)) €Q, j =1,..., N, are samples
for the uncertainty obtained via the uniform distribu-
tion. In the second example, we see that it is sometimes
possible to work with a function which might appro-
priately be called an extended AFI. Although such a
function does not formally satisfy the requirements for
being an AFI, we prove that it can nevertheless be used
to obtain results which are identical in nature to those
given in Theorem 5.1.

6.1 Quadratic Stability: This first example is taken
from [3] where the special case of AFT theory was pro-
vided in the context of linear matrix inequalities. In-
deed, we consider quadratic stability of the n x n inter-
val matrix

A= Ag+ AA, |AAZ']'|§7°~SZ']', Lj=1,...,n,

of [6] described by

2 -2 0
Ay = 10 0],
10 -2

0.1661  0.9394 0.5691
S= 0.2451 0.4727 0.1457
0.7004 0.4014 0.3141

and radius » > 0. The goal is to determine if a positive-
definite matrix P exists such that ATP 4+ PA < 0 for
all admissible A.

To formulate using the notation in Sections 1-3, the
optimization variable z € R is composed of the six
distinct entries of the symmetric positive-definite ma-
trix P. Since this example involves nine uncertain pa-
rameters, the standard LMI technique requires solving
an optimization problem described by an M x M matrix

with M = 3 x 2° = 1536. Even such a moderate 3 x 3
problem pushes the limits of standard LMI solvers such
as LMI Toolbox in MATLAB.

Now, with » = 1, we demonstrate use of the method
prescribed by Theorem 5.1; note that Vol(Q) = 512 in
this case. We carried the convex minimization of ®(x)
with an exponential AFI ¢(¢) = e¢ and using N = 400
samples for each integration. We obtain ®* ~ 11.6107
and conclude that there is no common stabilizing P > 0
for the interval family (LMI is infeasible). This mini-
mum value ®* was achieved with the positive-definite
matrix

19.5989  16.1542 —4.6553
P = 16.1542  30.4427 —2.1223
—4.6563 —2.1223 9.4100

In order to validate this result, we carried a large-scale
Monte Carlo test with N = 100,000 samples and ob-

tained Vol(Qbad(Pg)) ~ 1.1315. As predicted by our

theory, this quantity is less than &*.
In the second part of this experiment, we took r=0.5;
this time, optimization resulted in ®* & 0 and

2419.6  1228.7 19.3
Py= 1228.7 55723 —686.7
19.3  —686.7  1403.9

In accordance with Theorem 3.1, we conclude that this
LMI is approximately feasible. It also turns out that
the matrix Py above establishes robust feasibility; this
can be readily verified by checking the inequality AT Py+
PyA < 0 at the extreme points of Q.

6.2 Extended AFI For Robust Linear Inequali-
ties: We consider

Alg)x < b(q)

with 2 € R™ being the design vector, A(¢) being an mxn
affine linear matrix function and b(¢q) being an mx1
affine linear vector function of the uncertainty ¢ € R,
|QZ| S T4y i'e'a

¢
Alg) = Ao+ Y Aigi;

i=1

¢
b(q) = bo + Zbi(h’
i=1

with each A; being a fixed m x n matrix and each b;
being a fixed m x 1 vector.

6.2.1 The Function ®: As discussed at the begin-
ning of this section, we carry out the calculations for
this example using a so-called extended AFI which is
tailored to the structure at hand. To this end, we con-
struct a function ®(xg, #) which majorizes the volume
of Qbad(;—u) and has the properties required in The-
orem 5.1. Specifically, letting 7; denote a unit vec-
tor in the i-th co-ordinate direction, for z as above
and zy > 0, we introduce the function

gﬁ(l‘o, x, q) = Z e”T(A(q)x_b(q)l‘o)’

i=1



which plays the role of ¢(fT(zo,z,q)). This allows for
the computation of the corresponding integral

q)(l‘o,l‘)z/ @(x0a$aQ)dq
Q

in closed form given by

(o, x J‘ZHSIHM firg e,

i=1j=1

where 8; = Ajz —bjzo, j=0,1,... L.

We now consider ® above in the context of the asser-
tions of Theorem 5.1. We first claim that strict robust
feasibility implies that ® can be driven to zero. To this
end, let 2/¢%* be a robust solution satisfying

A(q)ater < b(g)
for all ¢ € Q). In view of the fact that

mg S(xg, ) < mf ®(p, pelers),
ro>0,2

it suffices to show that ®(p, pxf%*) tends to zero with
p tending to 4+o0. Indeed, since each linear inequality
is satisfied separately by #7°%*, we have

n (A(q)x** —b(g)) <0

forallge Q andi=1,2,...,
shown that

m. From this, it is easily

lim ®(p, pf®®) = 0.

p—+4co

This completes the proof of the claim.
We now assume that the infimum of ® 1s zero and
claim that with

Quaa(®) ={q € Q :n! (A(q)x — b(q)) > 0 for some i},
the inequality

Vol(Qbad(l%)) < ®(xg, 2)

holds for all pairs (zq, z) with 2o > 0. Indeed, defining
the sets

Qfqi(zo,2) = {q € Q 1 nf (Alg)z — b(q)x0) > 0}

fori=1,2,...,m, and

Qi (o, 2)={9€Q: 1] (A(g)z—b(g)x0) >0 for some i},

we obtain the chain of inequalities

VOl(Qbad < ZVO] Qifaai(x0, )

<Z/

ba)ro) gy = O(xg, ).

7. From Approximate to Robust
Feasibility

In this section, we address the issue of equivalence be-
tween approximate feasibility and robust feasibility. Al-
though the admissible set X for the design vector is as-
sumed compact in the theorem below, it is noted that
the results to follow can be extended to problems for
which the triple is (f, X, @) is compactifiable. In such
cases, there exists a compact set X, C R” such that
approximate feasibility of (f, X, @) is equivalent to ap-
proximate feasibility of (f, X, Q). Such an extension
comes into play when f(z,¢q) is homogeneous in z. The
theorem below is readily established.

7.3 Theorem: Assume X is compact. Then strict ro-
bust feasibility of (f, X, Q) and strict approximate fea-
stbility of (f, X, Q) are equivalent.

8. Future Research

In Section 6, the benefits of working with an extended
AFI were demonstrated. It is felt that further research
along these lines is needed. A second area for future
research involves extension of the theory to the nonho-
mogenizable case. Finally, as a third area of research,
we point to the numerical issues with the Monte Carlo
integration in view of convex minimization which need
to be performed.
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