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Abstract

We study a nonlinear �ltering problem in which
the signal to be estimated is conditioned by the
observations. The main result establishes path-
wise uniqueness for the unnormalized (Zakai) �l-
ter equation.

1 Introduction

An early work on uniqueness for the stochastic
di�erential equations of nonlinear �ltering is that
of Szpirglas [8]. The basic viewpoint in [8] is
to regard the measure-valued stochastic di�er-
ential equations of nonlinear �ltering as entities
quite separate from the original nonlinear �ltering
problem, for which one can formulate the notions
of solution (or weak solution), pathwise unique-
ness and uniqueness in law, by analogy with the
corresponding de�nitions proposed by Yamada
and Watanabe [9] for Itô stochastic di�erential
equations. With these notions at hand, it is
then established in [8] that pathwise uniqueness
and uniqueness in law hold for both the normal-
ized (Fujisaki-Kallianpur-Kunita) and unnormal-
ized (Duncan-Mortensen-Zakai) �lter equations,
in the case of a nonlinear �ltering problem where
the signal is a Markov process which is inde-
pendent of the Wiener process in the observation
equation, and the sensor function in the observa-
tion equation is uniformly bounded.

Our goal is to look at uniqueness for the stochas-
tic di�erential equations of nonlinear �ltering
from a point of view similar to that of Szpirglas
[8], but for a nonlinear �ltering problem in which
there is dependence of the signal on the observa-
tions. We shall in fact look at the speci�c non-
linear �ltering problem where the signal fXtg is
an R

d -valued process solving an equation of the

form

dXt = b(Xt) dt+B(Xt) dWt + c(Xt) dVt;
(1.1)

the R d1 -valued observation process is de�ned by

Yt =Wt +

Z t

0

h(Xs) ds; (1.2)

and f(Wt; Vt)g is a standard R
d1+d2-valued

Wiener process (precise conditions on the map-
pings b(�), B(�), c(�) and h(�) will be stated in
Section 2). The pair (1.1) and (1.2) represents a
simple model of a signal and observation in which
the signal fXtg depends on the Wiener process
fWtg of the observation equation.

Motivated by Szpirglas [8], we shall regard the �l-
ter equations for this nonlinear �ltering problem
as measure-valued stochastic di�erential equa-
tions, de�ned quite independently of the �ltering
problem, and will formulate the notions of weak
solution and pathwise uniqueness for the Zakai
(or unnormalized) �lter equation. Our main re-
sult (see Theorem 2.7 to follow) establishes path-
wise uniqueness for the unnormalized �lter equa-
tion, subject to reasonably general conditions on
the mappings b(�), B(�), and c(�) in the signal
equation (1.1), and a uniform boundedness condi-
tion on the sensor function h(�) in the observation
equation (1.2). As will be seen from the discus-
sion of Section 2 (see Remark 2.9) the elegant
semigroup ideas used by Szpirglas [8] to establish
pathwise uniqueness do not extend to the �ltering
problem represented by (1.1) and (1.2), where the
signal fXtg depends on the observation Wiener
process fWtg, and we will use an approach quite
di�erent from that of [8].



2 Stochastic Di�erential Equations of

Nonlinear Filtering

Remark 2.1. For a complete separable metric
space E, let B(E) denote the corresponding Borel
�-algebra. B(E) denotes the set of real-valued
uniformly-bounded Borel measurable mappings
on E, while C(E) denotes the set of real-valued
continuous functions on E, and �C(E) denotes the
members of C(E) which are uniformly bounded.
Also, let M+(E) denote the space of all posi-
tive bounded measures on the measurable space
(E;B(E)), with the usual topology of weak con-
vergence, and let P(E) denote the collection of all
members of M+(E) which are probability mea-
sures. Let C1(R q ) denote the set of in�nitely
smooth real-valued mappings on Euclidean space
R
q , and let C1c (R q ) be the collection of members

of C1(R q ) with compact support. Finally, let
Ĉ(R q ) denote the collection of members of �C(R q )
which vanish at in�nity.

Consider a nonlinear �ltering problem made up
of the following basic elements:

E.1 A �xed �nite interval of interest [0; T ].

E.2 A complete probability space (
;F ; P ) car-
rying a �ltration fFt; t 2 [0; T ]g such that F0

includes all null events of (
;F ; P ). De�ned
on (
;F ; P ) is an R

d -valued continuous fFtg-
adapted process fXt; t 2 [0; T ]g and an R

d1+d2-
valued fFtg-Wiener process f(Wt; Vt); t 2 [0; T ]g
such that (1.1) holds, where b : R

d ! R
d ,

B : R d ! R
d�d1 , and c : R d ! R

d�d2 are Borel-
measurable and locally bounded functions (that
is, uniformly bounded over bounded subsets of
R
d).

E.3 An R
d1 -valued observation process fYt; t 2

[0; T ]g de�ned by (1.2), where h : R d ! R
d1 is

Borel-measurable and uniformly bounded.

De�ne the observation �ltration fFY
t g by

FY
t := �fYu; u 2 [0; t]g _ N (P ); (2.3)

where N (P ) := fN 2 F : P (N) = 0g. From
Lemma 1.1 of Kurtz and Ocone [4] there ex-
ists some P(R d)-valued fFY

t g-optional process
f�t; t 2 [0; T ]g, called the optimal �lter, which
is de�ned on (
;F ; P ) and satis�es

�t� = E[�(Xt)jF
Y
t ] a:s:; (2.4)

for each t 2 [0; T ] and � 2 B(R d). The R
d1 -

valued innovations process de�ned by

Ikt := Y k
t �

Z t

0

�sh
k ds; (2.5)

is a fFY
t g-Wiener process (see Theorem VI.8.4 of

Rogers and Williams [6]). Now de�ne m : R d !
R
d�(d1+d2) by

m(x) :=
�
B(x) c(x)

�
; 8 x 2 R

d ;

and put

A�(x) :=
dX

i=1

bi(x)@i�(x)

+
1

2

dX
i;j=1

[m(x)mT (x)]ij@i@j�(x);

Bk�(x) :=
dX

i=1

Bik(x)@i�(x); k = 1; : : : ; d1;

for each x 2 R
d ; � 2 C1(R d). Then, from The-

orem VI.8.11 of Rogers and Williams [6], we see
that the optimal �lter f�t; t 2 [0; T ]g satis�es the
relation

d�t� = �t(A�) dt +

d1X
k=1

[�t(h
k�+Bk�)

� (�th
k)(�t�)] dI

k
t ; (2.6)

for each � 2 C1c (R d). This is known variously
as the Fujisaki-Kallianpur-Kunita equation, the
Kushner-Stratonovich equation, or the normal-
ized �lter equation.

One can typically associate a simpler unnor-
malized �lter equation with the normalized �lter
equation. For this purpose the following addi-
tional notation is useful: If fMtg is a continu-
ous fFtg-semimartingale, and f
tg is a locally
bounded fFtg-progressively measurable process,
then 
 �M denotes the stochastic integral of 

with respect to M . Also, put

E(M)t := exp

�
Mt �

1

2
hMit

�
;

�t := E

 
�

d1X
k=1

(�hk) � Ik

!
t

; 8 t 2 [0; T ]:

De�ne the M+(R d)-valued process f�tg by

�t� :=
�t�

�t
; 8 t 2 [0; T ]; � 2 B(R d):

(2.7)



Using Itô's formula and the normalized �lter
equation (2.6), we easily arrive at the Duncan-
Mortensen-Zakai equation or unnormalized �lter
equation: for each � 2 C1c (R d) [ f1g we have

d�t� = �t(A�) dt+

d1X
k=1

�t(h
k�+Bk�) dY

k
t :

Furthermore, observe from the uniform bounded-
ness of h(�) that f(�t;Ft); t 2 [0; T ]g is a martin-
gale, so that

Q(A) := E
~P [�T ;A]; 8A 2 F ; (2.8)

de�nes a probability measure Q on (
;F) which
is equivalent to the probability measure P . Now
the Girsanov theorem shows that f(Yt;Ft); t 2
[0; T ]g is a Wiener process on (
;F ; Q).

Motivated by this discussion, we next formulate
the notion of a weak solution of the unnormal-
ized �lter equation on a general probability space
which is generally distinct from the �xed proba-
bility space (
;F ; P ) on which the nonlinear �l-
tering problem is de�ned (see E.2).

De�nition 2.2. A weak solution of the
unnormalized �lter equation is a pair
f(~
; ~F ; f ~Ftg; ~Q); (~�t; ~Yt)g such that

1. (~
; ~F ; f ~Ftg; ~Q) is a complete �ltered probabil-
ity space;

2. f ~Yt; t 2 [0; T ]g is an R
d1 -valued f ~Ftg-Wiener

process;

3. f~�t; t 2 [0; T ]g is a M+(R d)-valued continu-
ous f ~Ftg-adapted process such that the random
element ~�0 takes values in P(R d), and, for each
� 2 C1c (R d) [ f1g, we have

d~�t� = ~�t(A�) dt+

d1X
k=1

~�t(h
k�+Bk�) d ~Y

k
t :

(2.9)

De�nition 2.3. The unnormalized �l-
ter equation has the property of path-
wise uniqueness when the following
holds: If f(~
; ~F ; f ~Ftg; ~Q); (~�1t ; ~Yt)g and
f(~
; ~F ; f ~Ftg; ~Q); (~�2t ; ~Yt)g are weak solutions
of the unnormalized �lter equation such that
~Q(~�10 = ~�20) = 1, then

~Q
�
~�1t = ~�2t 8t 2 [0; T ]

�
= 1:

Our goal is to establish pathwise uniqueness for
the unnormalized �lter equation. To this end we

postulate the following conditions on the map-
pings b(�), B(�), c(�) in (1.1), and the mapping
h(�) in (1.2):

Condition 2.4. The mapping b : R d ! R
d is

Borel-measurable, and the mappings B : R d !
R
d�d1 and c : R

d ! R
d�d2 are continuous.

There exists a constant C 2 [0;1) such that
maxi;j;kfjbi(x)j; jBij(x)j; jcik(x)jg � C[1 + jxj];
for each x 2 R

d .

Condition 2.5. The mapping c : R d ! R
d�d2 is

such that the matrix c(x)cT (x) is strictly positive
de�nite for every x 2 R

d .

Condition 2.6. The mapping h : R d ! R
d1 is

Borel-measurable and uniformly bounded.

We can now state our main result:

Theorem 2.7. Suppose that Conditions 2.4,
2.5, and 2.6 hold for the nonlinear �ltering prob-
lem given by E.1, E.2 and E.3. Then the unnor-
malized �lter equation has the property of path-
wise uniqueness.

Remark 2.8. Following Yamada and Watanabe
[9] one can formulate notions of uniqueness in law
for weak solutions of the normalized and unnor-
malized �lter equations. Then Theorem 2.7, to-
gether with a modi�cation of the basic construc-
tion of Yamada and Watanabe [9], can be used
to establish uniqueness in law for the normalized
and unnormalized �lter equations. See [5].

Remark 2.9. Szpirglas [8] establishes pathwise
uniqueness for the unnormalized �lter equations
in the case where the signal fXtg is independent
of the Wiener process fWtg in the observation
equation, and adopts a somewhat stronger no-
tion of weak solution than we do in De�nition
2.2, namely it is insisted that the unnormalized
�lter relation hold for each and every function in
the domain of the in�nitesimal generator of the
signal fXtg. In the context of the nonlinear �l-
tering problem given by E.1, E.2, and E.3 this
amounts to taking Bk � 0, so that a weak so-
lution f(~
; ~F ; f ~Ftg; ~Q); (~�t; ~Yt)g satis�es the re-
lation

d~�t� = ~�t(L�) ds+

d1X
k=1

~�t(h
k�) d ~Y k

t ;

(2.10)

for each � 2 D(L), the domain of the in�nitesi-
mal generator L of fXtg. The nice thing about



(2.10) is that it includes reference to just one un-
bounded linear operator, namely the generator L
of the signal fXtg, and the resolvent identity can
be used to eliminate L, and re-write (2.10) in in-
tegral form

~�t� = ~�0(Pt�) +

d1X
k=1

Z t

0

~�s(h
kPt�s�)d ~Y

k
s ;

(2.11)

where fPtg is the Borel semigroup with in�nites-
imal generator L (see Th�eor�eme IV.1 of [8]).
Consequently, it is enough to establish pathwise
uniqueness for (2.11) in order to conclude path-
wise uniqueness for the unnormalized �lter equa-
tion. Now (2.11) involves only the bounded linear
operators fPtg, and this structure makes it possi-
ble to establish pathwise uniqueness for solutions
of (2.11) by iterating a Gronwall-like integral in-
equality (see Section V.2 of Szpirglas [8]). Com-
paring (2.10) with the unnormalized �lter equa-
tion (2.9) for the nonlinear �ltering problem de-
�ned by (1.1) and (1.2), we see that (2.9) includes
two unbounded linear operators, namely the �rst-
order di�erential operator Bk which results from
dependence of the signal fXtg on the Wiener pro-
cess fWtg of the observation equation, as well
as the second-order di�erential operator A cor-
responding to the signal process fXtg. In this
case there seems to be no clear way of adapting
the elegant semigroup ideas of [8] to remove both
of these unbounded operators and get an equiv-
alent equation involving just bounded linear op-
erators. Accordingly, the approach that we shall
use to establish Theorem 2.7 is di�erent from that
of Szpirglas [8], and relies on a uniqueness theo-
rem for measure-valued evolution equations (see
Theorem 3.14 to follow).

Remark 2.10. Uniqueness for the normalized
and unnormalized �lter equations has also been
studied by Bhatt, Kallianpur and Karandikar [1],
Rozovskii [7], and Kurtz and Ocone [4] from a
somewhat di�erent point of view than that taken
by Szpirglas [8] and the present work. To see this
in the context of the �ltering problem given by
(1.1) and (1.2), recall that the unnormalized opti-
mal �lter f�tg de�ned by (2.7) solves the Duncan-
Mortensen-Zakai equation, namely for each � 2
C1c (R d) [ f1g we have

d�t� = �t(A�) dt+

d1X
k=1

�t(h
k�+Bk�) dY

k
t :

(2.12)

With this in mind, the following question is nat-
ural: Suppose that f�tg is some M+(R d)-valued,

cadlag, and fFY
t g-adapted process on (
;F ; P ),

such that for each � 2 C1c (R d) [ f1g we have

d�t� = �t(A�) dt+

d1X
k=1

�t(h
k�+Bk�) dY

k
t ;

(2.13)

with

�0 = �0 a.s.

Does it necessarily follow that f�tg and f�tg are
indistinguishable? The works of Bhatt, Kallian-
pur and Karandikar ([1], Theorem 3.1), Rozovskii
[7], and Kurtz and Ocone ([4], Theorems 4.2 and
4.7), provide conditions on the nonlinear �ltering
problem for which the answer is in the aÆrma-
tive. It should be noted that uniqueness in this
sense can be established for much more general
nonlinear �ltering problems than that represented
by the simple model (1.1) and (1.2), but, on the
other hand, the pathwise uniqueness established
in [1], [7] and [4] is quite di�erent from that given
by Theorem 2.7, since the candidate solution f�tg
of the �lter equation (2.13) is postulated to be
adapted speci�cally to the observation �ltration
fFY

t g (in fact, the arguments used in [1], [7], and
[4], rely crucially on this restriction). In contrast,
Theorem 2.7(i) establishes pathwise uniqueness
in the more general sense of De�nition 2.3, where
the candidate solutions f(~
; ~F ; f ~Ftg; ~Q); (~�

1
t ;
~Yt)g

and f(~
; ~F ; f ~Ftg; ~Q); (~�2t ; ~Yt)g are de�ned on an
arbitrary �ltered probability space, and there is
no insistence that the measure-valued compo-
nents f~�1t g and f~�2t g of the two solutions be
adapted to the self-�ltration of f ~Ytg. The useful-
ness of this latter notion of pathwise uniqueness
is that, by an adaptation to the �lter equations of
the construction of Yamada and Watanabe [9], it
leads to uniqueness in law for the normalized and
unnormalized �lter equations (see Remark 2.8).
Uniqueness in law turns out to be essential for
studying weak limits and approximations of the
nonlinear �lter equations by the method of mar-
tingale problems and weak convergence.

3 Proof of Theorem 2.7

Remark 3.11. Suppose that E is a complete
separable metric space, and Q : D(Q) ! B(E)
is a mapping with domain D(Q) � B(E). Then
f�t; t 2 [0; T ]g is called an M+(E)-valued so-
lution of the evolution equation for (Q;D(Q)),
when (i) �t 2 M+(E), 8 t 2 [0; T ], and �0 2
P(E); (ii) for each � 2 B(E), the mapping t !



�t(�) : [0; T ] ! [0;1) is Borel-measurable; (iii)

for each f 2 D(Q) we have
R T
0
j�s(Qf)jds < 1,

and

�tf = �0f +

Z t

0

�s(Qf) ds; 8t 2 [0; T ]:

(3.14)

The evolution equation for (Q;D(Q)) is said to
have uniqueness in the class of M+(E)-valued
solutions over the interval [0; T ] when, for any
two such solutions f�it; t 2 [0; T ]g, i = 1; 2, with
�10 = �20, it follows that �

1
t = �2t ; 8t 2 [0; T ]:

Proof of Theorem 2.7 Fix weak solutions
f(~
; ~F ; f ~Ftg; ~Q); (~�it; ~Yt)g; i = 1; 2, of the unnor-
malized �lter equation, such that

~Q
�
~�10 = ~�20

�
= 1; (3.15)

and de�ne product measures on (R 2d ;B(R 2d)) by

�12t (�; ~!) := (~�1t � ~�2t )(�; ~!);

for all (t; ~!) 2 [0; T ] � ~
. A simple applica-
tion of the Dynkin class theorem establishes that
the mapping (t; ~!) ! �12t (�; ~!) : ~
 � [0; T ] !
[0;1) is measurable with respect to the f ~Ftg-
progressive �-algebra, for each � 2 B(R 2d), Also
put

�12t (�) := E
~Q[�12t (�)]; (3.16)

for all � 2 B(R 2d); t 2 [0; T ]. It readily
follows that �12t de�nes a positive measure on
(R 2d ;B(R 2d)) for every t 2 [0; T ]. Using uniform
boundedness of h(�) it is easily shown that

sup
t2[0;T ]

�12t (R 2d) <1:

This shows that �12t is a positive measure on
(R 2d ;B(R 2d), uniformly bounded with respect to
t 2 [0; T ], while Fubini's theorem shows that
the mapping t ! �12t (�) : [0; T ] ! R is Borel-
measurable for each � 2 B(R 2d). Next, de�ne
�11t ; �22t 2 M+(R 2d); t 2 [0; T ], analogously to
�12t , by

�iit (�) := E
~Q[(~�it � ~�it)(�)]; (3.17)

for each � 2 B(R 2d); t 2 [0; T ]; i = 1; 2. In the
same way as for �12

�
, we see that �ii

�
are positive

measures on (R 2d ;B(R 2d)), uniformly bounded
with respect to t 2 [0; T ], and the mappings
t ! �iit (�) : [0; T ] ! R are Borel-measurable for
each � 2 B(R 2d), i = 1; 2.

For mappings f1; f2 2 B(R d) de�ne the tensor
product of f1 with f2 to be the mapping f1
 f2 :
R
2d ! R given by

f1 
 f2(x1; x2) := f1(x1)f2(x2);

for all x1; x2 2 R
d . In view of (3.16) and (3.17),

for each f1; f2 2 B(R d) we have

�12t (f1 
 f2) = E
~Q[(~�1t f1)(~�

2
t f2)]; (3.18)

�iit (f1 
 f2) = E
~Q[(~�itf1)(~�

i
tf2)]; (3.19)

for i = 1; 2: From (3.15), (3.16), and (3.17) we see
that �110 , �220 , and �120 are probability measures on
B(R 2d), and

�110 = �220 = �120 : (3.20)

Using this fact, we shall establish

�11t = �22t = �12t ; t 2 [0; T ]; (3.21)

from which pathwise uniqueness follows. Indeed,
if (3.21) holds, then for each f 2 B(R d) we have

�11t (f 
 f) = �22t (f 
 f) = �12t (f 
 f);

and therefore from (3.18) and (3.19),

E
~Q[(~�1t f � ~�2t f)

2]

= �11t (f 
 f)� 2�12t (f 
 f) + �22t (f 
 f)

= 0:

Thus, for each t 2 [0; T ] and f 2 B(R d), we have

~Q
�
~�1t f = ~�2t f

�
= 1: (3.22)

Since Ĉ(R d), equipped with the supremum norm,
is separable and separates bounded positive mea-
sures on B(R d) (see Problem 5.4.25 of Karatzas
and Shreve [3]), it follows from (3.22) that ~Q[~�1t =
~�2t ] = 1 for each t 2 [0; T ]. Now Theorem 2.7
follows from the fact that f~�it; t 2 [0; T ]g are
continuous (see De�nition 2.2).

It remains to establish (3.21) in order to prove
Theorem 2.7. To this end, for each x1; x2 2 R

d

de�ne the 2d� 2d matrix �a(x1; x2), the 2d vector
�b(x1; x2), and the real number �h(x1; x2) by

�a(x1; x2) :=

�
ccT (x1) 0

0 ccT (x2)

�
(3.23a)

+

�
B(x1)
B(x2)

� �
BT (x1) BT (x2)

�
(3.23b)

�b(x1; x2) :=

�
b(x1) +B(x1)h(x2)
b(x2) +B(x2)h(x1)

�
(3.23c)

�h(x1; x2) :=

d1X
k=1

hk(x1)h
k(x2): (3.23d)



Remark 3.12. Observe that the matrix
�a(x1; x2) is symmetric and strictly positive-
de�nite (see Condition 2.5), that �a(�) is contin-
uous on R

2d , �b(�) is Borel-measurable on R
2d ,

and �h 2 B(R 2d). Moreover, from Conditions 2.4
and 2.6, there is a constant K 2 [0;1) such that
j�bi(x)j � K[1 + jxj] and j�aij(x)j � K[1 + jxj2]
for all x 2 R

2d . Let �A be the second order
linear di�erential operator corresponding to the
matrices �a and �b, namely

�A�(x) :=
2dX
i=1

�bi(x)@i�(x) (3.24)

+
1

2

2dX
i;j=1

�aij(x)@i@j�(x); (3.25)

for all � 2 C1(R 2d); x 2 R
2d : Then �A has the

following property which is established in [5]:

Lemma 3.13. Suppose that Conditions 2.4{2.6
hold. Then f�11t ; t 2 [0; T ]g, f�12t ; t 2 [0; T ]g,
and f�22t ; t 2 [0; T ]g, given by (3.16) and (3.17),
are M+(R 2d)-valued solutions of the evolution
equation for ( �A+ �h; spanf1; C1c (R 2d)g).

It remains to show that the evolution equation for
( �A+ �h; spanf1; C1c (R 2d)g) has uniqueness in the
class of M+(R 2d)-valued solutions over the in-
terval [0; T ], since this fact, along with (3.20) and
Lemma 3.13, gives (3.21), as required to establish
Theorem 3.14(i). To this end we need the fol-
lowing result from [2] on uniqueness of measure-
valued solutions of the evolution equation corre-
sponding to a multiplicatively perturbed linear
second-order di�erential operator on Euclidean
space:

Theorem 3.14. Let C be the linear second-order
di�erential operator on the �nite-dimensional
Euclidean space R

q de�ned by D(C) :=
spanf1; C1c (R q )g and

Cf(x) :=
X
i

�i(x)@if(x) (3.26)

+
1

2

X
i;j

�ij(x)@i@jf(x); (3.27)

for all x 2 R
q ; f 2 D(C), where � : R q ! R

q

is Borel measurable, � : R q ! S
q�q
++ (the space

of q by q real symmetric strictly positive de�nite
matrices) is continuous, and there exists a con-
stant K 2 [0;1) such that j�i(x)j � K(1 + jxj)
and j�ij(x)j � K(1 + jxj2) for all x 2 R

q . If
� 2 B(R q ) then the evolution equation for (C �
�;D(C)) has uniqueness in the class of M+(R q )-
valued solutions over the interval [0; T ].

That the evolution equation for ( �A +
�h; spanf1; C1c (R 2d)g) has uniqueness in the
class of M+(R 2d)-valued solutions over the
interval [0; T ] now follows from Remark 3.12
and Theorem 3.14 with q := 2d, �(�) := �b(�),
�(�) := �a(�), and �(�) := ��h(�). �
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