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Abstract. Input-to-state stability was introduced
about 10 years ago. This notion is nowadays a cen-
tral concept in the analysis of nonlinear systems. How-
ever, most, theoretical developments dealt mainly with
time invariant systems. In this work we study the Lya-
punov characterizations of input-to-state stability for
time varying nonlinear systems, and in particular, for
periodic time varying systems. We also present a small
gain theorem for time varying nonlinear systems.

Keywords: time varying nonlinear systems, periodic sys-
tems, input-to-state stability, Lyapunov methods.

1. Introduction

The notion of input-to-state stability (Iss, for short)
was formulated by E.D. Sotnag in [19]. During the
past decade, this notion has found wide applications
in modern nonlinear feedback analysis and design, see
e.g., [2,9, 6,8, 25, 11, 10, 16, 17, 21, 22, 1]. It is now
recognized as a central concept in nonlinear system the-
ory, and it provides a nonlinear generalization of finite
gains with respect to L, norms. Moreover, this notion
is also mathematically natural: there are characteri-
zations in terms of dissipation, stability margins, and
classical Lyapunov-like functions, see [21, 22].

On the other hand, most theoretical developments for
1SS stability dealt mainly with time invariant systems.
In practice, it is very often the case that the systems
under consideration are time varying. Such a situation
often arises from, e.g., trajectory tracking problems. It
is thus natural to understand the 1SS property, in partic-
ular, the Lyapunov characterizations, for time varying
systems. Our main result in this aspect is that a time
varying system is 1SS if and only if it admits a smooth
1Ss-Lyapunov function; and for periodic systems, the
Lyapunov function is also periodic in ¢ with the same
period.

The Lyapunov characterization was first considered
in [12], where the stability properties of a time vary-
ing system were treated as the stability properties with
respect to a closed, noncompact, invariant set for a cor-
responding auxiliary system. The proof can be signif-
icantly simplified by applying the converse Lyapunov
theorems recently developed for output stability (or
partial stability) in [23, 24]. The less routine part is
the periodic case, where one needs to track the peri-
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odic properties for the functions involved in the proofs;
and more importantly, to generalize the smooth approx-
imation result developed in [13, Appendix] to the peri-
odic case. The significance of the existence of periodic
Lyapunov functions lies in the fact that many feedback
designs, such as back-stepping, are based on Lyapunov
functions. It ensures that a feedback law developed on
the basis of a Lyapunov function for periodic systems
is again periodic with the same period.

Another contribution of this work is the nonlinear small
gain theorem for time varying systems. The small gain
theorems are very powerful in treating stability and sta-
bilization problems for inter-connected systems. The
first such small gain theorem for nonlinear systems was
obtained in [8], and the theorem was again derived in [2]
by a much simpler proof in conjunction with the results
in [22]. In [7], a small gain theorem was presented in
terms of Lyapunov functions. In [5], a small gain theo-
rem was obtained for input-output operators that can
be viewed as an elaboration of both small gain theo-
rems obtained in [14] and [8]. In this work we pro-
vide a small gain theorem for time varying nonlinear
systems using the Lyapunov formulation, following the
same idea as in [7]. One can also develop a small gain
theorem for time varying systems by applying the re-
sults in [8] to some auxiliary time invariant systems. As
Lyapunov functions play a fundamental role in system
analysis and design, we adopt the Lyapunov-like ap-
proach in this work to derive a small gain theorem for
the time varying case. Moreover, our proof shows how
to obtain a Lyapunov function for the inter-connected
system based on the Lyapunov functions for each of the
subsystems.

2. Input to State Stability

Consider the time varying system

&(t) = f(t,x(t),u(t)), (1)

where, for each t, z(t) € R*, u(t) € R™, and f :
R x R* x R™ — R"” is locally Lipschitz. Inputs, de-
noted by u, are measurable, locally essentially bounded
functions from R to R™. We use z(t, &, to,u) to denote
the trajectory of the system corresponding to the ini-
tial condition z(tp) = £ and the input function uw. This
solution is uniquely defined on some maximum interval
[to, Tig.c.u) With Ty, ¢4 < 00. If Ty ¢ o, = o0 for all £g, &
and all u, the system is said to be forward complete.



Throughout this work, we use |£| to denote the Eu-
clidean norm for £ € R”, and, for —oco < a < b < o0,
we use [[ul, ;) to denote the LT norm of u as a func-

tion defined on the interval (a,b). For a closed subset
A of R™, we use |{| , to denote the point-to-set distance
from £ to A, that is,

|| 4 = inf{| —n|: ne A}

A nonempty subset A is said to be O-invariant for sys-
tem (1) if every trajectory with zero input starting from
A is defined for all ¢t > ty and stays in A for all ¢ > tp.
That is, for the zero-input system

:L‘(t) = f(t,l’(t), 0)) (2)

it holds that z(t,&,t0,0) € A for all t > ty whenever
e A

A function a : R>g = R>q is of class K if it is con-
tinuous, positive definite, and strictly increasing, and
is of class Ky if it is also unbounded. A function
B : Rso x Rsg = Ryp is said to be of class KL if
for each fixed t > 0, B(-,t) is of class K, and for each
fixed s > 0, 3(s,t) decreases to 0 as t — oc.

Definition 2.1 Suppose that system (1) is forward
complete. The system is input-to-state stable (1ss) with
respect to a nonempty, closed O-invariant set A if there
exist 8 € KL and v € K such that, for each initial
time tg, each initial state ¢ and each input function u,
it holds that

|z(t, & to, u)| 4 < B(IEl 4t —t0) + (||“||(t0,oo)) (3)

for all t > . In the case when A4 = {0}, we simply say
that such a system is 1Ss.

Observe that in the case when A is compact, the com-
pleteness assumption is redundant in the above defini-
tion.

As in the time invariant case, if system (1) is 1SS, then
the corresponding 0-input system (2) is uniformly glob-
ally asymptotically stable, that is, there exists some
B € KL such that for every trajectory z(t, &, to) of sys-
tem (2), it holds that

|x(t>£7t0)|AS6(|£|A)t_t0)) VtZO

2.1 ISS-Lyapunov Functions

A smooth function V' : R x R* — Ryo is an ISs-
Lyapunov function with respect to a set A if there exist
Koo-functions a, @, X and a continuous positive definite
function a such that

a([€l4) SV(#E) <allgly) Vi, VE (4)

and

€la 2 X(lpl) =

ov Vv

0
5 16+ 6—£(t,§)f(ta€,u) < —a(l¢l0)- (3)

Note that it results in an equivalent definition if one
requires that the estimate (5) holds for some a € Ko
(in contrast to requiring « be merely positive definite)
(cf. [13, 12]).

It was shown in [21] that for a time invariant system & =
f(z,u), the 1ss property is equivalent to the existence
of an 1ss-Lyapunov function V' which is independent of
t, and in the case when A is compact, property (5) is
equivalent to the existence of a € K, and o € K such
that v

6—£(€)f(t,£,u) < —a(lé] ) +o(lu)- (6)
A natural question to ask is if this equivalence relation
still holds for time varying systems, that is, if (5) is
equivalent to the existence of a € K, and o € K such
that

v av

5 1O+ 3¢ &) f (& ) < —a(lf] ) +o(|ul)- (7)

The answer to this question is in general not true for the

time varying case even when A = {0}. As an example,
consider the one-dimensional single input system

&(t) = —z(t) + (1 + )q(u(t) — |z(@)]),

where ¢ : R — R is a smooth function satisfying ¢(r) =
0 for all7 < 0 and g(r) > 0 for all r > 0. Let V() = £2.
It is not hard to see that

V) > = %—Z(f)f(t,&u) _—

Yet V fails to satisfy property (7).

Theorem 1 A forward complete time wvarying sys-
tem (1) is 1SS with respect to A if and only if it admits
a smooth 18S-Lyapunov function V with respect to A. 1

In the case when A is compact, the completeness as-
sumption is redundant.

Corollary 2.2 Suppose 0 is an equilibrium for the 0-
input system (2). Then system (1) is 1s if and only if
it admits an 1Ss-Lyapunov function. a

2.2 Stability Margin

Consider system (1). A locally Lipschitz Ky -function
p is called a Ko-stability margin for the system with
respect to A if the system

&(t) = f(t,x(t), d(t) p(lz(t)] 1)) (8)
is uGas for all measurable functions d : R — By, (where

By denotes the closed unit ball of R™), that is, for some
B € KL, it holds that

|m(t7£)t0;d)|A < ﬁ(|£|A7t_t0)

for all trajectories of system (8).

Vit >0,



Proposition 2.3 A forward complete time varying
system is 1SS with respect to A if and only if it admits
a Ko-stability margin with respect to A. |

Clearly, when the set A is compact, the completeness
condition is redundant.

3. Robust Uniform Asymptotic Stability

Consider system

&(t) = f(t,z(t),d(t)), (9)
where disturbances, denoted by d(-), are measurable
functions from R to 2 for some compact subset 2 of
R™. We assume that f : RxR"™ x{) — R is continuous,
and f(-,-,v) : R x R" is locally Lipschitz uniformly on
v e

Let A be a nonempty subset of R”. We say that A is
(forward) invariant if z(¢, &, to,d) € A for all t >t and
all d whenever £ € A.

We say that such a system is uniformly globally asymp-
totically stable (UGAS) with respect to a closed invariant
set A if there exists some 8 € KL such that

|m(t7£>t07d)|AS6(|£|A>t_t0) VtZto, (10)
for all ¢y, all £ and all d.

A smooth function V : R x R* = Ryq is called a Lya-
punov function for (9) with respect to A if (4) holds for
some a,@ € K, and

ov ov

holds for some a € K. In the special case when the
system is disturbance free, i.e., when f is independent of
d, the notations UGAS and Lyapunov function reduce to
the corresponding notations in the classical literature,
see e.g., [4].

It was shown in [13] under the backward completeness
assumption that a time invariant system is UGAS with
respect to A if and only if it admits a smooth Lya-
punov function V' that is independent of ¢. This result
is enhanced by Theorem 2 in [23] so that the backward
completeness assumption is not needed. By applying
Theorem 2 in [23] to the auxiliary system

() = FO®), z(D), d(1), A(H) =1, (12)
one can derive the Lyapunov characterization for UGAS
in the time varying case:

Proposition 3.4 A forward complete time varying
system (9) is UGAS with respect to a closed invariant
set A if and only if it admits a Lyapunov function with
respect to A. a

4. Periodic Systems

In this section, we consider the Lyapunov characteriza-
tions of UGAS and the 1SS properties for periodic time
varying systems.

4.1 Robust Uniform Asymptotic Stability
Consider a periodic time varying system under the ef-
fect of disturbances, that is, a system as in (9), where
f(t,z,d) is periodic in ¢ with some period 7.

Theorem 2 Let (9) be a forward complete periodic
system. Then the system is UGAS with respect to a
closed invariant set A if and only if it admits a Lya-
punov function V(t,x) with respect to A that is periodic
in t with the same period T for f(t,z,d).

Observe that when the set 4 is compact, especially
when A = {0}, the completeness assumption is redun-
dant.

Sketch of the Proof. The main idea of the proof is to
first show that the method used in [24] can lead to
a Lyapunov function with the periodic property that
is locally Lipschitz on A§, where 4; = R x A, and
continuous everywhere; and then by a modified smooth
approximation result in [13], one can obtain a smooth
Lyapunov function with the periodic property. Below
we provide more details.

Suppose that f is periodic in ¢ with period 7. By the
uniqueness property, one sees that

:L’(t + (T + tO):&)T + tO;d) = 1’(t + t07£)t0;dT) (13)

holds for all #,tp € R, all £ € R” and all d, where dr is
the disturbance function defined by dr(t) = d(t — T).
For the function 8 € KL, there exist p,¢ € Ky such
that p(8(s,r)) < ¢(s)e™?" (cf. [20]). Define

UX,€) = sup p(lz(t + X6 N d)| e (14)
t>0,d

By (13), the function U(A, &) is periodic in A with pe-
riod T'. It can also be seen that

p(IEl4) ST E) < o([€] 4)- (15)

By Proposition 5 in [24], the function U is locally Lips-
chitz on Af, continuous everywhere, and for almost all

(tﬂg) g Al:

ou oUu

Thus, we get the following:

Lemma 4.5 The function U defined by (14) is locally
Lipschitz on A{, continuous everywhere, periodic in A
with period T', and satisfies estimates (15) and (16). O

By the smoothing argument used as in the proof of
Theorem 2.8 in [13] together with the smooth approxi-
mation result Theorem 5 provided in the Appendix, one
can build a smooth Lyapunov function V (¢, z) with re-
spect to A that is periodic in ¢ with the period T by
approximating the function U.



4.2 Input to State Stability

Counsider a periodic control system as in (1) where f is
periodic in ¢ with some period T'. By Proposition 2.3,
one knows that such a system is 1SS with respect to a
closed O-invariant set A if and only if it admits a Koo
stability margin, i.e., for some smooth function p € K,
the corresponding system as in (8) is UGAS. Observe
that the map F(t,z,d) := f(t,z,dp(|x]4)) is again pe-
riodic in ¢, with the same period T for f. Hence, by
applying (2), one sees that there is a smooth Lyapunov
function V', periodic in ¢ with period T, that satisfies (4)
and, for some a € K,

ov

5 (HE + 5 ( OF (& np([€] 1) < —a(lé],) (17)
for all ¢, all £ and all p € By. Observing that inequal-
ity (17) is equivalent to (5) with X = p~!, one reaches
the following conclusion:

Theorem 3 A forward complete periodic system (1) is
1SS with respect to A if and only if it admits a smooth
1SS-Lyapunov function, periodic in t with the same pe-
riod T of f, with respect to A. |

Again, we note that the completeness condition is not
needed when the set A is compact.

5. A Small Gain Theorem

In this section, we consider the ISS property for inter-
connected time varying systems

@1 (1) fi(t,wo(t),vi(t),ui(t)),
i) = htob.vduwe), 18

subject to the inter-connection constraints:
vi(t) = m2(t), va(t) = 21 (1), (19)

where, for i = 1,2 and for each t, z;(t) € R™, u;(t) €
R™i | v;(t) € RP* with py = na,p2 = ny, and the map
fi : RxR™ xRPi x R™ — R™ is locally Lipschitz, and
f1(t,0,0,0) = f2(¢,0,0,0) = 0 for all ¢&. To make the
presentation simpler, we focus on the equilibrium case.

Assume that both the z1- and the zs-subsystems are
1SS with (v1,u1) and (ve,u2) as inputs. Consequently,
there exist smooth 1ss-Lyapunov functions V;, Vs such
that there exist some a;, @; € Ko (i = 1,2) such that

a;(1&]) < Vilt, &) < a@i(|&il), (20)
and for some K -functions X;,v; and «; (i = 1,2),
Vi(t, &) > max{X;(|vi]),vi(lui)} =
THe) + S ) (2D
< —oi(Vi(t, &))-
Note that when working with the inter-connected sys-

tem (18)-(19), property (21) is equivalent to the exis-
tence of X;,7; € K and «; € Koo, (i = 1,2), such that

Vi(t, &) > max{X; (Va(t,&2)), (|l ])} =

e+ 2 (6 Gm) (22

< —a(Vi(t,61)),

Va(t, &) > maX{X2(V1(t 1)), v2(lp2))} =
T8 + GGt G ) (29
< —aa(Va(t, &2)),

for all & € R™ and pu; € R™, i = 1,2. With this, we
have the following:

Theorem 4 Assume that, for i = 1,2, the x;-system
admits an 1SS-Lyapunov function V; satisfying (20)
and (22)-(23). If the small gain condition

X1 0Xa(r) <, Vr >0, (24)
or equivalently, Xo o X1(r) < r for all r > 0, then
the inter-connected system (18) with (19) is 1SS with

(u1,us) as inputs. In particular, the zero input sys-
tem (18)-(19) with u = 0 is UGAS.

Remark 5.6 If V; and V5 are 18s-Lyapunov functions
for the subsystems satisfying (20), and, for some «; €
Koo, 07,0% € K (i = 1,2), it holds that

1771

6V1 oV

(t 1) + 96, (t, &) fr(t, &, 62, 1)
S —ay (Vi(t,61)) + 607 (Va(t, &2)) + 607 (|1 ]),

6V2 (t §2) + f (t &) fa(t, &, &, pu2)

S —as(Va(t,&2)) + 05 (Vi(t, &) + 05 (|p2]),
then X; and X» can be chosen as

Xi(r) = aplo(id+e)obf(r),
Xa(r) = a7 o (id+e)of5(r),
for any given € > 0, where id stands for the identity

function: id(r) = r for all ». Thus, the small gain
condition (24) becomes that, for some € > 0,

a;to(id+e)offoayto(id+e)obi(r) <r,
for all » > 0. o
Applying the small gain theorem together with Theo-

rems 4 and 1, we have the following result for cascades
of time varying systems:

Corollary 5.7 For the cascade system

1 t,ZEl t , L2 t 5
§2Et,$28): " (25)

if the x1-subsystem is 1SS with x5 as inputs, and the
xa-subsystem is UGAS, then the system is UGAS. a



5.1 Proof of Theorem 4

To prove Theorem 4, note that, by letting ¢; = (¢,&),
Ai = {(t,&) - & = 0} for i = 1,2, properties (20)
and (22)-(23) can be re-written as

a; (|Gl 4,) < VilG) <@l

_Al-)a

and
Vi(G) > max{X;1(Va(¢2)), 1 (|m])} =

)
a‘C/l(C1)f1(C1,C2,u1)§ a1 (Vi(Gr)),
Va(C2) > max{X2(Vi(C1)),v2(|ual)} =
s (

72
8? (&) f2(G, G p2) € —aa(Va(G2)),

where fl (Cl) C27 ,LL) = (17 fl(t) El: 62)T)T) f2(C27 Cl)/J‘) =
(1, fo(t, &,&6)T)T. Even though the proof of the small
gain theorem in [7] was for the equilibrium case, it is
also valid for the set case without much modification.
The main idea is to first find X; € Ko such that X;(r) >
X1 (r) for all r > 0; and X; o X»(r) < r for all r > 0.
(If X; € Ko, one may simply take X, = X;.) For the
detailed construction of such X1, see [7]. By replacing
X1 by X; if necessary, one may always assume that X; €
Koo. According to Lemma A.1 in [7], there exists a Koo-
function o that is continuously differentiable in (0, c0)
with ¢'(r) > 0 for all » > 0 such that
Xo(r) < o(r) < Xy *(r), vr>0.
Without loss of generality, one may assume that o is
locally Lipschitz on [0, 00). Define

V(t,&,62) = max{o(V1(C1)), Va(C2)}.  (26)

By following the same steps as in the proof of Theorem
3.1 of [7], one can show that V is an 1SS Lyapunov
function for the inter-connected system (18)-(19) that
is locally Lipschitz on {(¢,&1,&) : (&1,&2) # 0}. With
such a Lyapunov function, it can be shown by standard
methods that the inter-connected system is ISs.

On the other hand, by applying the smoothing argu-
ment as in the proof of Theorem 2.8 in [13], one can
obtain a smooth 1$s-Lyapunov function W. See also
the proof of Theorem 3.1 in [7].

We again remark that in the case when the smooth con-
dition is not a concern, the function V' defined in (26)
can be taken as an ISS-Lyapunov function. Indeed in
many situations, it is much easier to find Lyapunov
functions that are merely locally Lipschitz than to find
smooth ones. Yet any suitably defined Lyapunov func-
tion can be used to guarantee the stability property.
For more detailed discussions, see [18].

Appendix. Smooth Approximations
In this work, we need to generalize the smooth approxi-
mation result, Theorem B.1 in [13], so that the resulted
smooth function still has the same periodic property if
the function to be approximated is periodic in one of
the variables.

Theorem 5 Let O be an open subset of R™, and ) be
a compact subset of R™, and assume given:

e a locally Lipschitz function ® Rx 0O —
R, (X, &) — ®(\, &) that is periodic in A with pe-
riod T';

e a continuous map f : R x O x Q,(\,&v) —
Ff(N & v), periodic in X with period T', that is lo-
cally Lipschitz in (X, &) on R™ x O, uniformly in

v € Q;
e a continuous function o such that for almost all
()\ 6) c ]RnJrl
6<I>
NI (/\ OFN&v) <ald)  (27)

5
for each v € Q;

e two continuous functions p,v : O = Rsg.

Then there exists a smooth function ¥ : R x O —
R, (A, &) = ¥(\, &) that is periodic in A with period T,
such that

|(§(A)£)_\IJ(A)£)| </J’(£)7 er(’), VAER)
and for each (X, €) € R x O and v € Q, it holds that

8 ov

Zx MO+ 52 (A OFA L) < alf) +v().

3

The proof of the theorem basically follows the same idea
used in [13]. But cares should be taken to ensure the
periodic property for the resulted smooth function.

Let ¢ : R**! — R be a smooth nonnegative function
which vanishes outside of the unit disk and satisfies

P(s)ds = 1.
R+l
Write s = (sg, s1) where sp € R, and s; € R*. For any
measurable, locally essentially bounded function ¢ and
any o € (0,1], define the function ®, by convolution
with =L~ 4(s/0), that is

O WIES /Rnﬂq>(>\+080’§+081)¢(80’81)d8' (28)

Observe that if ® is periodic in A with period T', then
®, has the same periodic property. Combining this
with Lemmas B.5 of [13], we have:

Lemma 5.8 For each compact subset K of Rx O, and
for any € > 0, there exists a smooth function ¥x de-
fined on K, periodic in A with period T', such that

sup Ly (Tx)(A€) < aff) +e,
(N\,8)EK,veQ

where for any locally Lipschitz function W and any
v e,

L0 = L0 + FEOOF0 6 ),

when the right-hand side is defined. |



To complete the proof of Theorem 5, we follow the same
idea of “patching by the argument of partition of unity”
as in [13]. But we need to make sure that the “patch-
ing” functions again have the periodic property. For
the sake of simplicity, we assume that 7" = 1.

First, we identify the interval (—1/2,1/2] with Sy, the
unit circle in R?. This can be done by considering the
map 7 : R — S; defined by 7(r) =r if r € (-1/2,1/2],
and 7(r;) = 7(r) if r — ry is an integer. Any mapping
W :Rx0O =R (A& — W(\E) can be treated as
a function W7 defined on S; x O. In the case when
W is periodic in A with period 1, then W; has the
same regularity property as W does, that is, W; € C*
(0 <k < o0)if W e CF.

Since the theorem of partition of unit (cf. [26, Theorem
1.11]) also applies to Sy x O, the same proof toward the
end of Theorem B.1 in [13] can be used to show that
there exists a smooth function ¥, defined on S; x O,
such that

|(I)(>‘a€) - \IJO(A55)| < ,U,(g),
and for any v € Q,

Ls, Wo(A ) < al€) + v(6).

VAe S, VE€O,

To get a desired function ¥ defined on R x O, we let
TN E) = To(r(N),€). Then ¥ is smooth on R x O,
and is periodic in A with period 1.

Finally, we remark that the statement of Theorem 5 is
still true if the function « in (27) depends on all the
three variables: v, A and &.
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