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Abstract

In this paper, we consider the control synthesis problem
when the disturbance input w is within a set defined by
several dynamic Integral Quadratic Constraints (IQCs).
We show that the condition on the existence of a stabi-
lizing controller can be expressed as a set of Linear Ma-
trix Inequalities (LMIs). We also show that the stabi-
lizing controllers, if exist, have the dimension no larger
than the sum of the dimension of the open-loop system
and the multipliers in IQCs.

Keywords: control synthesis, Integral Quadratic Con-
straint (IQC), Linear Matrix Inequality (LMI).

1 Introduction

Integral Quadratic Constraints (IQCs) has been play-
ing an important role in the area of robust control [4].
In [1], it was shown that a class of robust control prob-
lems can be formulated in the so-called generalized [,
framework, in which a controller K is designed for the
open-loop system G such that

sup sup (e, (G K)w) <, M)
ecf deD

where 7 is the desired performance level, and the sets
&, D are defined by several static IQCs. It was also
shown that such problems can be casted as a feasibility
problem over a set of Linear Matrix Inequalities (LMIs).
These results were further expanded in [2] to include dy-
namic IQCs on e and w, so that more important robust
control problems can be treated under the generalized
l, framework and cased as finite dimensional, convex
optimization problems. While it is relatively easily to
obtain the LMI expressions for static IQCs, obtaining
LMIs for dynamic IQCs is more involved and appears
to be a non-trivial problem. In [2], several transforma-
tions and auxiliary parameters need to be introduced
in order to obtain a LMI expression.

In this paper, we consider the continuous time control
synthesis problem with several IQCs applied on the sys-
tem’s input. The framework we adopt is different from

T

Figure 1: Control synthesis with disturbance w € W

the generalized [, setup. In particular, we consider the
following problem: For a given system G, find a con-
troller K such that

o0
sup /
weW J—oo

where T' = G x K is the closed-loop system, and W is
defined by dynamic IQCs. It is possible to show that
generalized Iy synthesis (1) can be reformulated into
this framework, by treating (e, d) := w as an input to a
transformed system. We will show that obtaining the
LMI expression for dynamic IQCs on w can be done a
bit more explicit. In particular, we do not need to work
with the transformation proposed in [2], no extra pa-
rameter introduced, and the LMIs are derived directly
and expressed explicitly in terms of the matrices of the
open-loop system and multipliers used in the IQCs.
Notation :

The space of square summable, or finite energy, R™-
valued functions f : (0,00) — R™ is denoted by LJ".
The norm on L7 is defined as

1= ([ rrwsoa) g

We will simply write f € Lo when the dimension of
f is of no importance. The Fourier transform of a Lo
function f(t) is defined as

*

T
Y

w

Tw
dw < A||w|]?, Ty >0,

oo

fiw) = [ e sar
We will use S2*™ to denote the set of all proper, m by
m, real rational transfer matrices H(s) which have no
poles on the imaginary axis and satisfy H(s) = H(s)*,
where the adjoint is defined as H*(s) = H(—s)T.



A matrix is called Hurwitz if all of its eigenvalues are
located in the open left-half complex plane.

2 Problem Statement

In this paper, we consider the output feedback problem
as shown in Figure 1. We assume that the system under
consideration has a state-space representation

i = Az + Biw + Bau
P : z=Ciz+ Dyyw+ Disu (2)
y = Cox + Dyyw

where z is the measurement performance, y is the out-
put feedback, u is the control input, and w represents
the exogenous excitation, such as reference commands,
disturbance signals, and sensor noises. We also assume
that w belongs to a set YW which is characterized by dy-
namic and/or static integral quadratic constraints. The
design task is to select a controller K so that the closed-
loop system satisfies certain quadratic performance cri-
teria under the presence of w. We will make the follow-
ing assumptions on the open-loop system

1. (A, By) is controllable and (A, C4) is observable
2. (A, By) is stabilizable and (A4, C>) is detectable

T
3. Di» has the structure DL, = [I D{Q}

The last assumption is not as restricted as it seems.
Since all the control inputs need to be penalized to form
a well-posed problem, D15 usually has full column rank.
Therefore, we can always rearrange z so that Df, =

[[){2 ﬁﬂ] with an invertible D15. Then we can define

@ = Di2u and transform the system so that the control
input of the new system is 4. The D;s matrix of the
transformed system is then in the desired form. Finally,
the actual control input u can be obtained by szlﬁ.

3 Robust Performance Analysis for Systems
with Special Disturbances

Before proceeding to the control synthesis, we will in
this section briefly review the results of using IQCs to
analyze the performance of a system with the presence
of special disturbances. These results are essential and
will be used directly in the control synthesis. We start
with a few definitions.

Definition 1. A signal class is a collection of vector
signals W = {w : w € L%}. A class of signal W is
said to satisfy the IQC defined by o (denoted by W €
IQC(o)) if o(w) >0,V w € W, where o is of the form

otw) = [ oG M) do (3)

— 00

w(jw) is the Fourier transform of w, and TI(s) € S7x"
is referred as the multiplier of o.

Remark 1. Although in general II(w) can be any func-
tion belongs to S.*", practically we only choose those
of the form G (jw) MG, (jw), where G(s) is a proper,
rational transfer matrix, and M = M7 is constant.
Therefore, by the state-space representation of G (s),
IQC o(w) > 0 can be equivalently expressed in the
time-domain as

T
U(w):/ooolﬂzr IST Z HZ dt >0,
G=G", R=R", (4)

where z, and w satisfy

Er = Azxy + Brw, z,(0)=0. (5)

Definition 2. A performance is a quadratic functional
op(2z,w) defined as

op(z,w) = / 2T 2 4 22T pow + w! Tzw dt
0
My =107 >0, My =117

A system is said to satisfy o,-performance criterion over
a set of disturbances W if the system is internally stable
and its performance measurement z satisfies o, (2, w) <
0 for all w € W.

For example, take I1,; = I, I, = 0, [,3 = —*I, we
have o, (z,w) = ||z||*> — ¥?||w||*. Then the performance
criterion o,(z,w) < 0 simply implies that the worst
case Ly-gain, or the H,-norm, of the system over the
class of disturbances W is bounded by 7. The next
proposition gives a sufficient condition for the system
that satisfies the performance criterion o, < 0 over a
class of signals VW which is characterized by IQC oy,.

Proposition 1. [}] Let T,, denote the closed-loop
transfer function from the input w to z for some dy-
namical output feedback low u = Ky applied to system

(2)

(6)

T . T = Aclxcl + Bclw
Zw -
z = C’z':lmcl + Dclw

Assume that T.,, is internally stable, i.e., matriz Ay
1s Hurwitz, and the input w belongs to the signal class
W. If W € IQC(oy), then the system satisfies o,-
performance criterion if

op(z,w) + oy (w) <0, (7)
for all w € L.

Remark 2. In the practical situation, the signal class
W is usually characterized by several IQCs, o1, ow2,



-+, Own. In this case, the performance condition (7)
should be stated as a convex feasibility problem over
the set of IQCs.

Find A\, >0, k=1,2,--- ,n, such that

op(2,w) + > Mour(w) <0, Vwe Ly,  (8)
k=1

This is so-called S-procedure [5], which has been
broadly used in the robustness analysis techniques.

By the analysis condition (8), the control synthesis
problem considered in this paper can be formulated as
the following feasibility problem

Control Synthesis Problem : Consider dynamical
system (2). Assume that the system satisfies assump-
tion A1 to A3 and its disturbance input w is within a set
W which satisfies IQC 041 t0 0yn- The problem of syn-
thesizing a controller such that the closed-loop system

satisfies o,-performance criterion with the presence of
T
w is to find a set of parameters A = [)\1, Az, - ,/\n}
and a feedback control law v = Ky which internally
stabilize system (2) and solve feasibility problem (8).

4 LMI Formulation for Control Synthesis

In this section, we will show that finding a controller
u = Ky and parameter A which solve the feasibility
problem (8) is equivalent to solving a set of linear ma-
trix inequalities. Therefore, the controller design can
be done rather efficiently by well-developed numerical
algorithms.

Let o¢ot(w) = Y5y Akowr(w). By combining the time-
domain representation of each o, we can express oot

as
T
_ [Tz | |G) FN)| |2,
"“’t(“’)‘/o w lF(A)T R(\) [w] .
Tr, = A, Tr, + Br,w, x5,(0)=0. 9)

Note that G, F, R are matrix-valued linear functions
of the decision variable A. To simplify the notation we
will drop the A-dependency from the notation in the
rest of the paper.

We next introduce several notations to_facilitate the

development, of the paper. Let = = |z7,2T |. By

incorporating the state z,, with system (2), we have a
new open-loop system

T, = Acmc + Bayw + Beou
G. : {2=Cuze+ Dyiw+ Dipu (10)
y= Ceame + Dajw

where
a=[0 D Ba= |0 Ba=|™,
Od:[c1 o], 062:[02 o]. (11)

Let the dynamical output-feedback law u = Ky be

tx = Akzk + Bky (12)
u=Cgxg + Dgy ’
and let 21, = [mT,th,mﬂ]. By combining the con-

troller (12) and the open-loop system (10), the system
matrices of the closed-loop map T, have the form

Acl - .A() + B@C, Bcl = Bo + B@DQl,
Cet =Co +D120C, Dy = D11+ D120D2, (13)

where

P |

B= ? Bg" , Cg:[Cd 0], C= C(; é ,

D12=[0 Dlz], DQI:lDO?l]- (14)

Finally, let (G, F.) and (G, F,;) be the matrices such
that

T

T
T, G F||zn| |7 G, F.| |z,
w FI' R||w| |w FI' R||w
T
_ Tl Ga Fu Tl
w Fg R w
Note that
0 O 0 G:. 0 F,
c 0 G c F cl 0 0 cl 0

By the notations introduced above, the problem of con-
troller synthesis with dynamic IQCs on disturbance in-
put w can be formulated as

Find ©, \; >0, k=1,2,---,n such that

- T
op(z,w) +/ [md
0 w

where z.;, z, and w satisfy the dynamical system (6),
(11) to (14). The main result of this paper is to show
that solving (15) is equivalent to solving a set of LMIs.

Gcl Fcl
Fg R

Ll

w

] dt <0, (15)

Proposition 2. Assume II,; > 0 and let

=B DLl DL, Se=[c D 0],



where 0 denotes the a zero matriz with appropriate size.
Let W; and W, be the matrices whose columns span the
null spaces of ¥ and X, respectively. Then (O, \) is
feasible to (15) and Ag is o Hurwitz matriz if and only
if there exists a symmetric matriz P, > 0 such that
(P., A) satisfies

W, W, <0, and WI¥,W, <0, (16)
where U1 and ¥y are defined as

[ e PPCT

U= v s Df |,
CoPy' Dy I}

[y s Co

U, = |9l 3 Df |,

| Co Du —H;ll

Y1 = AoPyt + PUYAY + PGP
o = Bo + Pyt (Fu + Cg Tp),

s =R+ I3 + I, D1y + DYy T,
Y4 = PyAo + A§ Py + G,

Y5 = PuBo + Fuq +CJ o,

Proof. Inequalities in (16) can be obtained by straight-
forward computation along the line in [3]. O

For the case II,,; = 0, the necessary and sufficient con-
ditions in Proposition 2 hold with ¥;, ¥,, ¥; and ¥,
replaced by

Y= [BT DEH,Q] y X = [C D21] ;
S B e

1=
by s

By Proposition 2, we can now solve the control synthe-

sis problem (15) by first solving the following feasibility

problem

Find P; >0, \y >0, k=1,2,--- ,n, subject to
W, W, <0, and WI¥,W, <0, (17)

and finding out the solution for S-procedure parame-
ters Ar. However, matrix inequalities in (17) are not
linear because they involve both P.; and P, as well
as P;'GyP," and P;'F,. We will next show that
they can be transformed to a set of linear matrix in-
equalities.

Theorem 1. Assume that I1,; > 0 and D12 is of full

column rank and has the structure DI, = [I D{Q}

Let [er; WTZ]T be the null space of [C’g D21]. Let

Wl = [—Du I] and Wl = [—B2 0] such that

0 1

(B D) = 0. (18)
Wll I/Vlz

Then there exist P, = PC:’; and \ which satisfy the ma-

triz inequalities in (17) if and only if there exist sym-

metric matrices S, E1, Es, and matrix E3 such that

S; S
s:l; *1'>0, E; >0, E; >0, (19)
s s,
and
! ry WICiEs WA
rr r r r
o . ! <0, (20
Elcrw, T Ts T,
ATWll Fg F? I's
[Ty Ty O
', 1, Ty | <O, (21)
L0 If, -I)
'S, S I
ST 8, -E» —-EI| >o0. (22)
I —E; E,
where

A =Dy + 11

Iy =-W'I'w,

Ly =W/ (CiEy — IT}'W,,)

Ty = (A+W/IC)E + E((A+ W, 0T — Wl "W,

Ty = (A+ W, C)E; — E3A,,

I5 =B, + W.A - E;B,,

I'¢ =ExA;, + AZth + G

I; =E;B,, +F

Is = R+ Ips — I,

Ty =S4, + AL S: + G

Tio = (S§ A+ AL STYW,, + (S5 B1 + S2B,, + F)WV,,,

Ty =W (S14+ ATS))W,, + W/ (S1By + S3Br,) W,
+ W, (BI'S, + BLSHW,, + W, TsW,,

T =Wrcl + wria” (23)

1

Proof. See appendix. O

If Dy, is empty, then W, is empty, W;, = —BZ, and
inequality (20) reduces to

r; T, TI;
I’ Ty T7| <0.
7 17 Ty



For the case II,; = 0, we assume that! D{,II, is in-

vertible. Let W = —(D%I0,5) ' BY. Then the results
in Theorem 1 hold with (20) and (21) replaced by

Sodr, +AT S, +G Ty
T I

F;, ITQ 0,
T 1y

respectively, where
[y = AE, + E; A" + (B, — E3B,, + E;C] TL,,)W
+ W7 (B, — EsBy, + E,CIT0,,)"
+WT(R+ I + I2,Dyy + DLW
[y = AE; — EsA,, + W (EyB,, + F 4+ EsCITL,)T
I3 =EA,, + ATE, + G
Ty = (STA+ AT STYW,, + (ST B: + S2B,, + F)W,,
U5 = WL (SiA+ ATS)W,, + WL (S1 By + S3By, )W,
+ W, (B]Si + BLEST)W,, + WL (R +1IL;3)W,,.
+ WL (CLW,, + D1 W,,)
+ (W, Cf + W, Di) W,

The optimization problem (17) can now be equivalently
formulated as

Find S, El, EQ, E3, A > 0, (24)
subject to (19) to (23).
Notice that (19) to (23) are linearly or affinely depen-

dent on the decision variables.

Controller Reconstruction
Suppose that (24) is solvable and a solution of
(S,E;, E2, E3, \) is obtained. We then compute

Q:=E;', Qs =EsE;', Q,=E; +E;E;'E;.

It is shown in the appendix that P, and chl are of the

forms
Q1 Q3
o=\ ol
Q3 Q2
Matrix P, and a stabilizing controller K can then be

reconstructed as described in [3]. Here we omit all the
details.

Pa =\ yr cl MT &

S N] Plle M

It is clear that the dimension of the closed-loop system
is the same as the dimension of matrix P,. By Lemma
1 in the appendix, P,; can always be constructed with
a dimension no more than twice of the matrix S. Since
the dimension of S is the sum of the dimension of A
and A,,, we conclude that the resulting controller, if
exists, always has the dimension less than or equal to
the sum of the dimension of the open-loop system and
the multipliers in IQCs.

LNotice that Dﬂﬂpg is a square matrix

5 Concluding Remarks

In this paper, we show that control synthesis with dy-
namic Integral Quadratic Constraints (IQCs) on the ex-
ogenous input can be casted as an optimization problem
over a set of Linear Matrix Inequalities (LMIs). This
problem has been studied in [2], where several transfor-
mations and auxiliary parameters need to be introduced
in order to obtain the LMI expression. In this paper,
we show that the LMIs can be obtained in a simpler
way. In particular, we do not need to work with the
transformation proposed in [2], no extra parameter is
introduced, and the LMIs are derived directly and ex-
pressed explicitly in terms of the matrices of the open-
loop system and multipliers used in the IQCs. For the
future research, we would like to study how both ap-
proaches are related and the computation complexity
involved with both approaches.

6 Appendix

Lemma 1. [6] Given two matrices X € C"*", Y €
cn oand X = X7 >0,Y =YT > 0. Let m be a
positive integer. The there exists matrices Xo € C"*™,
X3 = XTI e C™*™ such that

1
X X X Xs

T >0, T =
X7 X, X7 X,

if and only if X =Y 1 >0 and rank(X —Y 1) <m.

Y %

)
* Kk

Proof of Theorem 1:
Let P, and P,;* have the partition

s v S, S | ™
Pa=|> ]: ST Sy | Ny |,
N NI NI | «
1 2
0 M Q1 Q3 | M
P,lzl ]: QY Qx| My | . (25
¢ MT %
MI ME| «

Since P,; is positive definite, S and () must be positive
definite as well.

By (11) and (14), ¥, and ¥; can be partitioned as

0 0|I| 0 |O
X, = )
Cy 0(0|Dy |0
0 0TI 0 0 I
X = T T r | D=5 |,
BI' 0|o0| DL, | DY, Di»




and therefore their null spaces are of the forms

T
o 1lo| o |o
w,=| o ofo|l o |I],
wZr o|o|wZ o
o olo|o| wr 1"
T
wo | T ojolo] W
0 I[0j0] O ’
0 0|o|r|-m

where Wil = |-Di, 1], WI = [-B, 0], and
[Wﬂ; WTZ] ! is any basis of the kernel of |:CQ D21].

By straightforward computation, it is easy to check that
W?lI/gWT is equal to

Iy 0 I'1o
0 —IL}! CiWy, + DuyW,, |,
rfy wicl +wipf I3

where T'g, T';o are defined in (23), and

T3 =W (S1A+ A"S))W,, + W (S1 By + S3B,,)W,,

+WL(B'S, + BLSHWw,, + Wlcy + wibDi)Hm,w,,

+ WT‘T;HZ)—‘Z(CIer + DllWTz) + WTZ(R + HP3)W7"2'

Finally, LMI (21) is obtained by an equivalent expres-
sion of W,,TlI/gWT <0

T
I 0 0 I 0 0
0 —I,,W,, I
0 I 0 0 I 0

It is not difficult to see from Proposition 2 that
WIW¥,W, depends linearly on P, G, F, and R. There-
fore, reduce WX ¥, W, < 0 to LMI (21) is more or less
straightforward. However, to obtain LMI (20) from
WZT\IllWl < 0 is much more tricky since WlTlllel
depends nonlinearly on 73;[1 and other decision vari-
ables. The key to obtain LMI (20) is a set of nonlinear
parameter transformation. Let

I 0 O 7 0
Nr=10 @, 0|, where Q, = T -
0 0 I —Q2 s @

Since @, is of full rank, so is Np.  Therefore,
WZT\IllWl < 0 is equivalent to N%WlTlelNT < 0.
By a lengthy algebraic manipulation, which can not be
included here due to the limit of space, it can be veri-
fied that NYTWZTlllWlNT < 0 is exactly the LMI (20)
with

Ei=Q1—Q:Q05'Q3, E2=0Q5", E3=0Q3Q5".

Wrv,w, |0 —I0,W,, I| <O0.

Notice that this is a one-to-one correspondence, i.e.,
supposed that (E;, E2, E3) is known, (Q1, @2, @3) can
be computed as

Q:=E;", Qs =E;E;', Q1 =E; + EsE;'E].

Finally, by Lemma 1, we need to impose the constraint
S—Q~! > 0 such that (25) can be realized. Notice that

- 4T
Q1 Q3| |1 0 E, 0 I 0
QY Q _Q:,T Q2 0 E| QT Q.
and therefore we have
1 r 1-1 —1 -T
Q1 Q3 | I 0 E, 0 I 0
QY Q- _Q:,T Q2 0 E Q3 Q
[ r ollE o I 0
|-El E;||0 E, -EI E,

Thus, by Schur’s complement, S — Q~! > 0 can be
expressed in terms of E{, Es; and E3

Si  S3 I 0
ST 8, | -El' E,
> 0,

I -EI| E; 0

0 E, 0 E,

which is equivalent to the LMI (22)
S Ss I

ST S, -E, —-ET| >o0.

I —E3 E;
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