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Abstract

A recent converse Lyapunov theorem for di�erential in-
clusions is used to generate a class of �nite di�erence al-
gorithms for nonsmooth optimization. The algorithms
rely on a proof of asymptotic stability for di�erential
inclusions that contain persistently exciting signals and
the ability to approximate these di�erential inclusions
with �nite di�erences. The notion of persistency of
excitation that is used here generalizes that which is
typically used in the identi�cation and adaptive con-
trol literature.

1 Introduction

1.1 Background
The focus of this paper is a particular problem of
unconstrained nonlinear programming for locally Lip-
schitz functions. We address the task of designing
numerical algorithms that asymptotically determine a
point that minimizes a locally Lipschitz function de-
�ned on Euclidean space without explicitly using the
generalized gradient of the function. (We are motivated
by extremum seeking problems in dynamical systems
with nonsmooth readout maps; see [15].) For contin-
uously di�erentiable functions, this problem has been
addressed in at least two di�erent ways. One approach
has been labeled \derivative free optimization" and is
described in [5] as \all methods which do not attempt
to directly compute approximations to the unavailable
derivative information." The results of [14], [16, 17],
[25], and, more recently [7, 23, 24] are considered to
be in this class. The other approach is to approxi-
mate the gradient by �nite di�erences. This idea has
received considerable attention in both a determinis-
tic and stochastic setting. The initial stochastic re-
sults were reported in [11] and [2] and other important
work can be found in, e.g., [12], [20] and the references
therein. Deterministic results are nicely summarized in
[6]. The main challenge of nonsmooth minimization by
�nite di�erences is that these don't always provide a
good estimate of any element of the generalized gradi-
ent. See [13, Section 3.3] for a description of the \dan-
gers and sins" of using �nite di�erences in nonsmooth
optimization.
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1.2 Contribution
In this paper we build upon the Lyapunov method of
nonsmooth minimization developed in [21] which ap-
plies, most transparently, to locally Lipschitz functions
that are regular. Locally Lipschitz functions that are
convex or strictly di�erentiable are special cases of reg-
ular functions. (A precise de�nition is given in the next
section.) For the gradient-free nonsmooth optimization
problem, our main observation is that, while multiple
�nite di�erences cannot be used to approximate an el-
ement of the generalized gradient, a single �nite dif-
ference can be used to approximate the inner product
of a probing vector with some element of the general-
ized gradient. We will show that if this probing vector
is persistently exciting, in a sense that generalizes the
notion of persistency of excitation used in identi�cation
and adaptive control (see, for example, [1], [10, p. 177]
and the references therein), then enough information
about the generalized gradient is gathered over time to
produce convergence to the minimizer.

Single �nite di�erences have been used in a stochastic
setting for thrice continuously di�erentiable functions
in [20]. It was shown in [20] that the method proposed
there, called \simultaneous perturbation stochastic ap-
proximation (SPSA)", tends to produce convergence
results superior, in total number of function evalua-
tions required, to algorithms that use multiple �nite
di�erences. An idea for extending SPSA to nonsmooth
functions was given in [9], however no rigorous state-
ments are made and it is not clear that the idea works
in general. (See Section 6 below.)

Our proof of convergence to the minimizer is accom-
plished by �rst establishing asymptotic stability of the
minimizer for a related di�erential inclusion, then us-
ing recent results on converse Lyapunov functions for
asymptotically stable di�erential inclusions to deduce
the existence of a descent function for the numerical
algorithm that approximates the di�erential inclusion.

Our paper is organized as follows: In Section 2 we col-
lect our main de�nitions and establish notation, which
largely repeats [21]. In Section 3 we present results on
asymptotic stability of di�erential and di�erence in-
clusions related to minimization problems. In Section
4 we develop the notion of persistency of excitation
that we will use. In Section 5 we consider the problem



of minimizing locally Lipschitz, regular functions. We
�rst construct a di�erential inclusion, using the gener-
alized gradient of the locally Lipschitz function and a
generic set of persistently exciting positive semide�nite
matrices, that exhibits convergence to the minimum of
the function. Then we show that this inclusion can be
approximated by function evaluation di�erences. The
combination of this result with the results in Section
3 forms the core idea behind the construction of our
minimization algorithms. For locally Lipschitz, regu-
lar functions this combination yields a generic class of
persistently exciting �nite di�erence minimization al-
gorithms. The necessity of our generalized persistency
of excitation condition is discussed in Section 6.

2 De�nitions

A function � : R�0 ! R�0 is said to belong to class-
K1 if it is continuous, zero at zero, strictly increasing
and unbounded. Given a closed set A � R

n and a
vector x 2 Rn , we de�ne jxjA := infz2A jx� zj.

A set-valued map F (�), a mapping from an open set G
to subsets of Rn , is said to satisfy the basic conditions
on G if, for each x 2 G, the set F (x) is nonempty,
compact and convex, and F (�) is upper semicontinuous,
i.e., for each x 2 G and each " > 0 there exists Æ > 0
such that for each � such that j� � xj � Æ, we have

F (�) � F (x) + "B

where B denotes the closed unit ball in Rn .

The next few de�nitions can be found in [3], for exam-
ple. For a locally Lipschitz function f : Rn ! R, the
Clarke generalized directional derivative of f at
x 2 R

n in the direction v 2 R
n , denoted fÆ(x; v), is

de�ned as

fÆ(x; v) := lim sup
y!x;t!0+

f(y + tv)� f(y)

t
: (1)

The (Clarke) generalized gradient of f at x, de-
noted @f(x), is de�ned as

@f(x) := f� 2 Rn : fÆ(x; v) � h�; vi 8v 2 Rng : (2)

The generalized gradient, which is a set-valued map in
general, satis�es the basic conditions. A point x 2 Rn

is said to be a stationary point of f if 0 2 @f(x).
A locally Lipschitz function f : Rn ! R is said to be
regular if, for all x 2 R

n and all v 2 R
n , the usual

one-sided directional derivative

f 0(x; v) := lim
t!0+

f(x+ tv)� f(x)

t
(3)

exists and equals fÆ(x; v). Locally Lipschitz functions
that are strictly di�erentiable or convex are regular.
Also, the sum and pointwise maximum of regular func-
tions are regular. For more details see [3, Proposition
2.3.6].

We will use �(�; x) to denote an arbitrary solution of
the di�erential inclusion _x 2 F (x), i.e., an absolutely

continuous function satisfying �(0; x) = x and whose
derivative satis�es, for almost all t on its interval of def-

inition,
_z {

�(t; x) 2 F (�(t; x)). Whenever F satis�es the
basic conditions on G, there exists at least one solution
for each x 2 G. (See, for example, [8, x7, Theorem 1].)
We will let S(x) denote the set ofmaximal solutions
starting at x, i.e., a solution de�ned on [0; T ) where
either T = +1 or else the solution cannot be extended
to a solution on a larger interval. If F satis�es the basic
conditions on G then there exist maximal solutions for
each x 2 G. (See, for example, [18, Propositions 1 and
2].)

For the di�erential inclusion _x 2 F (x), the compact set
A � R

n is locally asymptotically stable if
1. for each " > 0 there exists Æ > 0 such that, for each
x 2 A + ÆB, each solution � 2 S(x) is de�ned for all
t � 0 and satis�es �(t; x) 2 A+ "B 8t � 0,
2. the set G of points x 2 R

n such that each solution
� 2 S(x) is de�ned for all t � 0 and satis�es �(t; x)!
A as t!1 contains a neighborhood of A.
The set of points G that satis�es the second condition
in the de�nition of local asymptotic stability is referred
to as the basin of attraction for the set A. If F
satis�es the basic conditions on an open set containing
G then G is an open set. (See [22, Proposition 3]; cf.
[4, Proposition 2.2].) Similar notation and de�nitions
apply to di�erence inclusions.

3 Inclusion results related to minimization

We now recall some results stated in [21] that follow
from [22]. These results will invoke the following as-
sumption:

Assumption 1 The set-valued map F satis�es the ba-
sic conditions on G and, for _x 2 F (x), the compact set
A is asymptotically stable with basin of attraction G.

Theorem 1 Let Assumption 1 hold. Then there exists
a continuous function Æ : G ! R�0 that is positive on
GnA so that, for the di�erential inclusion

_x 2 coF (x+ Æ(x)B) + Æ(x)B ; (4)

the compact set A is asymptotically stable with basin of
attraction G.

Corollary 1 Let Assumption 1 hold and let C and D
be arbitrary compact subsets of G such that A is a strict
subset of D. Then there exists " > 0 and a compact
set A" that is a strict subset of D such that, for the
di�erential inclusion

_x 2 coF (x+ "B) + "B =: F"(x) ; (5)

the set A" is asymptotically stable with basin of attrac-
tion containing C.

Theorem 2 Let Assumption 1 hold and let C and D
be arbitrary compact subsets of G such that A is a strict



subset of D. Then there exists �� > 0 and a compact
set A" that is a strict subset of D such that, for each
� 2 (0; ��), the di�erence inclusion

xk+1 2 xk + �F (xk) (6)

is such that the set A" is locally asymptotically stable
with basin of attraction containing the set C.

4 Generalized persistency of excitation (GPE)

Our upcoming result on asymptotic stability for a dif-
ferential inclusion related to nonsmooth optimization
by �nite di�erences will rely on the notion of persis-
tency of excitation given in the following de�nition:1

De�nition 1 (GPE) A bounded, measurable func-
tion ! : [0; 2�] ! R

n�n is said to be generalized per-
sistently exciting with respect to a function f(�) on a
set H if, for every x 2 H that is not a stationary point
for f , there exists � > 0 such that, for each measurable
function z(x; �) : [0; 2�]! @f(x),Z 2�

0

zT (x; �)!(�)z(x; �)d� � � : (7)

If @f(x) = frf(x)g, i.e., @f(x) is a singleton, then
the measurable function z(x; �) in the de�nition must
necessarily be the constant vector rf(x). In this case
the left-hand side of (7) becomesZ 2�

0

zT (x; �)!(�)z(x; �)d�

= (rf(x))T
�Z 2�

0

!(�)d�

�
rf(x) :

(8)

Since the de�nition only concerns nonstationary points,
i.e., points where jrf(x)j 6= 0, it follows that (7) holds
if and only if there exists e� > 0 such thatZ 2�

0

!(�)d� � e�I : (9)

This is the standard persistency of excitation condition
in identi�cation and adaptive control. In the planar
case it holds, for example, when, with the de�nitions

e1 :=

�
1
0

�
; R(#) :=

�
cos(#) � sin(#)
sin(#) cos(#)

�
(10)

we have

!(�) =

(
2X

i=1

�iR

�
(i� 1)�

2

�
e1e

T
1 R

�
(i� 1)�

2

�T

�i � 0 ;

2X
i=1

�i = 1 ;

�i = 1 8� 2 ((i� 1)�; i�)

9=; :

(11)
1For simplicity we restrict our attention to persistently excit-

ing functions that are 2�-periodic in t and independent of the
state. These conditions can easily be relaxed.

The condition (9) is not suÆcient to guarantee the
generalized persistency of excitation condition given in
De�nition 1. For example, consider the function

f(x) = max fjx1j; jx2jg (12)

and the function ! de�ned by (11). It can be shown
that the condition (7) is not satis�ed at all points where
jx1j = jx2j (exactly the set of points where @f(x) is not
a singleton). For example, at points x where x1 = x2 >

0 we have

@f(x) =
n
�fR

��
2

�
e1 + (1� �f )e1 �f 2 [0; 1]

o
:

(13)
If we make a selection z(x; �) 2 @f(x) so that �(�) =
�f (�) then we get that !(�)z(x; �) = 0 for almost all
� 2 [0; �] since

eT1 R
��
2

�
e1 = eT1 R

T
��
2

�
e1 = 0 ; (14)

and so (7) is not satis�ed. On the other hand, if either
the matrices that serve as the basis for ! or the coordi-
nates used to produce f are rotated appropriately, e.g.,
by 45 degrees, then (7) is satis�ed. (If both are rotated
by the same amount, (7) will not be satis�ed.) Again
in the planar case, if it is known for f(�) that the cone
de�ning the generalized gradient is limited in aperture
to 90 degrees, as is the case for the function de�ned in
(12), then (7) is guaranteed to be satis�ed by taking
!(�) to be

!(�) =

(
3X

i=1

�iR

�
2(i� 1)�

3

�
e1e

T
1 R

�
2(i� 1)�

3

�T

�i � 0 ;

3X
i=1

�i = 1 ;

�i = 1 8� 2

�
2(i� 1)�

3
;
2i�

3

��
:

(15)
This follows from the fact that, for each cone with 90
degrees aperture and at least one vector among

R

�
2(i� 1)�

3

�
e1 i = 1; 2; 3 ; (16)

it is impossible to make a selection from the cone that
is orthogonal to the vector.

Without any information about the aperture of the
cone of the generalized gradient and again for the pla-
nar case, the choice

!(�) = R(�)e1e
T
1 R(�) (17)

is (generalized) persistently exciting. This idea easily
generalizes to Rn since, for any x 2 R

n that is not a
stationary point of f(�) we can always �nd some di-
rection in Rn that is not orthogonal to any element of
@f(x). This follows from the convexity of @f(x).



5 Optimization by GPE �nite di�erences

5.1 A preliminary inclusion result
Throughout this section we will assume the following
for the function to be minimized (cf. the assumptions
of [21, Proposition 1]):

Assumption 2 Suppose

1. f : Rn ! R is locally Lipschitz and regular,

2. f 2 R and f 2 (�1; f) are such that

(a)
�
x 2 Rn : f(x) � f

	
=: C1 is compact,

(b)
�
x 2 Rn : f(x) � f

	
=: A1 is nonempty,

(c)
�
x 2 Rn : f < f(x) � f

	
= C1nA1 contains

no stationary points.

We will also assume that we have a function !, for sim-
plicity assumed to be continuous, that is persistently
exciting with respect to f(�) on C1nA1:

Assumption 3 The function ! : [0; 2�] ! R
n�n is

such that:

1. it is continuous,

2. each of its elements is symmetric, positive
semide�nite,

3. it is persistently exciting with respect to f(�) on
C1nA1,

4. !(0) = !(2�).

In the next proposition the function P : R2n f0g !
[0; 2�) denotes the mapping from nonzero vectors in
R
2 to their angle in the plane, with increasing angle

in the clockwise direction and zero identi�ed with the
vector [0 1]T .

Proposition 1 Let Assumptions 2 and 3 hold and let
the interval [a; b] on the real line be such that b � a > 0.
Then Assumption 1 is satis�ed with x = [xT1 ; x

T
2 ]

T ,

F (x) :=

26664
�! (P (x2)) @f(x1)0@[a; b]

24 0 1

�1 0

35+ (1� jx2j
2)

1Ax2

37775
A := A1 � S1 ; G � C1 � R

2n f0g :

(18)

Proof. (Compare with the proof of [21, Proposition
1].) We �rst de�ne (r; ') by

x21 = r sin(') ; x22 = r cos(') (19)

which is a smooth, invertible transformation on
R
2n f0g. We note that

_x1 2 �!(') @f(x1)

_r = �r(r2 � 1)

_' 2 [a; b] :

(20)

We note that '(t) is a locally Lipschitz function of time
that is invertible. Moreover, de�ning V (x2) := (r2 �
1)2, we see that V (�) is smooth on R2n f0g and

_z {
V (�2(t; x)) = �r2(�2(t; x))V (�2(t; x)) : (21)

From these properties, to show that the set A de�ned
in (18) is asymptotically stable with basin of attraction
containing C1�R

2n f0g, it is suÆcient to show that the
set A1 for the system2

_x 2 �
1

[a; b]
!(t)@f(x) (22)

is asymptotic stability with basin of attraction con-
taining C1 (for all tÆ 2 [0; 2�]). For notational con-
venience, we will drop the tÆ dependence of the trajec-
tories in what follows. Since f(�) is locally Lipschitz,
it follows that f(�(t; x)) is absolutely continuous and

_z {
f(�(t; x)) and

_z {
�(t; x) are de�ned for almost all t. We

let z(t) 2 @f(�(t; x)) and �(t) 2 [a; b] be measurable
functions such that, for almost all t,

1

�(t)
!(t)z(t) = �

_z {
�(t; x) : (23)

Then, using in succession i) de�nition of derivative, ii)
regularity of f , and iii) equation (23), iv) �(t) � b,
v) !(t) symmetric, positive semide�nite, we have, for
almost all t,

_z {
f(�(t; x)) = �f 0(�(t; x);�

_z {
�(t; x) )

= � max
�2@f(�(t;x))

h�;�
_z {

�(t; x) i

� �h z(t);
1

�(t)
!(t)z(t) i

� �
1

b
zT (t)!(t)z(t) � 0 :

(24)

Integrating this inequality and using that A1 is a sub-
level set of f(�) establishes stability of the set A1. We
next establish convergence to the set A1 from the set
C1. Since A1 is stable and C1 is compact and forward
invariant (because it is a sublevel set of f(�)), if �(t; x)
does not converge to A1 then �(t; x) has an accumula-
tion point x� 2 C1nA1. Using the persistency of exci-
tation condition and the upper semicontinuity of @f(�),
there exists Æ > 0 such that

j�(t; x)� x�j � Æ 8t 2 [s; s+ 2�] =)Z s+2�

s

zT (t)!(t)z(t)dt �
�(x�)

2
> 0 :

(25)

On the other hand, by integrating (24) we get thatZ 1

0

zT (t)!(t)z(t)dt � bf(x) (26)

2In inclusion (22), we are using !(t) := !(t mod 2�).



from which it follows that

lim
s!1

Z s+2�

s

zT!(t)z(t)dt = 0 : (27)

Using the fact that !(�) is bounded, and the fact that
!(t) is symmetric for each t, it follows from (23) that
there exists � > 0 such that for each " > 0

_z {
j�(t; x)j �

1

b
j!(t)z(t)j

� "+
�

"b2
zT (t)!(t)z(t) :

(28)

From this and (27) it follows that there exists a positive
real number s� such that, for all s � s�,

j�(t; x)� �(s; x)j �
Æ

2
8t 2 [s; s+ 2�] : (29)

Now, let si be a sequence of times with si+1 � 2� �
si � s� for all i and such that

j�(si; x)� x�j �
Æ

2
: (30)

Such a sequence of times exists since x� is an accumu-
lation point for �(�; x). It follows from combining (29)
and (30) that j�(t; x) � x�j � Æ for all t 2 [si; si + 2�].
In turn, it follows from (25) that the integral on the
left-hand side of (26) is unbounded. This contradicts
(26) and so establishes convergence to A1 from C1. �

5.2 A �nite di�erence optimization algorithm
The algorithm presented in this section relies on the
mean-value theorem for locally Lipschitz functions (see,
e.g., [3, Theorem 2.3.7]) a special case of which states
the following:

Lemma 1 If f(�) is locally Lipschitz then for each
�1; �2 2 R and v 2 R

n , there exists � 2 [0; 1] such
that

f(x+ �1v)� f(x+ �2v) 2

(�1 � �2)v
T @f

�
x+ (��1 + (1� �)�2)v

�
:

(31)

We remark that, for all � 2 [0; 1],

@f

�
x+ (��1 + (1� �)�2)v

�
� @f

�
x+max fj�1j; j�2jg jvjB

� (32)

so that if max fj�1j; j�2jg jvj � " then

f(x+ �1v)� f(x+ �2v) 2 (�1 � �2)v
T@f

�
x+ "B

�
:

(33)

Finite di�erence minimization algorithm: Let !
satisfy Assumption 3. Let the interval [a; b] satisfy the
assumption of Proposition 1. Let " and �� come from

the combination of Proposition 1, Corollary 1 and The-
orem 2.

Let �k 2 (0; ��). For i = 1; 2, let

�i;k 2
h
�

"

M
;
"

M

i
(34)

with �1;k 6= �2;k for all k, let

vk = !('k) (35)

and let

'k+1 2 ('k + �k[a; b]) mod 2� : (36)

Finally, let

xk+1 � xk =

�
�k

�1;k � �2;k
vk [f(xk + �1;kvk)� f(xk + �2;kvk)]

2 ��kvkv
T
k @f

�
xk + "B

�
� ��k!('k)@f

�
xk + "B

�
:

(37)
The convergence to a small neighborhood of the mini-
mizer then follows from the results of this paper. Stop-
ping conditions and conditions for the online reduction
of �k and �i;k follow the discussion in [21, Section 4].

6 On the necessity of GPE

Concerning the di�erential inclusion (22), suppose that
!(�) satis�es every aspect of Assumption 3 except
for being persistently exciting with respect to f(�)
on C1nA1. It follows from the compactness of @f(x)
and the symmetry of !(�) that there exist a point
x 2 C1nA1 and measurable selection z : [0; 2�]! @f(x)
such that !(�)z(�) = 0 for all � 2 [0; 2�]. Therefore
�(t; tÆ; x) � x is a solution to (22), i.e., x 2 C1nA1 is a
weak equilibrium point. So we see that the persistency
of excitation condition is necessary for the conclusion
of Proposition 1.

Despite this necessity for the di�erential inclusion re-
sult, it is not clear that the persistency of excitation
condition is necessary, in general, for the �nite di�er-
ence algorithm to converge to a minimum. In particu-
lar, it may be suÆcient to have a weaker persistency of
excitation condition, like only requiring the existence
of a measurable selection from @f(x) that satis�es the
integral condition. This is because the �nite di�erence
algorithm makes a single selection from (a neighbor-
hood) of this set. On the other hand, there is no ob-
vious mechanism for making the proper selection. We
note that the use of probing vectors where each com-
ponent is generated by a random choice from f�1; 1g
does not, in general, satisfy the (generalized) persis-
tency of excitation condition. (It does satisfy the stan-
dard persistency of excitation condition.) This choice
is advocated in the SPSA method of [20] for thrice
continuously di�erential functions. Because it doesn't



satisfy the generalized persistency of excitation condi-
tion, it is not clear if SPSA with this choice of probing
vectors will work for nonsmooth functions. (We con-
jecture that in the planar case it will work but there
may be problems in higher dimensions; on the other
hand, the idea of [9] seems to be to use SPSA in this
manner for nonsmooth functions.) The results of the
current paper do establish that using �nite di�erences
with probing vectors chosen randomly from a uniform
distribution on the unit sphere works for nonsmooth
functions. However, such distributions are ruled out
by the assumptions of [20] (see [20, Footnote 1].)

7 Conclusion

We have shown how to generalize and use the notion
of persistency of excitation from the �elds of identi�-
cation and adaptive control to make the method of �-
nite di�erences applicable to the problem of nonsmooth
optimization. In a sense, the method presented here
can be seen to generalize the results on stochastic op-
timization by simultaneous perturbations presented in
[20]. However, the discussion here has been carried
out completely in a deterministic setting. This paper
has presented the theoretical basis for a �nite di�erence
approach to nonsmooth optimization. Future work will
include numerical examples that illustrate the theory.
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