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Abstract

In this paper, we propose information criteria not only for
model estimation and selection but also for selection of de-
sign method of controller. The criteria are derived by the
same approach of AIC/TIC, however we consider the mod-
eling of the distribution of the control performance sub-
stituting for that of system index. The criteria are com-
posed of a log-likelihood function and a bias term similar
to AIC/TIC, and especially the bias term depends on the
controller. Moreover, when the controller is designed un-
der some conditions, the criteria become stochastic variables
and their expectations are further added by the other bias
terms, which are in proportion to the dimension of the con-
trol parameter. This shows that model estimation, selection
and control designing are influenced simultaneously by the
complexity of model and that of controller.

1 Introduction

In designing controller, a model or a model set of a plant
is necessary, and it is constructed or estimated from a pri-
ori information or given data. In particular, there are a long
history and a lot of results on the estimation problem, and
we can apply the results to the modeling of plant to be con-
trolled. In model estimation, in general, some universal cri-
terion, e.g. Kullback-Leibler information, is defined to eval-
uate a estimated model. Such universalism which treats ev-
ery model equivalently, is of course in the right, however
some open question arises, that is, a model for a plant to be
controlled should not be evaluated apart from the attained
performance of the closed loop systems which is designed
from that model, because the most important purpose of
control is the control performance itself. This indivisibility
of modeling/estimation and designing has been discussed in
several literatures, and also, we can see several results on the
unification of system identification and controller designing.
However unfortunately, an important point of view, that is,
model selection and selection of controller design method
has not been discussed enough.

Now there is a well-known result in statistical estimation;
select a simple model among the comparable models for a
estimated system. This result is well explained by AIC or

any other criteria [1, 7, 6], and they reveal the relation be-
tween “data” and “model”. On the other hand, we also prefer
simple controllers as similar to the case of model. There are
several miscellaneous reasons for this fact, but essential one
has not been discussed enough. This problem is one of main
problems in this paper.

Finally, in the field of robust control and identification, the
probabilistic evaluation for the uncertainties of controlled
systems or the performances of the closed loop systems has
been discussed in the last several years [2, 14, 8]. One of
the motivations is to improve the conservatism of the un-
certainties of parameters estimated by system identification
and another is the application of the Monte Carlo method
for robust control problem which can hardly be solved ana-
lytically. The researches on system identification and robust
control on this probabilistic approach have been done inde-
pendently, however, it can be easily guessed that they have a
deep connection each other. For example, the complexity of
model for plant decides that of the controller, and the com-
plexity of the controller much influences on the reliability of
the closed loop.

On these discussions, we proposed an information criterion
for model estimation/selection with respect to controller de-
signing in the previous papers [12, 13]. The criterion is a
kind of derivation of AIC/TIC basically, but it reflects the
selection of controller. In this paper, this result is extended
to the more usual case of system identification of controlled
systems by using a set of the I/O data. Here we consider two
cases: 1) a controller is designed by using a model which
is estimated from the data, 2) there exist system perturba-
tions and a controller is designed to compensate them. In
these cases, it is shown that the complexity of the controller
influences on the selection of model for plant.

2 Measurable space and variable transformation

At first assume a model for plant is parametrized by some
index. For example,

Fθ(s) =
s+ a
bs+ 2

, θ = (a, b),

where Fθ(s) is a model for plant and θ is its index, and also
assume the index is unknown a priori. A possible way here



is to give bounds of them, but now we consider to estimate
the distribution from I/O data in probabilistic approach in
this paper.

To estimate system parameters from I/O data is a standard
problem, and there exist many results. For example, let
f1(a) and f2(a) be possible models for the distribution of
parameter a ∈ A, then, standard model estimation/selection
problem is to decide which one is better for the real distri-
bution of a. And, of course, that decision is not influenced
by the closed loop system which is composed of Fa(s) and
some controller which is designed from Fa(s), f1(a) or
f2(a). Now suppose that f1(a) and f2(a) show good simi-
larity with the true distribution in some subset A1 ⊂ A and
A2 ⊂ A respectively, and the attained control performance
γ(a) of some controller and the model Fa(s) is bad in A1

or A2. When the purpose of the control is to avoid bad per-
formance, then, the model will be selected with respect to
the above mentioned conditions, and this selection may be
different from the normal model selection. Here we should
note that the final purpose of control is the improvement of
the control performance, the model should be selected with
respect to it [9, 10, 11].

With this discussion, in this paper, we consider modeling of
distribution of control performance substituting for that of
system index. Let x ∈ X be an index of system, f(x) be a
probability density of x, and γφ(x) ∈ Γ be a performance
index of a closed loop system composed of the system x and
a controller φ. Now the controller φ is a mapping, φ : X →
Γ, and f(x) is transformed to the density of the performance
index as φ : f(x) → g(γ). To consider the modeling of
g(γ), several basic notations about variable transformation
of probability density is necessary, and let show them in the
followings.

Let (A,X, µ) and (B, Y, ν) be two measurable spaces,
where A and B are σ-algebras composed of all the subsets
of X and Y , µ and ν are measures on X and Y , and f or g
are probability densities on (A,X, µ) or (B, Y, ν). We also
define a transformation S : X → Y , then, the followings
are derived [5].

Proposition 2.1 For any nonsingular transformation S :
X → Y on measurable spaces (A,X, µ), (B, Y, ν), there
exists a unique operator P : L1 → L1 which satisfies

∫
B∈B

Pf(y)ν(dy) =
∫
S−1(B)

f(x)µ(dx). (1)

Here P is called a Frobenius-Perron operator.

Proposition 2.2 For a nonsingular measurable transforma-
tion S : X → Y on measurable spaces (A,X, µ), (B, Y, ν),

∫
S−1(B)

f(x)µ(dx) =
∫
B

f(S−1(y))µS−1(dy)

=
∫
B

f(S−1(y))J−1(y)ν(dy), (2)

where µS−1, J−1 are defined by

µS−1(B) = µ(S−1(B)) =
∫
B

J−1(y)ν(dy), B ∈ B.

From this proposition, we get a realization of the Frobenius-
Perron operator as follows.

Proposition 2.3 For an invertible nonsingular measurable
transformation S : X → Y on measurable spaces
(A,X, µ) and (B, Y, ν), let P be the corresponding
Frobenius-Perron operator. Then,

Pf(y) = f(S−1(y))J−1(y).

Moreover, when S(y)−1 is differentiable, J−1(y) and J(x)
are given by

J−1(y) =
∣∣∣∣dS

−1(y)
dy

∣∣∣∣ , J(x) =
∣∣∣∣dS(x)
dx

∣∣∣∣ .
In this paper, µ, ν are supposed as the Lebesgue measure.
For more details, see [5].

3 I/O data and Bayesian model

In the papers [12, 13], we considered the same problem of
this paper, however, under the case that the data {xi} of sys-
tem index is given. However in usual case, only I/O data of
the system is observed. Now we consider this case and es-
timate the parameters of systems by using the I/O data. The
following is a typical example of systems,

x(t) =
n∑
i=1

αix(t− i) +
m∑
i=1

βiu(t− i) + ε(t)

where u(t) and ε(t) are signals from some stochastic pro-
cesses. Now define vectors yd, y(i), θ by

yd := [x(1) x(2) · · · x(n)

u(1) u(2) · · · u(m) ]T

y(i) := [x(i− 1) x(i− 2) · · · x(i− n)
u(i− 1) u(i− 2) · · · u(i−m) ]T

θ := [α1 α2 · · · αn β1 β2 · · · βm ]T .

When yd and ε obey a normal distributions, the posterior
distribution of the observed data y (y(1) ∼ y(N)) is given
by

f(y|σ2, θ) = q(yd|σ2, θ)
N∏

i=n+1

g(y1(i+ 1)|σ2, θ)

q(yd|σ2, θ) := ((2π)n detΣd)−
1
2 exp

(
−1

2
yT
dΣ−1

d yd

)

Σd := E[ydy
T
d ]

g(y1(i+ 1)|σ2, θ) := (2πσ2)−
1
2

× exp
(
− 1

2σ2

(
y1(i+ 1) − θTy(i)

)2
)
.



Here we apply the Bayesian approach, and suppose θ is a
stochastic variable with the probability density πψ(θ) where
ψ is a parameter of the density, then the simultaneous prob-
ability density of y and θ is given by

l(y, θ) := f(y|θ)πψ(θ) =: fθ(y)πψ(θ). (3)

Note that this system and assumptions are examples and the
other cases may be possible. The important point is that
when the Bayesian approach is applied, the conditional dis-
tribution of the observed I/O data and the prior distribution
of system index can be defined. In the following of this pa-
per, let fθ(y) and πψ(θ) be the conditional distribution den-
sity and the prior distribution density respectively for sim-
plicity, where y is a set of I/O data, θ is an index of systems,
and ψ is a parameter of the distribution model of θ.

4 Estimation and criteria with controller design

In this section, we will introduce information criteria for two
cases:

Case 1. yi (= {yij}, j = 1 ∼ n): a series of observed I/O
data, y: a set of yi (i = 1 ∼ m), θ: system index, fθ(y):
probability density of y of system θ, πψ(θ): probability den-
sity of θ, ψ: parameter of the probability density πψ(θ). In
this case, the probability density of the system index θ is
supposed unchanged and ψ is common for all the data {yi}.

Case 2. yi (= {yij}, j = 1 ∼ n): a series of observed
I/O data, y: a set of yi (i = 1 ∼ m), θi: system index
for the data yi, fθi(yi): probability density of yi of system
θi, πψi(θi): probability density of θi, ψi: parameter of the
probability density πψi(θi), k(ψ): probability density of ψ.
In this case, we suppose the probability density of the system
index θ is supposed variable at every observation of yi, and
ψ is also a stochastic variable.

In the following of this paper, we will address these cases.

Case 1:

Based on the Kullback-Leibler information, a model which
maximizes the following quantity

∫
g(θ) log πψ(θ)dθ, (4)

is considered a good approximation of g(θ), where g(θ) is
the true probability density of θ. However g(θ) is unknown
and therefore we should substitute (4) by the following log-
likelihood,

∫
1
m

m∑
i=1

fθ(yi) log πψ(θ)dθ, (5)

where an example of fθ(yi) is

fθ(yi) =
1
n

n∑
j=1

fθ(yij).

In usual case, the modeling of fθ(y) on the space of system
index θ is considered, but with the discussion in [12, 13], it
is reasonable to consider the modeling of distribution on the
space of the performance index γ of closed loop systems,
where θ is transformed to γ by a controller φ as

Sφ(θ) = γ. (6)

Note that Sφ is supposed as an invertible nonsingular mea-
surable transformation. This condition seems to be some-
what restrictive and in some cases it does not hold. However
in usual cases of control problem, by introducing appropri-
ate deformation of the space of γ, this condition holds. Here
omit the details.

By this transformation, the maximization of (5) is also trans-
formed to

max
ψ

∫
1
m

m∑
i=1

f̂γ(yi) log π̂ψ(γ)dγ, (7)

and this is a proposing estimation method in Case 1. By
using the relations,

π̂ψ(γ) = Pφπψ(γ)

f̂γ(yi) = fS−1
φ

(γ)(y
i) = fθ(yi), (8)

where Pφ is a Frobenius-Perron operator, we get the follow-
ings.∫

f̂γ(yi) log π̂ψ(γ)dγ =
∫
fS−1

φ
(γ)(y

i) logPφπψ(γ)dγ

=
∫
fθ(yi) logFφ,ψ(θ)dθ (9)

Kφ(θ) := J−1
φ (Sφ(θ)) , Fφ,ψ(θ) := Kφ(θ)πψ(θ)

Now define

ψo := arg max
ψ

∫
g(θ) logFφ,ψ(θ)dθ (10)

ψ̂ := arg max
ψ

∫
1
m

m∑
i=1

fθ(yi) logFφ,ψ(θ)dθ. (11)

By solving (7) with the I/O data, we can get ψ̂, and note
that the optimal estimation model reflects the difference of
controller φ.

On the other hand, (7) contains a model πψ and each model
may give different ψ̂, therefore now we should consider
which model is best. Some criterion is necessary to decide
it and ∫

g(θ) logFφ,ψ̂(θ)dθ (12)

is a reasonable one, because the maximization of (12) is the
original purpose of this parameter estimation. However (12)
is unknown because it contains g(θ). AIC of Akaike’s infor-
mation criterion [1] or TIC of Takeuchi’s information crite-
rion [7, 4] is known as an estimation of (12) except for the
variable transformation considered in this paper. Here we
show the following theorem which is derived by the same
process to introduce AIC/TIC.



Theorem 4.1 Define the followings,

IC1(φ, ψ̂, ψo) :=
∫

1
m

m∑
i=1

fθ(yi) logFφ,ψ̂(θ)dθ

− 1
m

trJ(φ, ψo)−1I(φ, ψo) (13)

J(φ, ψ) := −
∫

∂2

∂ψ∂ψ′Fφ,ψ(y)G(y)dy

I(φ, ψ) :=
∫
∂

∂ψ
Fφ,ψ(y)

∂

∂ψ′Fφ,ψ(y)G(y)dy

Fφ,ψ(y) :=
∫
fθ(y) logFφ,ψ(θ)dθ

G(y) :=
∫
fθ(y)g(θ)dθ,

then, the next holds.

E
[

IC1(φ, ψ̂, ψo) −
∫
g(θ) logFφ,ψ̂(θ)dθ

]
= o

(
m−1

)
(14)

The equation (14) shows that IC1(φ, ψ̂, ψo) is a reasonable
estimation of (12). However note that ψo in IC1(φ, ψ̂, ψo)
is unknown and ψ̂ is considered as a possible substitution.
Moreover J(φ, ψo) and I(φ, ψo) are also unknown because
it contains g(θ) and their empirical averages is possible to be
used. Note that IC1(φ, ψ̂, ψ̂) is basically identical to TIC
except for the terms which contain φ, and it is well-known
that when

∫
fθ(y)πψ(θ)dθ = go(y) where go(y) is the true

density of y, then

1
m

tr J(φ, ψo)−1I(φ, ψo) =
dimψ
m

and TIC is equal to AIC of Akaike’s information criterion
[1]. However the most important point is that IC1 depends
not only on πψ(θ) but also the controller Sφ(θ). This means
that the model selected by IC1 will changes depending on
the class of controller.

Case 2:

In this case, the different distribution model πψi(θi) of θ is
assumed for every data yi, and consider to maximize∫

gi(θi) log πψi(θi)dθi. (15)

The true probability density gi(θi) is unknown, therefore,
(15) is substituted by an empirical distribution

∫
1
n

n∑
j=1

fθi(yij)πψi (θi) log πψi(θi)dθi (16)

with the data yij . By the variable transformation to the space
of the performance of the resultant closed loop system, the
maximization of (16) is also transformed to

max
ψi

∫
1
n

n∑
j=1

f̂γi(yij)π̂ψi(γi) log π̂ψi(γi)dγi

=
∫

1
n

n∑
j=1

fθi(yij)Pφπψi(γi) logPφπψi(γi)dγi

=
∫

1
n

n∑
j=1

fθi(yij)Kφ(θ
i)πψi (θi)

× logKφ(θi)πψi(θi)dθi, (17)

and this is a proposing estimation method in Case 2. Now
define

Fφ,ψi(θi) := Kφ(θi)πψi(θi) (18)

ψio := arg max
ψi

∫
gi(θi) logFφ,ψi(θi)dθi (19)

ψ̂i := arg max
ψi

∫
1
n

n∑
j=1

fθi(yij)Fφ,ψi(θi)

× logFφ,ψi(θi)dθi, (20)

then, we also get the next information criterion similar to
IC1.

Theorem 4.2 Define the followings,

IC2(φ, ψ̂i, ψio) :=
∫

1
n

n∑
j=1

fθi(yij)Fφ,ψ̂i(θi)

× logFφ,ψ̂i(θi)dθi − 1
n

trJ(φ, ψio)
−1I(φ, ψio) (21)

J(φ, ψi) := −
∫

∂2

∂ψi∂ψi
′Fφ,ψi(y)Gi(y)dy

I(φ, ψi) :=
∫

∂

∂ψi
Fφ,ψi(y)

∂

∂ψi′
Fφ,ψi(y)Gi(y)dy

Fφ,ψi(y) :=
∫
fθi(y)Fφ,ψi(θi) logFφ,ψi(θi)dθi

Gi(y) :=
∫
fθi(y)gi(θi)dθi,

then, the next holds.

E
[

IC2(φ, ψ̂i, ψio) −
∫
gi(θi) logFφ,ψ̂i(θi)dθi

]

= o
(
n−1

)
(22)

Here omit the comment on IC2 because it is similar to that
of IC1.

5 Selection of the class of controller

In the previous section, information criteria for model esti-
mation and selection are induced. In this section, at first we
consider concrete controller design methods, and then we
show that the criteria become stochastic variables. Finally
we also calculate the estimations of such criteria.

Case 1:

Let Pφπψ(γ) be a probability density of a performance dis-
tribution of the closed loop system which depends on the



model, then, one of reasonable evaluations of controller φ is
the average of the attained performance as

∫
γ Pφπψ(γ)dγ. (23)

Therefore, the optimal controller φ in this case is defined by

φo(ψ) := arg min
φ

∫
γ Pφπψ(γ)dγ. (24)

Note that (23) is also written as
∫
γ Pφπψ(γ)dγ =

∫
Sφ(θ)πψ(θ)dθ. (25)

The minimization problem of (24) or (25) is very hard to be
solved in general. A reasonable way is applying the Monte
Carlo method, that is, at first generate sample points θ̂i (i =
1 ∼ r) which obey probability density πψ(θ) and transform
them to the performance space, and finally the controller is
selected as the optimizer of the following summation.

φ̂ := arg min
φ

1
r

r∑
i=1

γi = arg min
φ

1
r

r∑
i=1

Sφ(θi) (26)

Here note that when πψ is nonsingular, the sample points
θ̂i which obey πψ are generated by a uniformly distributed
sample data {zi} (=: z(r)) on a spaceZ and a variable trans-
formation Tψ which is defined by πψ as [3, 12]

θ̂i = Tψ(zi). (27)

Therefore (26) is written as

φ̂(ψ, z(r)) = arg min
φ

1
r

r∑
i=1

Uφ,ψ(zi)

Uφ,ψ(z) := Sφ(Tψ(z)). (28)

Corresponding to φ̂, φo(ψ) is also given by

φo(ψ) = arg min
φ

∫
h(z)Uφ,ψ(z)dz (29)

where h(z) is the density function of a uniform distribution.
Here also the following convergence of φ̂ to φo holds.
√
r(φ̂− φo)

→r→∞ N(0, R(φo, ψ)−1Q(φo, ψ)R(φo, ψ)−1),

R(φ, ψ) := −
∫
h(z)

∂2

∂φ∂φ′
Uφ,ψ(z)dz

Q(φ, ψ) :=
∫
h(z)

∂

∂φ
Uφ,ψ(z)

∂

∂φ′
Uφψ(z)dz.

Now note that IC1(φ̂, ψ̂, ψo) becomes a stochastic variable.
By taking the expectation of IC1(φ̂, ψ̂, ψo) on z and the
following is given.

∫
h(z)IC1(φ̂, ψ̂, ψo)dz(r)dz

=
∫

1
m

m∑
i=1

fθ(yi) logFφ̂(ψ̂,z(r)),ψ̂(θ)dθ

− 1
m

tr J(φ̂, ψo)−1I(φ̂, ψo) +W

− 1
mr

trR(φo, ψ̂)−1Q(φo, ψ̂)R(φo, ψ̂)−1V (φo, ψ̂)

+ o
(
m−1

)
+ o

(
r−1

)
(30)

V (φ, ψ) := − ∂2

∂φ∂φ′

∫ m∑
i=1

fθ(yi) logFφ,ψ(θ)dθ

W :=
1
m

m∑
i=1

∂

∂φ

∫ m∑
i=1

fθ(yi)

× logFφ̂(ψ̂, z(r)),ψ̂(θ)dθ(φo − φ̂)

In the above equation, the true value ofW is unknown but its
expectation is 0, and approximate it to 0, and also with the
approximation ofR(φo, ψ̂)→R(φ̂, ψ̂) and so on, we get an
information criterion for the model estimation/selection and
also the selection of controller design method as follows.

ICC1(φ̂, ψ̂) =
∫

1
m

m∑
i=1

fθ(yi) logFφ̂(ψ̂,z(r)),ψ̂(θ)dθ

− 1
m

tr J(φ̂, ψ̂)−1I(φ̂, ψ̂)

− 1
mr

trR(φ̂, ψ̂)−1Q(φ̂, ψ̂)R(φ̂, ψ̂)−1V (φ̂, ψ̂) (31)

The formula (31) shows that ICC1 is added by a new bias
term, which is approximately proportional to the number of
parameters of the controller. This suggests that when the
structure of controller is complex then a better controller for
the given data will be induced. However, when θ is given
by a stochastic process, the complex controller tends to be
specialized only for the given data, and it lacks the gener-
alization. The new bias term can be interpreted to recover
such generalization of controller.

Case 2:

In this case, ψ is supposed a stochastic variable with a prob-
ability density k(ψ). In this case, it is reasonable to consider
that the optimal controller φo, which corresponds to (24) in
the previous case, is defined by

φo := arg min
φ

∫
k(ψ)

(∫
γPφπψ(γ)dγ

)
dψ. (32)

And also define φ̂ which is optimal for ψ(m) (:= {ψ1, ψ2,
. . . , ψm}) as

φ̂(ψ(m)) := arg min
φ

1
m

m∑
i=1

∫
γPφπψi(γ)dγ

= arg min
φ

1
m

m∑
i=1

Uφ(ψi) (33)

Uφ(ψi) :=
∫
Sφ(θ)πψi (θ)dθ. (34)



Note that φo is also written as

φo = arg min
φ

∫
k(ψ)Uφ(ψ)dψ. (35)

Now IC2(φ̂(ψ(m)), ψ̂i, ψio) also becomes a stochastic vari-
able and its expectation on ψ is given as
∫
k(ψ(m))

1
m

m∑
i=1

(∫
gi(θi) logFφ,ψ̂i(θi)dθi

)
dψ(m)

=
1
m

m∑
i=1

∫
1
n

n∑
j=1

fθi(yij)Fφ,ψ̂i(θi) logFφ,ψ̂i(θi)dθi

− 1
m

m∑
i=1

1
n

trJ(φ̂, ψio)
−1I(φ̂, ψio) +W

− 1
m2n

tr
(
R(φo)−1Q(φo)R(φo)−1V (φo)

)
+ o

(
n−1

)
+ o

(
m−1

)
(36)

R(φ) := −
∫
k(ψ)

∂2

∂φ∂φ′
Uφ(ψ)dψ

Q(φ) :=
∫
k(ψ)

∂

∂φ
Uφ(ψ)

∂

∂φ′
Uφ(ψ)dψ

W :=
1
m

m∑
i=1

∂

∂φ

∫
1
n

n∑
j=1

fθi(yij)Fφ,ψ̂i(θi)

× logFφ,ψ̂i(θi)dθi(φo − φ̂).

Similar to ICC1 in Case 1, we finally get the next criterion.

ICC2(φ̂, ψ̂)

=
1
m

m∑
i=1

∫
1
n

n∑
j=1

fθi(yij)Fφ,ψ̂i(θi) logFφ,ψ̂i(θi)dθi

− 1
m

m∑
i=1

1
n

trJ(φ̂(ψ̂(m)), ψ̂i)−1I(φ̂(ψ̂(m)), ψ̂i)

− 1
m2n

tr
(
R(φ̂(ψ̂(m)))−1Q(φ̂(ψ̂(m)))

×R(φ̂(ψ̂(m)))−1V (φ̂(ψ̂(m)))
)

(37)

Here omit the comment on ICC2 because it is similar to that
of ICC1.

6 Conclusion

In this paper, we proposed information criteria for model es-
timation/selection problem based on AIC/TIC with respect
to the attained performance of closed loop systems. They
are composed of the log-likelihood not only with a bias term
which is proportional to the complexity of model but also a
new term which is proportional to the complexity of con-
troller.

The concrete control performance is not referred in this pa-
per, however solving (26) or (33) with H∞ norm as γ for
example, needs enormous calculation power. The applica-
tion of this paper for individual problems is left for future
work.

The similar discussion based on MDL [6], which is related
to the complexity of model and its estimation/selection prob-
lem, can be also applicable.
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