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Abstract

This paper investigates the robust nonlinear H, filter
with FIR (Finite Impulse Response) structure for non-
linear discrete time-varying uncertain systems repre-
sented by the state-space model having parameter un-
certainty. Firstly, the discrete-time nonlinear H,, FIR
filter without parameter uncertainty is derived by us-
ing the equivalence relationship between the FIR filter
and the recursive filter, which corresponds to the stan-
dard nonlinear H., filter. Secondly, the robust H.,
FIR filter is proposed for the discrete-time nonlinear
uncertain systems. It is also derived from the equiv-
alence relationship between the robust nonlinear H,,
FIR filter and the robust nonlinear H, filter proposed
by de Souza et al.[3].

1 INTRODUCTION

Over the past several years, the problem of the non-
linear H filtering has been studied by a number of au-
thors [1,4,5]. There are two commonly used approaches
for providing solutions to nonlinear H,, control and
filtering problems. One is based on the dissipativity
theory and the differential game theory. Another is
based on the nonlinear version of the classical Bounded
Real Lemma as developed by Willems [6] and Hill and
Moylan [7]. However, the nonlinear Ho, filters pro-
posed so far are mainly limited to time-invariant sys-
tems. Therefore they can not be applied to general
time-varying systems on the infinite horizon since one
of two Riccati differential equations required to solve
the problem can not be computed on the infinite hori-
zon.

This paper deals with the issue of the robust nonlinear
H, filtering problem for discrete time-varying systems
with the parameter uncertainties on the infinite hori-
zon. The basic idea of the current paper is to formu-
late the robust nonlinear H, filtering problem on the
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discrete-time moving horizon and to adopt the FIR (Fi-
nite Impulse Response) filter structure. The estimator
of the current paper is rather a one-step-ahead predic-
tor than a filter.

FIR filters are widely used in the signal processing area,
and they were utilized in the estimation problem as the
optimal FIR filters. Since the optimal FIR filters use
the finite observations only over a finite preceding time
interval, they can overcome the divergence problem and
have the built-in BIBO (Bounded Input/Bounded Out-
put) stability and the robustness to the numerical prob-
lems such as coefficient quantization errors and round-
off errors, which are well known properties of the FIR
structure in signal processing area. Also note that ITR
(Infinite Impulse Response) or recursive filter structure
requires the initial conditions on each horizon, which is
an impractical assumption, but that FIR filter struc-
ture does not requires the initial conditions. The opti-
mal FIR filters are, however, presented so far not in the
H, setting but in the minimum variance formulation.

The nonlinear H, filter proposed is to be called here-
after as the robust nonlinear Ho, FIR filter in the sense
that it is a nonlinear H., filter with the FIR structure
for uncertain systems. It will be shown that the non-
linear H,, FIR filter always has a solution if the stan-
dard nonlinear H., filter exists on the finite horizon.
It is noted that the nonlinear filter proposed works on
the time-varying nonlinear systems with time-varying
parametric uncertainties, and that this point will be
one of the main contributions of the current paper.

For the case when there is no parameter uncertainty
in the system, we are concerned with designing a non-
linear H., FIR filter such that the induced I operator
norm of the mapping from the noise signal to the esti-
mation error is within a specified bound. It is shown
that this problem can be solved via one Riccati equa-
tion. We also consider the design of nonlinear filters
which guarantee a prescribed H,, performance in the
presence of parametric uncertainties. In this situation,
the solution is to be obtained in terms of two Riccati



equations.

This paper is organized as follows: The robust nonlin-
ear H, FIR filtering problem is formulated in Section
2. The nominal nonlinear Ho, FIR filtering problem
is solved in Section 3, and the robust nonlinear H.,
FIR filter is proposed in Section 4. Conclusions are
summarized in Section 5.

2 PROBLEM FORMULATION

Consider the uncertain nonlinear time-varying sys-
tem of the form

Tht1 = (Ak + AAk)Z’k + Gkg(a:k) + Brwy, (1)
yr = (Cp + ACk)zy + Hph(zy) + Dywy (2)
2k = L.Tk ) (3)

where xz; € R" is the state vector with the initial state
xo unknown, wy € R? is a noise signal which belongs
to £2[0,00), yr. € R™ is the measurement, z, € RP is a
linear combination of state variables to be estimated,
g(-) : R = R™ and h(-) : R® — R™ are known non-
linear vector functions and Ay, By, Ck, Dy, G, Hy, and
Ly, are known real time-varying matrices of appropriate
dimensions that describe the nominal system together
with ¢g(-) and h(-). The matrices AAy and AC}, rep-
resent time-varying parameter uncertainties in Ay and
C}, respectively. These uncertainties are assumed to
be of the following structure

24)-[H]ee o

where F}, is an unknown real time-varying matrix sat-
isfying

FI'F, <I,k=0,1,2,.. (5)

and Hq, H> and E are known real constant matrices of
appropriate dimensions that specify how the elements
of the nominal matrices Ay and C} are affected by the
uncertain parameters in Fj.

Assumption 1.

(a) [Dx H2 Hy) is of full row rank;
(b) DkB =0;
(c) g(0) = 0;
(d) There exist known constant matrices Vi and Vy such
that for any x1 and xs € N,

llg(z1) — g(@2)[| < [[Vi(z1 — z2)|

|h(21) = h(z2)]| < [|[Va(z1 — z2)]

Assumption 1(a) and 1(b) means that the robust H.,
FIR filtering problem is ‘nonsingular’. Observe that if
the parameter uncertainty in the output matrix dis-
appears, i.e. Hs = 0, Assumption 1(a) reduces to
DkD,:: > 0, which is a standard assumption in the H,
FIR filtering problem for the nominal system.

Observe that discrete-time nonlinear models of the
form of Egs. (1)-(2) can be used to represent many im-
portant physical systems. The parameter uncertainty
in the linear terms can be regarded as the variation of
the operating points of the nonlinear system.

In this section we are concerned with designing a non-
linear causal filter F with FIR structure for estimating
zr with a guaranteed performance in a H., sense, us-
ing the measurements Vy—1 = {y;,7 =0,1,2,...,k—1}
and where no a priori estimate of the initial state of Eq.
(1) is assumed. Letting 2, denote the estimate of zg,
the filter is required to guarantee a uniformly small esti-
mation error zj, — 2, for any w € £3[0, 00) and zy € R™.
Then the robust nonlinear Hy, FIR filtering problem is
formulated as follows:

Given the system of Eqs.(1)-(3) and a prescribed level
of noise attenuation v > 0 on each horizon [k — N, k],
find a causal filker F such that the filtering error dy-
namics is globally uniformly asymptotically stable and
| 2= 2 |I2< Il w |3, +ad Rx,} for any non-zero
(o, w) € R™ @ €3]0,00) and for all uncertainties satis-
fying Eqs.(4)-(5), where ||z — Z|]> = (z = £)"(z - 2),

R = RT > 0 is a given weighting matriz for xo
and || - ||n2 denotes the usual l2-norm on the horizon
[k — N,k]. In the sequel, || - ||n2 represents the usual

la-norm on the horizon [0, N] for the simplicity.

Provided that there is no parameter uncertainty in the
system, i.e., AAr = 0 and AC) = 0 for all k in the
above formulation, the problem reduces to the nonlin-
ear Hy, FIR filtering problem, which corresponds to
the nonlinear H, filtering problem.

Note that the performance index in the above prob-
lem statements is a worst-case performance measure
and can be viewed as a generalization of the standard
H, performance measure to deal with unknown initial
state. The weighting matrix, R, is a measure of the
uncertainty in zo relative to the uncertainty in w. A
‘large’ value of R indicates that the initial state is likely
to be very close to zero.

We end this section by recalling a version of the
bounded real lemma for linear discrete time-varying
systems which will be used in the derivation of a so-
lution to the above filtering problems.

Consider the following linear time-varying system

Tpy1 = Apxp + Brwg (6)



Zr = Ckl‘k 5 (7)

where x;, € R” is the state vector with the initial state
Zo being unknown, wy € R? is the input which belongs
to £3]0,00), z € RNPis the measurement, and Ay, By
and C} are known bounded real time-varying matrices.
Also, we define the following worst-case performance
measure for the system of Eqs. (6)-(7):

o ([t
(ouw)20 | LI[wllRry + 2§ Rao

where R = R > 0 is a given weighting matrix for the
initial state and 0 # (o, w) € " & ][0, N]. Then, we
have the following result.

J(Z,’U},:L’g, R)

Lemma 1. [2] Consider the system of Eqs. (6)-(7) and
let v > 0 be a given scalar. Then, the following state-
ments are equivalent for the moving horizon [0, N]:

(a) The system of Eq. (6) is exponentially stable and

J(Z,w,.’l,'o,R) <

(b) There exists a bounded time-varying matrix Qy =

Qi >0, VEk > 0,satisfying I—y 2C,QrCL >0, VEk >

0, and such that

ArQrAL = Qi1 + 7 ArQrCE (I -y CrQiCi) ™"
-CrQrAf + ByB{ =0, Qo=R"',

and the system
Thr1 = [Ar + 72 A QuCL (I = v 2ChQrC) ™' Chla,

is exponentially stable;

(¢) There exists a bounded time-varying matrix P =

PkT > 0, V k > 0, satisfying I — 7*2B,{Pk+1Bk >

0, V k> 0, and such that

Al Pii1 Ay — P4+ P AL Pe 1 Bi(I — v > Bl Poy1By) ™!
‘BFPp 1Ay 4+ CLCr <0, Py <~’R.

VVVv

Observe that when the initial state of Eq. (6) is zero,
the performance index J(z, w, xo, R) becomes the usual
H, performance measure, namely

J(Z,w):sup{ 12l }

0w l|w]lw2

The index of performance J(z,w) can be viewed as the
limit of J(z,w,xo, R) as the smallest eigenvalue of R
approaches infinity. In this case it happens that Qo = 0
in the statement (b) of Lemma 1 while the requirement
Py < ¥*R in the statement (c) will become superfluous.

Firstly, in the current paper, the nonlinear Ho, FIR fil-
tering problem will be solved, and then the robust non-
linear Hy, FIR filtering problem is to be dealt with. It
is noted that the problem does not need the assumption
of stabilizability or detectability of the system since it
is formulated on the finite moving horizon.

3 H., FIR NONLINEAR FILTERS

In the sequel we shall provide a solution to both the
problems of nominal and robust H, filtering with FIR
structure using a Riccati equation approach.

We first present a performance analysis result for the
system of Egs. (1) and (3).

Theorem 1. Consider the system of Egs. (1) and (3)
satisfying Assumption 1. Given a scalar v > 0 and an
initial state weighting matrix R = RT > 0 then, the
system of Eq. (1) is globally uniformly asymptotically
stable and

121> < y{llwllZy + 25 Rzo}

for any non-zero (xg,w) € R"®{>[0, N] and for all AA,
satisfying Eqs. (4)-(5) if there exist a scalar ¢ > 0 and
a bounded time-varying matrix Qx = QF >0, Vk >0
satisfying I — v 2BTQry1B1 > 0, ¥V k > 0, and such
that

AL Qis1Ar — Qi + 7 P AL Q1 Bi(I — v B Qiy1B1) ™!
Bl QuiiAr + L Ly +E"TE+ V' Vi <0, Qo < ¥’R,

where

Bi=[Bi 1Hi 1Gy. ®)

Proof : It can be easily established similarly to the
proof of Theorem 4.2 in [10]. VVV

In the case when there is no parameter uncertainty in
Eq. (1), Theorem 1 reduces to the following corollary.

Corollary 1. Consider the system of Eqgs. (1) and (3)
with AAr = 0 and satisfying Assumption 1. Given
a scalar v > 0 and an initial state weighting matrix
R = RT > 0 then, the system of Eq. (1) is globally
uniformly asymptotically stable and

1
| 2 llo< 2l w |3 +a8 Rao}?

for any non-zero (zg, w) € R" @ £>]0, 00) if there exist a
scalar € > 0 and a bounded time-varying matrix Qj =
QY > 0, V k > 0, satisfying I — v 2Bl Q4181 >
0, YV k> 0, and such that

AL Qry1Ar — Qr +7 *ALQry1Bi(I — v >Bi Qi1 B1) !
Bl Qri1Ar + LELy + V' V1 <0, Qo <~¥°R,

where By = [Br,  vG]. m|

Note that when the initial state of the system of Eq.
(1) is known to be zero, the time-varying matrix @)y in
Theorem 1 and Corollary 1 may be replaced by a con-
stant matrix @ = Q7 > 0. Furthermore, the condition
Q < ¥R will no longer be required as an initial state
which is certain to be zero corresponds to choosing a
‘very large’ value of R.



We now present a solution to the nominal nonlinear
H., FIR filtering problem for the system of Eqgs. (1)-

(3)-

Theorem 2. Consider the system of Eqgs.(1)-(3) with
AA, = 0 and AC, = 0, and satisfying Assumption
1. Given a scalar v > 0 and an initial state weighting
matrix R = RT > 0, the nominal nonlinear H,, FIR
filtering problem is solvable if there exists a bounded
time-varying matrix Sy = S{ >0, V k > 0, satisfying
I —~2LS,L" >0, V k>0, and such that Sy = R™1,

Sk1 = ArSkAL — (AwSkC{ + BD])(CS.CT
+ R) M (CStAf + D1BY) + BBY, (9)

and the system
Pr+1 = A1k pr (10)

is exponentially stable, where

Ay = Ap — (ApSkCT + BDTY(R + C1S,CT)~1C,
PTL = LfrL.+Vv'v, v =[V& VI,

B = [Bk ’)/Gk 0], D - [-Dk 0 7Hk]7
_— Ch = _[D

c= %] m=|T)

- [ DDT o

Rk = { 0 —I}‘

Moreover, if the above conditions hold, a suitable non-
linear filter is given by

1) = Ar@r + Grg(@r)
+ Kilyx — Cr@p — Hih(zy)], (11)
2y = Lpoy, (12)
where

Ky = (A4 SiCT + BDT)(C Sk CT + DDT)~' (13)
Sp =S+ 28 LT(I —y2LS,LT)~' LS. (14)

Proof : Firstly, note that the condition I —
vy 2LS,LT > 0, ¥V k > 0, together with Assump-
tion 1 guarantee the non-singularity of the matrix
R+ éSkC'T, V k > 0. Letting & = xr — & and
er = 2 — Zp, it follows from Egs.(1)-(3) (setting
AA, =0 and AC, = 0) end Egs. (11)-(12) that

Ty = (Ap — KpCr)Zg + (G — K Hy)E(wg, 1)
+ (Br — KDy )wg (15)
€L = LZEk, (16)
where

and
Glz[Gk 0], H1:[0 Hk]
Note that by Assumption 1,

| €n, &) [I<[| VER || -

It can be shown from Eq. (9) that Qr =~ 2Si is such
that I — LQiLT >0, V k > 0, and satisfies

(Ap — KpCr)Qr(Ar — KiCi)" — Qiyr + (A
—chk)QkLT(I — LQkLT)ilLQk(Ak — Kk
C)T +772BBf =0, Qo=v"°R7}, (17

where
By = [(By — KxDy,) v(G1 — KpHy)].

Also, it is easy to verify that the state matrix Ay of
the system of Eq. (10) can be rewritten as

Ay = (A = Kk Cp)[I + QL™ (I — LQL™) ™' L].

Since the system of Eq.(10) is exponentially stable, in
view of Lemma 1 and Corollary 1, Eq. (17) implies
that the estimation error dynamics of Eqs. (15) and
(16) is globally uniformly asymptotically stable and

2

llel* < {llwllXz + 25 Rao}

for any non-zero (zo,w) € R" & £5[0, N]. VVV
When the initial state of the system of Eq. (1) is known
to be zero, or when a stationary filter design is con-
cerned, Theorem 1 can be specialized as follows.

Theorem 3. Consider the system of Eqs. (1)-(3) with
9o = 0, AA, = 0 and AC, = 0, and satisfying As-
sumption 1. Given a scalar v > 0 and an initial state
weighting matrix R = RT > 0, the nominal nonlinear
H,, FIR filtering problem is solvable if there exists a
stabilizing solution S = ST > 0 to the algebraic Riccati
equation

S = ApSpAl — (AxSCT + BD(CSCT + R)~!
-(CSAT + D,BT) + BBT (18)

such that I —~y~2LSLT > 0 . Moreover, if the above
conditions hold, a suitable nonlinear filter is given by
Eq. (11)-(12), where the filter gain of Eq. (13) is con-
stant. VVV

It should be pointed out that in Theorems 2 and 3
no stability requirement is imposed on the system of
Eq.(1). We also observe that, when there are no non-
linear terms in the system of Egs. (1) - (2),1.e. g(-) =0
and h(-) = 0, the result of Theorem 3 will reduce to the
H, FIR linear filter.



4 ROBUST H, FIR NONLINEAR FILTERS

Next, we solve the robust nonlinear H,, FIR fil-
tering problem. To this end, we shall make a further
assumption on the system of Eq. (1).

Assumption 2.
The nominal state matriz Ay is non-singular. |

Theorem 4. Consider the uncertain system of Egs. (1)
- (3) satistying Eqgs. (4)-(5) and Assumptions 1-2. Let
v > 0 be an arbitrary small scalar.

Given a scalar v > 0 and an initial state weighting ma-
trix R = RT > 0, the robust H,, FIR filtering problem
is solvable if for some scalar € > 0, the following con-
ditions hold:

(a) There exists a stabilizing solution P = PT > 0 to
the algebraic Riccati equation:

ATPA, — P+~ 2ATPB (I —y 2Bl PBy) !
BT PA, + ETE, +vI=0 (19)

such that I —y 2B{ PB; > 0, and P < v?R, where B;
is as in Eq. (17) and

El'E, =EYE + VI'v; (20)

(b) There exists a bounded time-varying matrix Sy, =
ST >0,V k >0, satisfying I —y~2LSpL > 0, V k > 0,
and such that So = (R —y2P) !,

Sk+1 = ASkAT — (AS]CCAHT +Bﬁf)(015kéf
+ R~ (C1S: AT + Dy BT) + BBT (21)
and the system
Prt+1 = Aok pr (22)

is exponentially stable, where

Agp = A—(AS,CT +BDIY(C,S,CT + R)~'Cy
"L = L, +vtv, v=wT VT, (23)
A C - C
= A D = A
@ { v 1L } o [ y1L ] ’
A DDT 0
R { proo ] (24)
I = A+ AA, (25)
= A+~ BBY(P ' —~2B,BI) 14,
C = Cp+AC. (26)
= Cp+~2DBT(P~' —~y72B,B] )~ A,
B = [ BM ~Gy 0], (27)
D = [DM 0 ~H; ], (28)
B — Y D — Y
B = [Bk eHl], D= [Dk €H2], (29)
M = [[+y?BY(P7' —~72B:BT)B] . (30)

Moreover, if conditions (a) and (b) are satisfied, a suit-
able nonlinear filter is given by

Tohrr) = Ady + Grgldn)
+ Kilyr — City, — Hyh(iy)]  (31)
2y = Ly, (32)

where
Ky = (AS,CT + BDT)(CS,.CT + DDT)™"  (33)
Sk =Sk 4+~ 28 LTI — 4y 2LS,LT)'LS;. (34)

Proof : It can be easily established similarly to the
proof of Theorem 9 in [8]. VVV

The arbitrary small scalar ¥ > 0 is introduced in order
to guarantee that the stabilizing solution of Eq. (19)
is positive definite. In the case when ElT E; > 0, or the
pair (A, Ej) has no unobservable modes in the closed
unit disk, v can be set to zero.

We observe that the existence of a matrix P satisfying
condition (a) of Theorem 4 will guarantee the global
uniform asymptotic stability of the uncertain system
of Eq. (1) for all uncertainties satisfying Eqs. (4)-(5).
Note that due to the existence of parameter uncertainty
in Eq. (1), the requirement of global asymptotic stabil-
ity of Eq. (1) is needed in order to ensure the bounded-
ness of the estimation error dynamics for all admissible
uncertainties.

It should be noted that the result of Theorem 4 does
not recover that of Theorem 2 when the uncertainties
AAj and ACy disappear. The reason for this is be-
cause when parameter uncertainty exists an asymptotic
stability requirement has to be imposed on the system
of Eq. (1), which in turns gives rise to the Eq. (19) of
Theorem 4.

Note that similarly to the robust linear H,, FIR filter
[12], the robust nonlinear Hy, FIR filter of Eqs. (31)-
(32) can be rewritten as

T(kt1) = (Ap + DAAyorst)Tr + Grg(2r) + Briby,
+ Kk[yk - (Ck + AC’worst)ggk
— Hkh(fk) — Dkif)k]

Zr = Lpdy,
where
AAyorst e H HI' (P~' —~472B, BT 7' 4,
ACyorst = € *HHI (P! —~472B,Bl) 714,

W, = v :BY(P'—~2BBl) Ay

In the above, AAyorst and ACyorst can be regarded
as the worst-case parameter uncertainty of AAj and
ACY, respectively, whereas wy, can be interpreted as



the estimated worst-case noise signal. It should also be
noted that the filter gain of Eq. (33) also depends on
the known structural matrices of the parameter uncer-
tainty, namely E, H; and Hs.

Also, it is easy to see that the coefficient matrices of the
filter of Egs. (31)-(32) can be rewritten in the following
form :

A = A+~ 2BI -~ B"WB)'BTW A,
B = [B(I—V*ZBTWB)*% wen o]
C = Cv+7y 2D —-~2B"WB) 'B"W A,
D = [D(I—W*ZBTWB)*% 0 7Hk],

where W = P + PG (I — GTPG;)~'GTP.

Observe the similarity of the above coefficient matrices
with those for the robust linear H,, FIR filter.

When the initial state of the system of Eq. (1) is known
to be zero, or when a stationary filter design is con-
cerned, the Riccati difference equation of Eq. (21) will
be replaced by an algebraic Riccati equation, i.e. con-
dition (b) of Theorem 4 is replaced by the following

(b’) There exists a stabilizing solution S = ST > 0 to
the algebraic Riccati equation

S =ASAT —§ — (ASCT + BDT)(R+ CSCT)~!
(CSAT + DBT) + BBT

such that I — v 2LSLT > 0.

Furthermore, the requirement for P < 42R in Eq. (19)
will no longer be needed and the filter gain of Eq. (33)
will be constant.

Also, we note that, when there are no nonlinear terms
in the system of Egs. (1)-(2), i.e. Gy, =0, H;, =0,
g(-) = 0 and h(-) = 0, and subject to zero initial state,
the filter of Egs. (31)-(32) will recover the robust linear
H., FIR filter [12].

5 CONCLUSIONS

In this paper the robust nonlinear H, FIR filter has
been proposed for nonlinear discrete time-varying sys-
tems with parameter uncertainty. Firstly, the discrete-
time H,, FIR filter is obtained for the nonlinear sys-
tem without the parametric uncertainty. Secondly, the
discrete-time robust nonlinear H,, FIR filter for the
uncertain nonlinear system is derived by modifying the
system model. This result can also be viewed as an
extension of Kwon et al.[11] which treat linear time-
varying systems with parameter uncertainty.
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