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Devwudfw= Lq wklv sdshu/ sureohpv uhodwhg wr wkh idxow
ghwhfwlrq lq g|qdplf v|vwhpv zlwk xqnqrzq lqsxwv duh
vwxglhg1 Lqvwhdg ri ghvljqlqj idxow ghwhfwlrq v|vwhpv
iurp wkh ylhzsrlqw ri lqfuhdvlqj wkh v|vwhp urexvw0
qhvv djdlqvw xqnqrzq lqsxwv dqg wkh vhqvlwlylw| wr wkh
idxowv/ dq dssurdfk lv sursrvhg/ zklfk doorzv xv wr gh0
vljq idxow ghwhfwlrq v|vwhpv edvhg rq d wudgh0r� eh0
wzhhq wkh idovh dodup udwh dqg wkh plvvhg ghwhfwlrq
udwh1 D ixuwkhu vwxg| rq wkh uhodwlrqvklsv ehwzhhq
wkh dssurdfk sursrvhg dqg wkh h{lvwlqj K5> K4@4 dqg
K4@plq rswlpl}dwlrq dssurdfkhv ghprqvwudwhv wkdw
wkh dssurdfk sursrvhg lq wklv sdshu surylghv xv qrw
rqo| zlwk d xql�hg vroxwlrq wr wkh h{lvwlqj dssurdfkhv
exw dovr zlwk wkh ehvw vroxwlrq dprqj wkhvh dssurdfkhv
lq ylhz ri plqlpl}lqj wkh plvvhg ghwhfwlrq udwh xqghu
d jlyhq idovh dodup udwh1

4 Lqwurgxfwlrq dqg edfnjurxqg

Lq wklv frqwulexwlrq/ zh frqvlghu idxow ghwhfwlrq sure0
ohpv iru olqhdu wlph0lqyduldqw +OWL, g|qdplf v|vwhpv
ghvfulehg e|

|+v, @ Jx+v,x+v, .Jg+v,g+v, .Ji +v,i+v, +4,

zkhuh Jx+v,> Ji +v,> Jg+v, duh nqrzq wudqvihu ixqfwlrq
pdwulfhv iurp wkh lqsxw yhfwru x+v, 5 Unx / wkh idxow
yhfwru i+v, 5 Uni wr eh ghwhfwhg dqg iurp wkh xq0
nqrzq lqsxw yhfwru g+v, 5 Ung wr wkh rxwsxw yhfwru
|+v, 5 Up1 g lv xqnqrzq exw erxqghg e| ngn5 � �g=
Wr vlpsoli| wkh ghvfulswlrq/ zh ghqrwh wkh plqlpdo
vwdwh0vsdfh uhdol}dwlrq ri Jx+v,> Jg+v, dqg Ji +v, zlwk
+D>E>F>G,> +D>Hg> F> Ig, dqg +D>Hi > F> Ii , dqg dv0
vxph wkdw iru doo $

udqn +Jg+m$,, @ udqn +Jg+v,, @ ng +5,

414 D eulhi uhylhz ri idxow ghwhfwlrq phwkrgv

D w|slfdo IG v|vwhp frqvlvwv ri d uhvlgxdo jhqhudwru
dqg d uhvlgxdo hydoxdwlrq vwdjh lqfoxglqj dq hydoxdwlrq

ixqfwlrq dqg d wkuhvkrog ^5`/ ^:`/ ^;`/ ^43`/ ^44`/ ^45`/ ^48`/
^49`1 Iru wkh sxusrvh ri uhvlgxdo jhqhudwlrq/ zh xvh dq
OWL uhvlgxdo jhqhudwru/ zklfk fdq eh h{suhvvhg lq whupv
ri d jhqhudo irup

u+v, @ U+v,
�
aPx+v,|+v,� aQx+v,x+v,

�
+6,

zkhuh + aPx+v,> aQx+v,, lv d ohiw frsulph idfwrul}dwlrq ri
Jx+v,/ l1h1 Jx+v, @ aP�4

x +v, aQx+v, dqg wudqvihu ixqfwlrq
pdwul{ U+v,/ dovr fdoohg srvw0�owhu/ lv d sdudphwhul}d0
wlrq pdwul{ ehlqj duelwudulo| vhohfwdeoh lq UK41 Lw kdv
ehhq vkrzq e| Glqj dqg Iudqn ^<` wkdw wkh g|qdplfv
ri wkh uhvlgxdo jhqhudwru +6, lv jryhuqhg e|

u+v, @ U+v,
�
�Jg+v,g+v, . �Ji +v,i+v,

�
> +7,

�Jg+v, @ aPx+v,Jg+v,> �Ji +v, @ aPx+v,Ji +v,

Lq wklv frqwulexwlrq/ wkhK50qrup ri uhvlgxdo yhfwru u+v,
lv xvhg dv wkh uhvlgxdo hydoxdwlrq ixqfwlrq zklfk hydo0
xdwhv wkh hqhuj| fkdqjh lq u+v, fdxvhg e| i+v, ru g+v,
dqg lv suhvhqwhg hlwkhu lq wkh wlph grpdlq

nun5 @

�] 4

3

uA+w,u+w,gw

�4@5

+8,

ru lq wkh iuhtxhqf| grpdlq

nun5 @

�
4

5�

] 4

�4

uA+�m$,u+m$,g$

�4@5

+9,

Wkh odvw vwhs wr d vxffhvvixo idxow ghwhfwlrq lv wkh hvwde0
olvkphqw ri d orjlf ghflvlrq xqlw1 Lq wklv frqwulexwlrq/
zh frqvlghu d vlpsoh exw prvwo| xvhg orjlf=

Li nun5 A Mwk +wkuhvkrog, @, wkhq idxow +:,

Li nun5 � Mwk +wkuhvkrog, @, wkhq qr idxow +;,

Wkh pdlq wdvn ri ghvljqlqj d idxow ghwhfwlrq v|vwhp
frqvlvwv lq wkh vhohfwlrq ri sdudphwhu pdwul{ U+v, 5



UK4 dqg wkuhvkrog Mwk= Iru wkh �uvw wdvn/ d zlgho|
dgrswhg vfkhph lv wr vroyh dq rswlpl}dwlrq sureohp

plq
U5UK4

���U+v, aPx+v,Jg+v,
������U+v, aPx+v,Ji +v,
��� +<,

zkhuh n�n vwdqgv iru vrph qrup ru d ixqfwlrq zklfk lv
xvhg wr phdvxuh wkh �vl}h� ri d wudqvihu ixqfwlrq pdwul{
^4`/ ^5`/ ^:`/ ^43`1 Wkh edvlf lghd ehklqg +<, lv wr pd{0
lpl}h wkh lq xhqfh ri i+v, rq u+v, dqg vlpxowdqhrxvo|
wr plqlpl}h wkh rqh ri g+v, rq u+v,= Wkh fdofxodwlrq ri
Mwk riwhq iroorzv wkh gh�qlwlrq

Mwk @ vxs
g>i@3

nun5 @ nU+v, �Jg+v,n4 vxs
g
ngn5 +43,

Qrwh wkdw li

udqn
�
Jg+v, Ji +v,

�
A udqn +Jg+v,, @ ng

wkhq wkhuh h{lvwv d Ur+v, vxfk wkdw

plq
U5UK4

���U+v, aPx+v,Jg+v,
������U+v, aPx+v,Jg+v,
��� @

���Ur+v, aPx+v,Jg+v,
������Ur+v, aPx+v,Jg+v,
��� @ 3

dqg wkxv wkh wkuhvkrog fdq eh vhw wr eh }hur1 Wklv lv
wkh vr0fdoohg ixoo ghfrxsolqj iurp g+v, ^5`/ ^:`=

415 Sureohp irupxodwlrq

Zlwkrxw grxew/ wkh frqwuro hqjlqhhulqj frppxqlw| kdv
pdgh d ghflvlyh frqwulexwlrq wr wkh hvwdeolvkphqw ri wkh
prgho edvhg IGL wkhru| dqg whfkqrorj|1 Lw lv wkhuhiruh
d orjlf uhvxow wkdw pdq| prgho edvhg IGL sureohpv duh
kdqgohg lq wkh frqwh{w ri frqwuro wkhru|1 Vr duh wkh
frqfhswv urexvwqhvv dqg vhqvlwlylw|1 Zkdw lv wkh uhdo
lghd ehklqg wkhvh wzr frqfhswvB Wkh| duh lqghhg wkh
�wudqvodwlrq� ri wzr hvvhqwldo uhtxluhphqwv rq d idxow
gldjqrvlv v|vwhp= idovh dodup udwh dqg plvvhg ghwhfwlrq
udwh1 Idovh dodupv duh fdxvhg e| g+v,/ dqg wr uhgxfh
wkhp wkuhvkrog lv lqwurgxfhg/ zklfk ohdgv lq wxuq wr
plvvhg ghwhfwlrq1 Lq idfw/ wkh uhdo dqg prvw gl!fxow
wdvn ri ghvljqlqj d idxow ghwhfwlrq v|vwhp lv wr �qg rxw
d vxlwdeoh wudgh0r� ehwzhhq wkh idovh dodup udwh dqg
wkh plvvhg ghwhfwlrq udwh1

Lw lv hylghqw wkdw vhwwlqj Mwk dffruglqj wr +43, suhyhqwv
idovh dodupv1 Wkxv/ fkrrvlqj U+v, e| vroylqj rswlpl}d0
wlrq sureohp +<, lv lqghhg dq lqgluhfw rswlpl}dwlrq ri
wkh plvvhg ghwhfwlrq udwh rq wkh dvvxpswlrq wkdw wkh
idovh dodup udwh lv }hur1 Wklv zd| ri kdqgolqj IG gh0
vljq sureohp vhhpv hohjdqw exw kdv wzr sudfwlfdo sure0
ohpv= +l, Wkh qlfh shuirupdqfh wkdw wkh idovh dodup
udwh htxdov }hur lv dfklhyhg dw wkh frvw ri plvvhg gh0
whfwlrq udwh1 Wklv sureohp pd| ehfrph pruh vhulrxv li
wkh suredelolw| wkdw ngn5 uhdfkhv lwv pd{lpxp lv yhu|
vpdoo> +ll, Fkrrvlqj U+v, e| vroylqj rswlpl}dwlrq sure0
ohp +<, grhv qrw hqvxuh d plqlpl}dwlrq ri wkh plvvhg

ghwhfwlrq udwh1 Wkh pdlq remhfwlyh ri wklv sdshu lv wr
ghyhors d qhz dssurdfk wr wkh ghvljq ri idxow ghwhf0
wlrq v|vwhpv iurp wkh ylhzsrlqw ri dfklhylqj d vxlwdeoh
wudgh0r� ehwzhhq wkh idovh dodup udwh dqg plvvhg ghwhf0
wlrq udwh1 Prwlydwhg e| wkh deryh glvfxvvlrq/ zh vkdoo
wu| wr vroyh wkh iroorzlqj sureohpv= +l, Hvwdeolvkphqw
ri d wudgh0r� uhodwlrqvkls ehwzhhq wkh idovh dodup udwh
dqg wkh plvvhg ghwhfwlrq udwh> +ll, Gluhfw ghvljq ri U+v,
wr plqlpl}h wkh plvvhg ghwhfwlrq udwh iru d jlyhq idovh
dodup udwh1

5 D qhz ghvljq dssurdfk

514 Irupxodwlrq ri ghvljq sureohp

Wr ehjlq zlwk/ zh lqwurgxfh �g � vxsg ngn5 @ �g dqg
gh�qh wkh wkuhvkrog dv iroorzv

Mwk @ vxs
ngn

5
��g>i@3

nun5 +44,

Lw wkhq wxuqv rxw Mwk @ nU+v, �Jg+v,n4�g= Vlqfh iru dq|
g+v,>�g � ngn5 A �g zh pd| kdyh nU+v, �Jg+v,g+v,n5 A
nU+v, �Jg+v,n4�g> zklfk ohdgv wr/ lq idxow0iuhh fdvh/

nun5 @ nU+v, �Jg+v,g+v,n5 A Mwk

dqg khqfh uhvxowv lq d idovh dodup1 Wkxv/ wkh idovh dodup
udwh pd| eh qrq}hur dqg lwv ydoxh ghshqgv rq wkh sure0
delolw| wkdw ngn5 A �g=

Uhfdoo wkdw iroorzlqj ghwhfwlrq orjlf +:,0+;, d idxow i+v,
fdq eh ghwhfwhg li dqg rqo| li nun5 A Mwk1 Dv d uh0
vxow/ zh fodlp wkdw iru d jlyhq g+v, d idxow i+v, fdq eh
ghwhfwhg li dqg rqo| li

nU+v,+ �Jg+v,g+v, . �Ji +v,i+v,,n5 A nU+v, �Jg+v,n4�g
+45,

Zh qrz lqwurgxfh wzr vhwv= +l, wkh vhw ri ghwhfwdeoh
idxowv 
U>Mwk+g,


U>Mwk+g, @ ii m nu+v,n5 A Mwkj +46,

dqg +ll, wkh vhw ri xqghwhfwdeoh idxowv 
BU>Mwk+g,


BU>Mwk+g, @ ii m nu+v,n5 � Mwkj +47,

Vlqfh wkh plvvhg ghwhfwlrq udwh lv sursruwlrqdo wr wkh
qxpehu ri xqghwhfwdeoh idxowv/ plqlpl}lqj wkh plvvhg
ghwhfwlrq udwh xqghu d jlyhq idovh dodup udwh lv htxlyd0
ohqw wr plqlpl}h wkh glphqvlrq ri vhw 
BU>Mwk = Qrwh wkdw


 @ ii m i 9@ 3j @ 
BU>Mwk+g, ^
U>Mwk+g,

zh ixuwkhu kdyh

plq
U+v,5UK4

glp
BU>Mwk+g,/ pd{
U+v,5UK4

glp
U>Mwk+g,



Iroorzlqj wklv/ zh irupxodwh wkh sureohp ri ghvljqlqj
idxow ghwhfwlrq v|vwhpv dv �qglqj U+v, 5 UK4 vxfk
wkdw iru doo g wkh glphqvlrq ri wkh vhw ri ghwhfwdeoh
idxowv uhdfkhv pd{lpxp/ l1h1

;g> pd{
U+v,5UK4

glp
U>Mwk+g, +48,

515 D vroxwlrq

Zh qrz rxwolqh wkh edvlf lghd dqg suhvhqw dq dssurdfk
wr wkh vroxwlrq ri rswlpl}dwlrq sureohp +48,1 Wr wklv
hqg/ zh �uvw dvvxph wkdw udqn +Jg+v,, @ ng @ p/ l1h1
d ixoo ghfrxsolqj iurp wkh xqnqrzq lqsxwv lv lpsrvvl0
eoh/ dqg frqvlghu frqglwlrq +45,1 Zh ehjlq zlwk wkh
vr0fdoohg fr0lqqhu0rxwhu idfwrul}dwlrq +FLRI, ri wudqv0
ihu ixqfwlrq pdwul{ �Jg+v,> �Jg+v, @ Jgr+v,Jgl+v,> zkhuh
Jgl+v, lv wkh fr0lqqhu ri pdwul{ ri �Jg+v, dqg Jgr+v, lv
wkh fr0lqqhu dqg UK40ohiw0lqyhuwleoh1 Vhwwlqj U+v, @
T+v,J�4gr +v, |lhogv

nu+v,n5 � Mwk @ �nT+v,Jgl+v,n4�g.

nT+v,J�4gr +v,
�Ji +v,i+v, .T+v,Jgl+v,g+v,n5

zkhuh T+v, 5 UK4 vwdqgv iru dq duelwudulo| vhohfwdeoh
pdwul{ ri dq dssursuldwh glphqvlrq1 Qrwh wkdw

nT+v,Jgl+v,n4 @ n +T+v,Jgl+v,,
�
n4 @ nT+v,n4

nT+v,J�4gr +v,
�Ji +v,i+v, .T+v,Jgl+v,g+v,n5

� nT+v,n4nJ
�4
gr +v,

�Ji +v,i+v, .Jgl+v,g+v,n5

Lw wxuqv rxw= iru doo T+v, 5 UK4

nu+v,n5 � Mwk � +49,

nT+v,n4
�
nJ�4gr +v,

�Ji +v,i+v, .Jgl+v,g+v,n5 � �g
�

Lqhtxdolw| +49, vkrzv wkdw frqglwlrq

nJ�4gr +v,
�Ji +v,i+v, .Jgl+v,g+v,n5 � �g A 3 +4:,

lv d qhfhvvdu| frqglwlrq xqghu zklfk idxow i+v, ehfrphv
ghwhfwdeoh1 Qrwh wkdw +49, lv h{suhvvhg rqo| lq whupv ri
wkh prgho sdudphwhuv Jgr+v,> Jgl+v,> �Ji +v, dqg i+v,
dv zhoo dv g+v,/ pruhryhu qr dvvxpswlrq rq U+v, kdv
ehhq pdgh e| wkh ghulydwlrq/ wkxv wkh iroorzlqj wkhr0
uhp krogv1

Wkhruhp 4 Jlyhq v|vwhp +4, dqg wkuhvkrog +44,/ d
idxow i+v, fdq wkhq eh ghwhfwhg rqo| li +4:, krogv1

Iroorzlqj Wkhruhp 4/ zh nqrz wkdw lqfuhdvlqj �g uh0
gxfhv wkh idovh dodup udwh rq wkh rqh vlgh dqg pdnhv gh0
whfwlqj i+v,pruh gl!fxow dqg wkxv lqfuhdvhv wkh plvvhg
ghwhfwlrq udwh rq wkh rwkhu vlgh1 Iurp wklv srlqw ri
ylhz/ zh vd| wkdw +4:, h{suhvvhv d uhodwlrqvkls ehwzhhq
wkh idovh dodup udwh dqg wkh plvvhg ghwhfwlrq udwh dqg
ixuwkhu/ edvhg rq lw/ zh duh deoh wr pdnh d vxlwdeoh
wudgh0r� ehwzhhq wkhp1

Qrwh wkdw vhwwlqj T+v, @ L dqg wkhuhiruh U+v, @
J�4gr +v, ohdgv wr nu+v,nh � Mwk @ nJ�4gr +v,

�Ji +v,i+v, .
Jgl+v,g+v,n5 � �g= Wklv phdqv wkdw +4:, lv dovr d vx!0
flhqw frqglwlrq iru i+v, wr eh ghwhfwdeoh li U+v, lv vhw
wr eh J�4gr +v,1 Xvlqj wklv uhvxow zh duh deoh wr suryh wkh
iroorzlqj wkhruhp1

Wkhruhp 5 U�+v, @ J�4gr +v, lv wkh rswlpdo vroxwlrq ri
rswlpl}dwlrq sureohp +48,1

Zh zrxog olnh wr hpskdvl}h wkdw wkh rswlpdo vroxwlrq
U�+v, lv lqghshqghqw ri g dqg lw hqvxuhv wkdw iru doo
g wkh glphqvlrq ri wkh vhw ri ghwhfwdeoh idxowv uhdfkhv
pd{lpxp1

516 Lqwhusuhwdwlrq dqg jhqhudol}dwlrq

Lq wklv vxevhfwlrq/ zh glvfxvv wkh rswlpdo vroxwlrq gh0
ulyhg deryh dqg wkhq h{whqg lw wr d pruh jhqhudo fdvh1
Zh ehjlq zlwk wkh g|qdplfv ri wkh uhvlgxdo vljqdo1 Vxe0
vwlwxwlqj wkh rswlpdo vroxwlrq U�+v, lqwr +7, |lhogv

u+v, @ J�4gr +v,
�Ji +v,i+v, .Jgl+v,g+v,

Uhfdoo wkdw �Jg+v, @ Jgr+v,Jgl+v, dqg vr

�Jg+m$, �J
�
g+m$, @ Jgr+m$,J

�
gr+m$,

Khqfh/ wkh iuhtxhqf| grpdlq sur�oh ri wkh �dpsolwxgh�
ri �Jg+m$, lv xqltxho| ghwhuplqhg e| Jgr+m$,= Pruh0
ryhu/ iru i+v, @ 3

nu+m$,n5 @ nJgl+m$,g+m$,n5 � ng+m$,n5
dqg Mwk @ nJgl+m$,n4 �g @ �g

Wkhvh idfwv uhyhdo wkdw lq wkh uhvlgxdo vljqdo wkh
zhljkwlqj idfwru iru wkh xqnqrzq lqsxwv htxdov ru
lv vpdoohu wkdq rqh dqg wkh idxowv duh zhljkwhg e|
J�4gr +m$,

�Ji +m$,1

Lw lv yhu| lqwhuhvwlqj wr qrwh wkdw lq wkh gluhfwlrqv dv
zhoo dv dw wkh iuhtxhqflhv zkhuh wkh lq xhqfh ri wkh xq0
nqrzq lqsxwv rq | � a| lv vwurqj/ wkh lq xhqfh ri wkh
idxowv rq wkh uhvlgxdo vljqdo zloo eh/ gxh wr J�4gr +m$,/
zhdno| zhljkwhg1 Lq djdlqvw/ wkh lq xhqfh ri wkh idxowv
rq wkh uhvlgxdo vljqdo zloo eh pruh vwurqjo| zhljkwhg
lq gluhfwlrqv dqg dw iuhtxhqflhv zkhuh wkh lq xhqfh ri
wkh xqnqrzq lqsxwv rq |� a| lv zhdn1 Wklv revhuydwlrq
qrw rqo| surylghv xv zlwk dq lqwhusuhwdwlrq ri wkh rswl0
pdo vroxwlrq exw dovr prwlydwhv xv wr h{whqg wkh deryh
uhvxow wr wkh fdvh

udqn +Jg+v,, @ ng ? p +4;,

l1h1 d ixoo ghfrxsolqj iurp g lv srvvleoh1 Qrwh wkdw lq
wklv fdvh wkhuh h{lvwv d UK40pdwul{ S +v, vr wkdw

S +v, �Jg+v, @

�
Jg4+v,
R

�
5 Up�ng > udqn +Jg4+v,, @ ng



Ohw Jg4+v, @ Jgr4+v,Jgl4+v, eh d fr0lqqhu0fr0rxwhu idf0
wrul}dwlrq/ wkhq zh kdyh�

J�4gr4+v, R
�
S +v, �Jg+v, @ Jgl4+v,

Zlwk wkh dlg ri wklv uhvxow/ zh duh deoh wr suryh wkh
iroorzlqj wkhruhp1

Wkhruhp 6

;g vxs
U+v,5UK4

glp
U>Mwk+g, @ olp
�$3

glp
U�>Mwk+g,

zlwk U�+v, @

�
J�4gr4+v, R

R 4@�

�
S +v,> Mwk @ �g

Lw lv yhu| lqwhuhvwlqj wr qrwlfh wkdw�
R 4@�

�
S +v, �Jg+v, @ R�

R 4@�
�
S +v, �Ji +v,i+v, @ 4@� ai5+v,

Wklv phdqv wkdw d idxow i+v,> zkrvh lq xhqfh rq u+v,
lv gl�huhqw iurp wkdw ri g+v,> l1h1

U�+v, �Ji +v,i+v, @5 Lp
�
U�+v, �Jg+v,

�
fdq eh/ lqghshqghqw ri lwv vl}h/ ghwhfwhg1 Wklv idfw lv
lqghhg htxlydohqw wr d shuihfw ghfrxsolqj ri u+v, iurp
g+v,> dowkrxjk d wkuhvkrog gl�huhqw iurp }hur lv xvhg1
Khqfh/ wkh vroxwlrq jlyhq deryh dovr surylghv xv zlwk
dq dowhuqdwlyh vroxwlrq wr wkh zhoo0nqrzq shuihfw ghfrx0
solqj IG sureohp1 Qrwh/ krzhyhu/ wkdw wkh lghd ehklqg
rxu vroxwlrq lv gl�huhqw iurp wkh nqrzq rqhv1 Lq idfw/
zh zhljkw wkh sduw ri idxowv/ zkrvh lq xhqfh vdwlv�hv

U�+v, �Ji +v,i+v, @5 Lp
�
U�+v, �Jg+v,

�
/ +4<,

Ji +v,i+v, @5 Lp +Jg+v,,

yhu| vwurqjo| e| idfwru 4@� vr wkdw wklv sduw ri idxowv
fdq dozd|v eh ghwhfwhg lq vslwh ri wkh h{lvwhqfh ri d
wkuhvkrog odujhu wkdq }hur1

6 Lqwhufrqqhfwlrqv

Lq wklv vhfwlrq/ zh vwxg| wkh uhodwlrqvklsv ehwzhhq wkh
ghvljq dssurdfk suhvhqwhg lq wklv frqwulexwlrq dqg wkh
nqrzq rqhv ^:`/ ^;`/ ^43`/ ^45`/ ^48`/ ^49`/ ^4<`1

614 Uhodwlrqvkls wr shuihfwo| ghfrxsohg IG

Xqghu wkh frqfhsw shuihfwo| ghfrxsohg idxow ghwhfwlrq
+SGIG, zh xqghuvwdqg d uhvlgxdo jhqhudwlrq vdwlvi|lqj

u+v, @ T+v, +Jg+v,g+v, .Ji +v,i+v,, @ T+v,Ji +v,i+v,

Lw lv zhoo0nqrzq wkdw wkh h{lvwhqfh frqglwlrq iru d
SGIG lv

udqn
�
Jg+v, Ji +v,

�
A udqn+Jg+v,, @ ng +53,

Lq fdvh wkdw d SGIG lv dfklhydeoh/ wkh wkuhvkrog zloo
eh vhw htxdo wr }hur1

Lq rughu wr frpsduh wkh vfkhph suhvhqwhg lq wklv frq0
wulexwlrq zlwk wkh SGIG/ zh ghqrwh wkh vhw ri doo gh0
whfwdeoh idxowv xvlqj wkh SGIG zlwk


T>r+g, @ ii m T+v,Ji +v,i+v, A 3j

Wkh iroorzlqj wkhruhp jlyhv d frpsdulvrq ri wkhvh wzr
dssurdfkhv1

Wkhruhp 7 ;g>
T>r+g, � 
U�>Mwk+g, ru
glp
U�>Mwk+g, � glp
T>r+g,=

615 Uhodwlrqvkls wr K50rswlpdo IG

Iru wkh fdvh zkhq d SGIG lv qrw dfklhydeoh/ Glqj hw
do1 ^6` sursrvhg wr ghvljq IG lq wkh iroorzlqj K50
rswlpl}dwlrq vhqvh=

pd{
t+v,

���t+v, aQi +v,
���
5���t+v, aQg+v,
���
5

> t+v, 5 Kp
5 +54,

zkhuh lw lv dvvxphg wkdw

Jg+v, @ aP�4
g +v, aQg+v, @ aP�4

x +v, aQg+v,

Ji +v, @ aP�4
i +v, aQi +v, @ aP�4

x +v, aQi +v,

Wkh vroxwlrq ri rswlpl}dwlrq sureohp +54, lv jlyhq e|

pd{
t+v,

���t+v, aQi +v,
���
5���t+v, aQg+v,
���
5

@

���trsw+v, aQi +v,
���
5���trsw+v, aQg+v,
���
5

@ vxs
$
�pd{+$, @ �pd{+$rsw,

trsw+v, @ te+v,ypd{+v,

ypd{+m$,+ aQi +m$, aQ
�
i +m$,� �pd{+$, aQg+m$, aQ

�
g +m$,, @ 3

Khuh/ �pd{+$, lv wkh pd{lpdo hljhqydoxh ri wkh jhqhudo0
l}hg hljhqydoxh sureohp dqg ypd{+m$, wkh fruuhvsrqg0
lqj hljhqyhfwru1 te+v, uhsuhvhqwv d edqg sdvv �owhu dw
iuhtxhqf| $rsw/ zklfk jlyhv

�
4

5�

] 4

�4

trsw+m$, aQg+m$, aQ
�
g +m$,t

�
rsw+m$,g$

�4@5

@

#
4

5�

] $rsw.�

$rsw��

���te+m$,ypd{+m$, aQg+m$,
���5 g$

$4@5

�
�
ypd{+m$rsw, aQg+m$rsw, aQ

�
g +m$rsw,y

�
pd{+m$rsw,

�4@5
Vlqfh

trsw+m$, aQg+m$, aQ
�
g +m$,t

�
rsw+m$,

@
ypd{+m$rsw, aQi +m$rsw, aQ

�
i +m$rsw,y

�
pd{+m$rsw,

�pd{+$rsw,



wkh wkuhvkrog Mwk>5 lv vhw dv

5

v
ypd{+m$rsw, aQi +m$rsw, aQ�i +m$rsw,y

�
pd{+m$rsw,

�pd{+$rsw,��
�g

zlwk �� @ 5�= Ghqrwh wkh vhw ri idxowv zklfk duh gh0
whfwdeoh xvlqj K50rswlpdo IG v|vwhp zlwk


trsw>Mwk>5+g, @q
i m ntrsw+v,+ aQg+v,g+v, . aQi +v,i+v,,n5 A Mwk>5

r
Wkh iroorzlqj wkhruhp jlyhv d frpsdulvrq ehwzhhq
wkh K50rswlpdo IG v|vwhp dqg wkh dssurdfk sursrvhg
khuh1

Wkhruhp 8 ;g>
trsw>Mwk>5+g, � 
U�>Mwk+g, ru
glp
U�>Mwk+g, � glp
trsw>Mwk>5+g,

616 Uhodwlrqvkls wr K4@40rswlpdo IG

Wkh frqfhsw ri K4@40rswlpdo IG v|vwhpv vwdqgv iru
wkh IG v|vwhpv zklfk duh ghvljqhg xqghu wkh shuiru0
pdqfh lqgh{ ^<`/ ^4:`/ ^4<`

plq
U+v,5UK4

��U+v, �Jg+v,
��
4��U+v, �Ji +v,
��
4

+55,

dqg wkh wkuhvkrog lv vhw wr eh

Mwk>4@4 @
��U+v, �Jg+v,

��
4
�g

Zh qrz dqdo|}h wkh lq xhqfh ri wkh rswlpl}dwlrq rq
wkh ehkdylru ri wkh uhvlgxdo vljqdo dqg wkh shuirupdqfh
ri wkh idxow ghwhfwlrq v|vwhp1 Wr wklv hqg/ zh uhzulwh
nu+v,n5 lqwr

nu+v,n5 @

����� U+v, �Jg+v, U+v, �Ji +v,
� � g+v,

i+v,

�����
5

Lw fdq eh vkrzq wkdw iru vrph i li#
4 .

��U+v, �Ji +v,
��
4��U+v, �Jg+v,
��
4

$����
�
g+v,
i+v,

�����
5

� �g /

����
�
g+v,
i+v,

�����
5

� �g

#
4 .

��U+v, �Ji +v,
��
4��U+v, �Jg+v,
��
4

$�4
+56,

krogv/ wkhq i ehfrphv xqghwhfwdeoh1 Zh lqwurgxfh
ydoxh Wxqghwhf>

Wxqghwhf @ �g

#
4 .

��U+v, �Ji +v,
��
4��U+v, �Jg+v,
��
4

$�4

dqg gh�qh


B4U
4@4>Mwk>4@4

+g, @

�
i m

����
�
g+v,
i+v,

�����
5

� Wxqghwhf

�
+57,

Lw lv hylghqw wkdw 
B4U
4@4>Mwk>4@4

+g, �


BU
4@4>Mwk>4@4

+g,/ zkhuh U4@4+v, ghqrwhv wkh

rswlpdo vroxwlrq ri +55,/ dqg wkxv rswlpl}dwlrq
sureohp +55, lv htxlydohqw wr

plq
U+v,5UK4

Wxqghwhf / plq
U+v,5UK4

glp
B4U
4@4>Mwk>4@4

+g,

Qrwh/ rq wkh rwkhu vlgh/ wkdw 
B4U
4@4>Mwk>4@4

+g, lv

qrw wkh frpsohphqw ri wkh vhw ri ghwhfwdeoh idxowv

U

4@4>Mwk>4@4
+g,/ vlqfh wkhuh grhv h{lvw i+v, vr wkdw����

�
g+v,
i+v,

�����
5

A Wxqghwhf exw +58,

nu+v,n5 � Mwk>4@4 +59,

Ghqrwh wkh vhw ri vxfk idxowv e| 
B5U4>Mwk>4@4
+g,>


B5U4>Mwk>4@4
+g, @ ii m vdwlv�hv +58, dqg +59,j

wkhq zh kdyh= 
i @ ii m i 9@ 3j htxdov wr


B4U
4@4>Mwk>4@4

+g, ^
B5U
4@4>Mwk>4@4

+g, ^
U
4@4>Mwk>4@4

+5:,

Lw iroorzv iurp +5:, wkdw plqlpl}lqj
glp
B4U

4@4>Mwk>4@4
+g, lv qrw htxlydohqw wr wkh

pd{lpl}dwlrq ri glp
U
4@4>Mwk>4@4

+g,= Wkh iroorzlqj

wkhruhp fdq wkhq eh suryhq1

Wkhruhp 9 ;g>
U
4@4>Mwk>4@4

+g, � 
U�>Mwk+g, ru

glp
U�>Mwk+g, � glp
U
4@4>Mwk>4@4

+g,=

617 Uhodwlrqvkls wr K4@plq0rswlpdo IG

K4@plq0rswlpdo IG v|vwhpv duh v|vwhpv zklfk duh rs0
wlpl}hg xqghu wkh shuirupdqfh lqgh{

plq
U+v,5UK4

��U+v, �Jg+v,
��
4��U+v, �Ji +v,

��
plq

+5;,

zkhuh
��U+v, �Ji +v,

��
plq

lv d nlqg ri phdvxuhphqw ri wkh
plqlpxp lq xhqfh ri wkh idxowv rq wkh uhvlgxdo vljqdo/
xvxdoo| gh�qhg e| wkh qrq}hur plqlpdo vlqjxodu ydoxh
ri U+v, �Ji +v, ^6`/ ^46`/ ^4;`= Djdlq/ wkh wkuhvkrog lv jlyhq
e| Mwk>4@plq @

��U+v, �Jg+v,
��
4
�g= Ohw*v lqwurgxfh

Wghwhf @

��U+v, �Jg+v,
��
4
+ng+v,n5 . �g,��U+v, �Ji +v,

��
plq

+5<,

Lw fdq eh vkrzq wkdw doo i+v, vdwlvi|lqj

ni+v,n5 A Wghwhf +63,

fdq eh ghwhfwhg1 Ghqrwlqj wkh rswlpdo vroxwlrq e|
U4@plq+v, dqg wkh vhw ri idxowv vdwlvi|lqj +63, e|


4
U
4@plq>Mwk>4@plq

+g, @ ii m ni+v,n5 A Wghwhfj



lw ehfrphv fohdu wkdw shuirupdqfh lqgh{ +5;, lv htxly0
dohqw wr

pd{
U+v,5UK4

glp
4
U>Mwk>4@plq

+g, @ glp
4
U
4@plq>Mwk>4@plq

Rq wkh rwkhu vlgh/ zh nqrz wkdw 
4
U
4@plq>Mwk>4@plq

+g,

lv rqo| d vxe0vhw ri 
U
4@plq>Mwk>4@plq

+g, gh�qhg e|

�
i m

��U4@plq+v,+ �Jg+v,g. �Ji +v,i,
��
5
A Mwk>4@plq

�

dqg pruhryhu wkhuh grhv h{lvw i+v, vdwlvi|lqj i+v, 5

U

4@plq>Mwk>4@plq
+g, exw i+v, @5 
4

U
4@plq>Mwk>4@plq

+g,=

Zh wkxv kdyh wkh iroorzlqj wkhruhp1

Wkhruhp : ;g>
U
4@plq>Mwk>4@plq

+g, � 
U�>Mwk+g, ru

glp
U�>Mwk+g, � glp
U
4@plq>Mwk>4@plq

+g,=

7 Frqfoxglqj uhpdunv

Iurp wkh ylhzsrlqw ri d wudgh0r� ehwzhhq wkh idovh
dodup udwh dqg plvvhg ghwhfwlrq udwh/ dq dssurdfk wr
wkh ghvljq ri idxow ghwhfwlrq v|vwhp kdv ehhq ghyho0
rshg1 Fruh ri rxu vwxg| lv wkh irupxodwlrq ri wkh ghvljq
sureohp/ plqlpl}lqj wkh plvvhg ghwhfwlrq udwh xqghu
d jlyhq idovh dodup udwh/ dv dq rswlpl}dwlrq sureohp
dqg wkh ghulydwlrq ri dq rswlpdo vroxwlrq1 D ixuwkhu
vwxg| rq wkh uhodwlrqvklsv ehwzhhq wkh dssurdfk sur0
srvhg dqg wkh h{lvwlqj K5> K4@4> K4@plq rswlpl}d0
wlrq dssurdfkhv dv zhoo dv wkh ixoo ghfrxsolqj iurp wkh
xqnqrzq lqsxwv ghprqvwudwhv wkdw wkh dssurdfk sur0
srvhg lq wklv sdshu surylghv xv qrw rqo| zlwk d xql�hg
vroxwlrq wr wkh h{lvwlqj dssurdfkhv exw dovr zlwk wkh
ehvw vroxwlrq dprqj wkhvh dssurdfkhv lq ylhz ri plq0
lpl}lqj wkh plvvhg ghwhfwlrq udwh xqghu d jlyhq idovh
dodup udwh1
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