Uniform Asymptotic Controllability to a Set implies
Locally Lipschitz Control-Lyapunov Function !

Christopher M. Kellett and Andrew R. Teel
Department of Electrical and Computer Engineering
University of California
Santa Barbara, CA 93106
{kellett, teel}@seidel.ece.ucsb.edu

Abstract

We show that uniform global asymptotic controllability
to a closed (not necessarily compact) set for a locally
Lipschitz nonlinear control system implies the existence
of a locally Lipschitz control-Lyapunov function (clf),
and from this clf we construct a feedback that is robust
to measurement noise.

1 Introduction

We will consider the nonlinear control system

&= f(z,u) (1)

where z € R and u belongs to some admissible con-
trol set. The regularity properties of f will be specified
later. We show that if there exist admissible (open-
loop) controls to steer the state to a desired closed
(not necessarily compact) set A then there exists a lo-
cally Lipschitz control-Lyapunov function (clf) for the
system (1) with respect to A, i.e., a locally Lipschitz
function V' : R* — Rsq, positive definite, decrescent
and proper with respect to A, such that, Vo € R", the
minimum over all u’s in the admissible control set of
the Dini subderivate of V'(-) is negative definite w.r.t.
A. (See Definition 4 for further clarification.)

The significance of this result stems from the important
role that clf’s have played in the development of stabi-
lizing state feedbacks over the years. As examples, we
refer the reader to [2], [14], [8], and [10] for the case of
continuously differentiable clf’s, and to [5], [16] and [4]
for locally Lipschitz clf’s. Similar to the latter articles,
in section 4 we present the design of a (discontinuous)
stabilizing state feedback that is robust to small ad-
ditive disturbances and measurement noise using our
derived clf.

An early result related to the existence of clfs appeared
in [12] where, essentially, a lower semicontinuous clf is
generated given asymptotic controllability to the ori-
gin. Without limiting the controls a priori, [13] con-
siders systems of the form (1) and generates the first
continuous clf under the assumption of asymptotic con-
trollability to the origin (cf. [17]). A continuous clf is
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generated in [1] under the assumption of asymptotic
controllability to a closed (not necessarily compact)
set. In [5] and [16], a standard regularization tech-
nique from nonsmooth analysis is used to show that,
at least for compact attractors, these continuous clf’s
can be converted to a family of locally Lipschitz clf’s
having the infinitesimal decrease property on compact
sets disjoint from the target set. In [4], this type of
family of locally Lipschitz clf’s is generated directly
from the solution to a family of optimization problems,
again for the case of asymptotic controllability to the
origin. In [11], such a family of locally Lipschitz clf’s is
combined into a single locally Lipschitz clf, answering
a longstanding question on the existence of same.

Our result, which extends these previous results, has
as its central proof component a recent result (which
appeared in [9]) on the existence of a locally Lipschitz
weak converse Lyapunov function for locally Lipschitz
differential inclusions having a weakly globally asymp-
totically stable set. Our approach is to convert the
control system into a differential inclusion (which is
the approach also taken in [4] and [11]) and then use
the result on the existence of a converse theorem for
the differential inclusion to get the promised control-
Lyapunov function.

The remainder of the paper is organized as follows: In
section 2 we present background material necessary for
the sequel. Section 3 presents our main result on the
existence of a locally Lipschitz clf. Section 4 shows one
approach for designing a feedback control law from a
locally Lipschitz clf. Section 5 discusses the control al-
gorithm’s robustness to measurement noise. The proof
of the main result is given in section 6.

2 Preliminaries

We will require the following lemma regarding the min-
imum of the inner product over compact sets, which
easily follows from [7, §5, Lemma 8§].

Lemma 1 Given a compact ¥V C R™ and constants
c € R*, v € R,if min (c,v) <, then min{c,v) <.
vEcoV veY

Definition 1 The Dini subderivate of a locally Lips-
chitz function V : O — R (O open) at x € O in the



direction v € R" is defined as

DV (z;v) := liminf Viz +ev) = V() .

e—0+ 15

See [6, pg. 136] for the definition of the Dini sub-
derivate for general functions and the equivalence to
the above definition for locally Lipschitz functions.

We let | - | denote the Euclidean norm on R", i.e.,
|z| = /(z,z). We let B,(z,r) denote the closed
ball in R” of radius 7 centered at z, i.e., B,(z,r) :=
{€ e R : |€ — x| < r}. We define B,, := B,,(0,1) where
0 denotes the origin in R™. Recall that a function
a : R>g — Rso belongs to class-Koo (@ € Ko) if it
is continuous, zero at zero, strictly increasing, and un-
bounded. A function 8 : R>p x R>g — R>o belongs
to class-KL if, for each ¢t > 0, 5(-,t) is nondecreasing
and lir(r)lJr B(s,t) = 0, and, for each s > 0, B(s,-) is

nonincreasing and lim f(s,t) = 0.
t—o0

Definition 2 A set-valued map F : R" — subsets of
R™ is locally Lipschitz if Vo € R™ there exists a neigh-
borhood U of x and L > 0 such that x1,x2 € U implies
F(zy) C F(z2) + L|zy — 22|B,,. We say that this prop-
erty is uniform in distance to the closed set A if, for
any £ > 0 the above neighborhood can be defined as
U:={zeR": |z|q <1}

A function z : [0,T] — R™ (T > 0) is said to be a solu-
tion of the differential inclusion & € F(x) if it is abso-
lutely continuous and satisfies, for almost all ¢ € [0, T,
&(t) € F(z(t)). A function z : [0,T) » R* (0 < T <
+00) is said to be a mazimal solution of the differen-
tial inclusion if it does not have an extension which is
a solution belonging to R", i.e., either 7" = oo or there
does not exist a solution y : [0, 7] — R* with Ty > T
such that y(t) = x(¢) for all ¢ € [0,T). In what follows,
we use ¢(-, ) to denote a solution of & € F(x) starting
at z. We denote by S[0,T](z), or S[0,T)(z), the set of
maximal solutions starting at = that are defined on the
compact time interval [0, 77, or [0, T).

3 Main Result

In this section we state our main result that uniform
asymptotic controllability to a set implies the existence
of a locally Lipschitz control Lyapunov function. In
what follows, we take U to be a locally compact metric
space with a unique zero element, “0”, and, by abuse of
notation, |u| := d(u,0). We define the closed unit ball
in the metric space U as By := {¢£ € U : d(£,0) < 1}.

Definition 3 Let A C R" be a closed, nonempty set
and let 0 : R>g — R>o be nondecreasing. We say that
(1) is uniformly globally asymptotically controllable
(UGAC) to A with U No controls if there ezists a func-
tion B € KL such that: for each x € R™ there exist a
measurable, essentially bounded function u : [0,00) —

U and a solution ¢(-,xz,u) of & = f(x,u(t)) satisfying

,8(|1‘|A,t),
o(|o(t, z,u)|a), a.a. t>0. (2)

lp(t, z,u)[a <
lu(t)] <
Remark 1 We note that /No is an abuse of notation.

It is shorthand for allowing controls from the set {u €
U :|u| <o(|z|a)} for each z € R". ]

The following lemma, which is stated without proof
due to space constraints, asserts the equivalence of the
usual definition of UGAC (such as in [13, Defn 2.2] or
[15]) and that of UGAC with &/ No controls. The usual
definition of UGAC limits the control based on the size
of the initial condition of the state, whereas for UGAC
with & N o controls we limit the control through the
size of the trajectory.

Lemma 2 The system (1) is UGAC to A with U N o
controls if and only if 3. € KL and o, : R>9 — Rxg
nondecreasing s.t.: Yr € R™ there exist a measurable,
essentially bounded function u : [0,00) — U and a maz-
imal solution ¢(t,z,u(t)) of (1) s.t. |u|eo < oc(|z]Aa)
and |6(t, 7, u(t)| 4 < Bellz]at) -

Definition 4 Let 0 : R>g — R>o nondecreasing. We
say a locally Lipschitz function V : R" = Ryq is
a control-Lyapunov function with & N ¢ controls (clf
with U N o controls) for the system (1) if there exist
a1,02 € Koo such that ay(|z]a) < V(z) < az(|z|a),
and V satisfies the weak infinitesimal decrease property

min ~ DV(z;w) < -V(z), Vz € R".
wecof(z,UNa(|z]|.a)Bu)

Remark 2 The use of the minimum is justified here,
and throughout the paper, in place of an infimum by
virtue of the fact that the set over which the infimum
is taken is compact and the function is continuous i.e.,
DV (z;-) is locally Lipschitz for all z € R” when V(-)
is locally Lipschitz (see [6, Exercise 3.4.1a]). |

Our result will require the following technical assump-
tion which is essentially [1, Definition 1.5].

Assumption 1 Given a closed and non-empty set A
and 0 : R>g = R>o nondecreasing, we say that the
function f: R" x R™ — R" satisfies the boundedness
assumption with respect to A and U N o controls if,
Vri,r2 € Ryo, there exists M, r, > 0 such that

sup |f(z,u)] < My,
{lz|a<ri,|ul<o(r2)}

We can now state our main result:
Theorem 1 Suppose (1) satisfies the boundedness as-

sumption and is UGAC to the set A with UNo controls.
Furthermore, assume that the set-valued map



F(z) :={z € R" : z = f(z,u),u € UNo(|z|4)Bu}
is such that F(x) is nonempty and compact Vz € R"
and F(-) is locally Lipschitz. Then there exists a locally
Lipschitz clf with U N o controls for (1).

Remark 3 Two examples of regularity conditions on
f(+,+) which would give rise to a locally Lipschitz F(-)
are as follows:

1. Let 0 = 400 and f(z,-) be measurable Vo € R®
and f(-,u) be locally Lipschitz uniformly in v €
U. Then F(-) is locally Lipschitz.

2. Consider Y = R™ and let o(-) be locally Lips-
chitz (and nondecreasing) and f(-,-) be locally
Lipschitz. Then F'(-) is locally Lipschitz.

Analogous to our terminology for set-valued maps, we
say that a function g : R* — R" is locally Lipschitz,
uniform in distance to the closed set A if, for any ¢ >
0 and a closed set U = {z € R : |z|4 < ¢} there
exists L > 0 such that, for every z1,z2 € U we have
l9(z1) = g(@2)| < Llzy — @s.

For control design purposes, we are also interested in
the following result which states when the clf is locally
Lipschitz uniformly in distance to the set A.

Theorem 2 Suppose the assumptions of Theorem 1
hold. Furthermore, assume that F(-) is locally Lips-
chitz, uniform in distance to the set A. Then there
exists a locally Lipschitz clf with U N o controls which
is locally Lipschitz, uniform in distance to the set A.

Remark 4 The examples given in Remark 3 for gen-
erating a locally Lipschitz set-valued map F'(-) extend
easily to the case of generating a set-valued map F(-)
which is locally Lipschitz, uniform in distance to the set
A. This is done by requiring the corresponding Lips-
chitz property on f to be uniform in distance to the set

A. |

4 Control Construction

Using the clf of Theorem 2, we can construct a (discon-
tinuous) feedback stabilizer that, when implemented
with a sample and hold strategy, guarantees semiglobal
practical asymptotic stability of the set A and robust-
ness to small disturbances and measurement noise. Re-
sults of this type have already been presented in [5] and
[16] for the case where A is compact, and a construction
is given in [4] that applies to the case of noncompact
sets A. Our construction resembles the constructions
used in both of these references. In comparison to the
construction in [4], we use proximal aiming to a point
that minimizes the clf in a ball around the current point
rather than proximal aiming to a sublevel set of the clf.

This permits a very concise statement of the control
synthesis algorithm.

For V:R" — Rand #;,0, € {—oc0} R s.t. £ < £y,
we define V(€1,02) == {z e R" : {4 <V (z) < lr}. We
denote V(—o00,l3) by V(¢2).

The following assumptions, under which we construct
our feedback law, all follow directly from Theorem 2.
However, these assumptions are somewhat weaker as it
simplifies the exposition. Specifically, as we use a sam-
ple and hold strategy to implement our feedback con-
trol, we are only concerned with the semiglobal practi-
cal qualities of the clf.

4.1 Assumptions

Suppose o(+) is nondecreasing and we are given £1 < {5,
€2>0,e3>0,e4>0,¢>0,Ly >0,Ly >0,M >0
such that

1. for all z1,x2 € V(1,02 + €2) —l—_s;;gn, and all v €
UNo(max {|z1]4, 2|4} + €1)By

(@) [V(z1) —V(x2)| < Ly|zy — x2],
(b) [f(@1,u) = f(z2,u)| < Lyplzr — s,
DV (z;w) < —2¢,

(c) min B
weTof(z,UNo(|z].4)By)

2. f(-,u) continuous and bounded in norm by M on
V(ly +e3) +esBp, Vu e U No(|z|a + €4)Bm.-

Note again that, with appropriate values for the con-
stants, these assumptions are all satisfied by the clf of
Theorem 2.

4.2 Control design
For the control system

t=flz,u)+d, veldno(|lz|a+es)Bu (3)

we define a (discontinuous) control law as follows:

1. Let r € <O,min {%,63,64, LfLLV}

2. For each z € V({y,{5 + €3),
(a) let s € By(x,r) st. V(s) < V(E) V€ €
Bpn(z,7);

(b) let a € U No(|z|a + r)By such that
c
(z—s,f(z,0)) < —7—|z — 5|
Ly

(§ 4.5 explains why such an « exists).

3. Ve & V(ly,ly + &3) let a € U N o(|z|4)By be
arbitrary.

4. Take u = a(z).



4.3 Closed-loop results
We let T7 > 0 be such that

rcly
— <pr—y/r2- .
8Ly — 2Ly

(4)

Such a value exists since the derivative w.r.t. T} of the
function on the right-hand side evaluated at 73 = 0

is equal to i We define M := M + =< a) =

2Ly’
v
M?Ly , as := M(M +rLy) , as:= 1 and
. ly— 1ty g3 /a3 +4aiaz —as
T = T —= .
mm{ U oM M 2a,

We note that 7* > 0 and T* — 0 as r — 0. This is
evident from the last term that defines T*.

Theorem 3 Suppose u = «(x) is implemented by
sampling and holding with holding period T € (0,T*].
Then Vzo € V(l), all d(-) s.t. ||d|[ < 37 and
Vt > 0, the resulting solutions satisfy

V(x(t)) <

2 —
max{V(mg) _ ’max{t—T,0}

8Ly M

+ MT}+LVr.

Proof outline: For a given solution z(-) and T' > 0,
we define, for all nonnegative integers i such that z(iT")
is defined, z; := z(iT), a; = a(x;), and s; € By (z;,7)
s.t. V(si) < V() V€ € By(xi,r). In particular, Vz; €
V(1,2 + €3), s; corresponds to the selection used to
define the control law on V(¢1,0s + 2) and «; is the
constant control input over the ith time interval.

4.4 Dynamical systems description
It can be shown that the solutions of the closed-loop
system are constrained by the following inequalities:

1. ‘Initial condition’ constraint:

Vi(si) < V(i) ()

2. ‘Output’ constraint:

{:L’i € V(fl,éz + 62)

t € [iT, (i +1)T) } = V(z(t)) <V (si)+Lvr (6)

{t eaﬁTe, ();(fl{)T]} = V(z(t)<b+LyMT (7)

3. ‘State’ constraint:
x; € V(ly,ly +e2) = V(sir1) < V(sy) (8)
Tiy Titr1 € V(fl,éz + 52) —

AT
8Ly M’

V(sit1) <V (si)

Due to space constraints, we only briefly describe the
intution for why these assertions are true. The inequal-
ity (5) follows directly from the definition of s;. The
inequality (7) follows from the bound on the derivative
of solutions which follows from the assumed bound on
f. The inequalities (6) and (8) follow from the fact
that z; € V(l1,0> + €) implies z(-) approaches s; for
t € [iT, (i + 1)T], the latter being a consequence of the
control construction. The condition (9) is a nontrivial
consequence of the spacing between s; 1 and s;, which
follows from how much closer z((i + 1)T') is to s; than
z(iT') is to s; (a result of the control construction), and
the Dini condition on V.

In what follows, we derive bounds on V' (z(-)) by consid-
ering two regions of the state-space; V(£1, f2 + €2) and
V(¢1). That is, we examine strips (defined by distance
to the closed set .A4) and the region below these strips
(or closer to the closed set A) to obtain bounds consist-
ing of the maximum of two quantities. The constraints
(5), (7)-(8) give that
xr; € V(éz + 62) —

V(sit1) <max{V(s;),l, + Ly MT}. (10)

For z¢ € V({3), (5) and (10) yield
V(si) < max{V(xo), ¢, + Ly MT}.

Using (6) for 29 € V({1,053 +e2) and (7) for xy € V({1)
we obtain, for zo € V(¢3) and all t > 0
V(z(t)) < max{V(s;)+ Lyr,6s + LyMT}  (11)
< max{max{V(xo),¢1 + Ly MT}+ Ly,
0+ Ly MTY (12)
ly+ ey,

IN

where the last line follows from ¢; + Ly MT < {5, and
Lyr < e,. In particular, the last line implies that we
remain in the region where our assumptions are valid
(ie, {x € R* : V(z) < ly + e2}).

It follows from (12) that if z; € V(¢1) then
V(z(t)) <l + LyMT + Lyr, Vt>jT.

Therefore, for sample values, z;, in a certain set ({z; €
R™ : V(x;) < £1}), the Lyapunov function evaluated
along the remaining trajectory is bounded as above.
This demonstrates the second bound of Theorem 3.

Finally, it follows from (5), (6), and (9) that if z €
V(l1,ly + €2), Yk € {0, j — 1} then, Vt € [0, 5T,

2 max {t —T,0}
8Ly M

So, for sample values in a certain set ({z; € R" : {1 <
V(z) < €2 + e3}), the Lyapunov function evaluated
along the trajectory satisfies the above bound. This
demonstrates the first portion of the bound in Theo-
rem 3. Therefore, considering all sample values such
that V (z;) < £ for all positive integers i, we have the
bound required by Theorem 3.

V(z(t)) < V(zo) + Lyr —



4.5 Existence of Control Selection
Since = € V(ly,£€s + €2), we have that s € V(ly, Ly +
€2) +e3B,. Let w € cof (s,U No(|s|a)Bu) be s.t.

DV (s;w) < —2¢ (13)

Let ¢ > 0 be small enough so that there exists z €
OB, (x,r) (i.e., z is on the boundary of B,(z,r)) so
that z — (s + ew) is parallel to z — s and pointing in
the same direction, i.e.,

z—(s+5w),% =lr—s—cw|. (14)
( )

x—S

We note that ( z — s, ﬁ> = O(e?). We also note
T —s

that, by the above Dini condition, s + ew lies in the

region where the assumptions are valid. So we have,

using V(z) > V(s),

—6<ﬁ,w> = |z—s5—cw|+0O(?)
> V(z) —Z‘Es +ew) +O(E?)
> V(s) —Z‘Es + ew) + O

or

V(s +ew)—V(s) S [/E=s
Lye ~“\|z—s|’

w> +0O(e) .
Taking the liminf as ¢ — 0 and using (13), we get

_2¢_ DV(sw) Z<x—s > |

LV_ LV |CU—S|,w

Appealing to Lemma 1, this implies that Jo € U N
o(s|la)Bu CUNo(|x|a +r)Buy s.t.

2c T —38
s .
Now using the Lipschitz property for f and the condi-
tion r <

, we have
vLyg

r—S 2c c
_ < ——+Lir < ———.

5 Robustness to measurement noise

In this section we will demonstrate that our control de-
sign is robust with respect to small measurement errors.
That is, if we implement our control using a corrupted
measurement = + n rather than with the true state
z, the trajectory of the controlled system will still ap-
proach the attractor A. Similar results are established
in [16] and [4].

Consider the system

& = f(z, oz +ni)) (15)

where n; represents samples of a bounded noise func-
tion n : R>o — R®. We construct a fake noise function
nr(-) that is globally Lipschitz and matches n(:) at
sampling instances. If N is a bound for |n(-)| and T is
the sampling period, then ny(-) can be constructed so
that it is bounded by N and its Lipschitz constant is
2N/T. We perform a coordinate change, z = = + ny,
in order to write

¢ = flz+np,a(z)) +ng . (16)

Exploiting the Lipschitz constant for f, this system can
be written in the form

zZ= f(zv a(zz)) +d, (17)

where |d| < N(Ly+2/T). Therefore the result of The-

orem 3 applies if we insist that N < #jLﬂ")

6 Proof of Main Result

6.1 A preliminary result for inclusions

The proof of our main result relies on a recent weak
converse Lyapunov function for weak asymptotic sta-
bility for differential inclusions which appeared in [9].
We present (a slightly simplified version of) that result
now. First we need definitions of weak asymptotic sta-
bility and weak converse Lyapunov function, analogous
to Definitions 3 and 4.

Definition 5 For & € F(x), the closed set A C
R™ is weakly uniformly globally asymptotically sta-
ble (weakly-UGAS) if 38 € KL s.t., Vz € R,
d¢p € S(z) defined on [0,00) satisfying |d(t,z)|a <
Blelart), V> 0.

Definition 6 A function V : R® — Ryq is called a
locally Lipschitz weak converse Lyapunov function for
z € F(z) wrt. A if I functions a; and as s.t.
ar(|z|la) < V(z) < ax(|z|a), and for all z € R

in DV(z:w) < —V(z) .
wIEnI}‘I(lm) (1’ ’U)) - (1.)

Our result on the existence of a weak converse Lya-
punov function under the assumption of weak asymp-
totic stability uses the following technical assumption
which parallels Assumption 1.

Assumption 2 Given the set-valued map F(-) from
R™ to subsets of R™, for each r > 0 there exists M, > 0

such that |x|4 < r implies sup |w| < M,.
wEF (z)

A version of the main result in [9] is given below.

Theorem 4 Suppose Assumption 2 holds, F(x) is
nonempty, compact and convex Vx € R*, and F(-) is
locally Lipschitz. If the closed set A is weakly-UGAS
for & € F(x) then 3 a locally Lipschitz weak converse
Lyapunov function for & € F(z) w.r.t. A.



Remark 5 We note that the decrease condition in [9]
is not stated in terms of the Dini subderivate (which we
do here), but is phrased as an inner product condition
on the gradient almost everywhere. However, the con-
dition on the Dini subderivate was established in the
proof given in [9]. |

The next result can be established with simple modifi-
cations to the proof of Theorem 4 given in [9].

Theorem 5 Suppose the assumptions of Theorem 4
hold. Furthermore, assume that F(-) is locally Lip-
schitz, uniform in distance to the set A. Then 3 a
locally Lipschitz weak converse Lyapunov function for
& € F(x) w.r.t. A where the local Lipschitz property is
uniform in distance to the set A.

We are now in a position to prove our main result.

6.2 Proof of Theorems 1 and 2

We first prove Theorem 1. By assumption F'(z) is com-
pact Vz € R" and, from Assumption 1, it satisfies As-
sumption 2 which implies that CoF'(-) satisfies Assump-
tion 2. Since F'(-) is locally Lipschitz, the set-valued
map CoF(+) is also locally Lipschitz (see [3, §1.1, Prop.
6]). Furthermore, ToF(x) is also nonempty, compact,
and convex Va € R™. Therefore CoF(x) satisfies all of
the assumptions of Theorem 4 Vz € R™.

Next we show that the differential inclusion & € ToF ()
is such that the set A is weakly-UGAS. Let § € KL,
o(-) nondecreasing, and ¢ : R>g x R* x R™ — R" a
solution of & = f(x,u) satisfying (2) come from the
assumption of UGAC to A with U/ N o controls. By
construction, for almost all ¢ > 0,

—

o(t, z,u) € WOF (H(t, z,u)).

Therefore, A is weakly-UGAS for & € coF'(z) .

Next, by Theorem 4 there exist aj,as € K and
V : R* = Ryo locally Lipschitz on R" such that
a1(Jz]a) < V(z) < az(|z]a), and V() satisfies the
weak infinitesimal decrease property

min DV (z;w) < -V(z), Vz € R".
wETOF ()

From the definition of F'(-) it follows that

min ~ DV(x;w) < —V(x), Vo € R".
wecof(z,UNa(|z]|a)Bm)

and, therefore, V'(+) is a locally Lipschitz clf with &/ + o
controls for (1).

The proof for Theorem 2 follows exactly as above ex-
cept we appeal to Theorem 5 instead of Theorem 4
so that the Lipschitz property of our clf is uniform in
distance to the set A. [ ]
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