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Abstract

In this paper, a method to design a reduced order UIO ! for
bounded control inputs SBS ? with bilinear measurements
and subjected unknown disturbances is investigated. The
design of this UIO is divided into two parts. The first one
consists in solving some algebraic constraints to obtain an
observation error which is decoupled from the unknown dis-
turbances. In the second part, an LMI ? is solved to ensure
the exponential stability of the reconstruction error for all
admissible control inputs and unmeasurable disturbances.
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1 Imtroduction

In the three past decades, there has been increasing in-
terest in the state observer design of bilinear systems
due to the fact that many important physical processes,
such as chemical, biomedical or thermal processes, may
be appropriately modeled as bilinear systems when lin-
ear models are inadequate [1]. Hara and Furuta [2] pre-
sented a design procedure of minimum order estimator
which works only for a class of bilinear systems with lin-
earisable error dynamics. A less restrictive approach,
based on the Lyapunov stability theorem, such that the
observation error may be bilinear, is proposed by Funa-
hashi [3] and Tibken et al. [4, 5]. The observers cited
above require strong structural constraints. These con-
straints have been alleviated by Derese et al. [6] and
Wang and Kao [7] by including the knowledge of the
control input bounds in the observer design. Derese
et al. [6] considered the optimisation of the feedback
amplification (only on the linear part) by the use of
an algebraic Riccati equation. Wang and Kao [7] pre-
sented a design algorithm based on Lyapunov stabil-
ity for both continuous-time and discrete-time. All of
these observers do not require the uniform observabil-
ity of the bilinear system. Besancon and Hammouri [8]
have characterised a class of non-uniformly observable

1UIO : unknown input observer
28BS : singular bilinear system
3LMI : linear matrix inequality

non-linear systems for which there exists an observer
with an estimation error decaying to zero irrespective
of the control inputs, only the bounds of these inputs
must be known. They proposed an observer synthe-
sis including the above-mentioned observers as special
cases. Kalman like observers have been applied to the
state estimation of observable bilinear systems (see [9]
and the references therein) for which the observer gain
depends on the solution of an input dependent differ-
ential Riccati equation.

In practice, the system’s dynamics is often affected by
unmeasurable disturbances which can be modelled as
unknown inputs. Based on results in [2], Haé¢ [10] and
Saif [11] considered the design of UTO for bilinear sys-
tems in which the error estimation dynamics is linear
and without an a priori knowledge about the distur-
bance dynamics. Zasadzinski et al. [12] proved that,
under suitable transformation, the design of the UIO
proposed in [10, 11] is equivalent to the design of an
UIO for linear systems. These existence conditions are
rather restrictive and these UIO work only for a class
of bilinear systems with linearisable observation error
dynamics. The results presented in [12] have been ex-
tended to SBS in [13]. In [14], Ying et al. proposed
an UIO for bilinear systems requiring the knowledge
of the disturbance dynamics. The design of the above-
mentioned UIO require strong structural constraints, so
their practical implementation is quite involved.

Considerable attention has been focused on the state
observation problems of singular linear systems without
unmeasurable disturbances [15, 16, 17, 18, 19] or with
unmeasurable disturbances [20, 21, 22]. Various ap-
proaches as singular value decomposition or extensions
of Luenberger-like observers to singular systems have
been proposed in the literature. Observer design for sin-
gular non-linear systems has been studied by Kaprelian
and Turi [23] using an extended linearisation technique.
Boutayeb and Darouach [24] generalised the results in
Kaprelian and Turi [23] to the case where the matrix £
is rectangular.

This paper is devoted to the design of an exponential
reduced order UIO for SBS with bilinear measurements



and subjected to bounded control inputs and unmea-
surable disturbances. It must be noticed that all previ-
ously cited works on non-linear observers consider that
the measurement equation is linear. The case where the
matrix F is rectangular is considered. The reduced UIO
observer design problem is formulated in §2 and solved
in §3. The design of this UIO is divided into two parts
given in §3.1 and 3.2. The first one consists in solving
some algebraic constraints to obtain an observation er-
ror which 1s decoupled from the unknown disturbances.
An existence condition for this decoupling is given in
terms of a rank condition. The second part consists in
converting the UIO design problem into a robust stabil-
isation one with structured uncertainties, then an LMI
approach is used to solve a bilinear Lyapunov inequality
to ensure the exponential stability of the reconstruction
error dynamics for all admissible control inputs and for
all unmeasurable disturbances. The design procedure
of the reduced order UIO is summarised in §4.

2 Problem statement

In this paper, we consider th following SBS with bilinear
measurements and subjected to control bounded inputs
and unmeasurable disturbances

Ei‘:gox—l—Zuigix—l—Bu—l—Dlw (la)
=1

v=Crz + Diogu — Dior (1b)

y:COx—l—ZuiCix—l—DQw (lc)

i=1
where ¢ € IR™ 1s the state vector, u € IR™ the control
inputs (measured), w € IR? the unmeasurable distur-
bances and y€ IR? the measurements. In this paper, the
following notations are used : u® is the i*" coordinates
of vector u and A’ is the matrix associated to u’ in the
SBS (1).
We assume that the control inputs are bounded, i.e.
u € 2 C R™ where the polytope € is given by

Q:= {uEIRm | ul <u' uly,, fori=1,. .. ,m}.(?)

Without loss of generality, the following assumptions
are made on matrices F, D; and D»

ri =rank £ < min(r, n) with £ € R™", (3a)
T

q = rank [D? D;] <p (3b)

p =rank [CO cm Dz] . (3¢)

These assumptions are often verified for physical pro-
cesses.

By using changes of basis in the measurement and dis-
turbance spaces respectively, the SBS (1) is decomposed
in an equivalent one in the observation point of view in
order to extract the parts of the measurement vector
which are disturbance-free and linear. Then y in (1c)
1s decomposed as follows :

1. y1 which is bilinear and not disturbance-free,

2. y21which is bilinear and disturbance-free,
3. yaawhich is linear and disturbance-free.

To obtain a disturbance-free measurement vector, y is
decomposed in two parts as follows

ylzC?x—l—Zuinx—l—wl (4&)

i=1
yQZCSx—l—ZuiCéx (4b)

i=1
where V; and V2 are non-singular such that V"V, =
I and VDV = [I9], with Wy = [¥], WC' =
[eiT i7]" and V,'w = [11]. Since yo» has a bilin-
ear part, a row compression on Cj, is used in order to
extract the linear part of the disturbance-free measure-
ment y». This can be made by using a non-singular
matrix Vs such that ¥AVi¥ = I and Vi’ [c}, .. c] =
[00211 3 005?] where [¢}, ... ¢zt ]1s of full row rank. Then

measurement equation (4b) is decomposed as follows

Y21 :C§1$+Zuicéll" (5&)
=1

Yoo = Cop (5b)

where ViTy, = [§21] and Vi CF = [, T 9,77
Using (4) and (5), and inserting (4a) in (la), the SBS
(1) is equivalent to the following SBS in the observation

point of view

FEz=A+ Z u' A’z + Bu+ D1y + Dizws (6a)

=1

ylzC?x—l—Zuinx—l—wl (6b)
=1

Y21 =C§1$+Zuicéll“ (6C)
=1

Yoo = Cop (6d)

where A = A' — D;,C! for i = 0,... ,m and D1 Vs =
[P1: D1z]. We have the following vector dimensions in
the SBS (6) cw € RY ) wy € R® (q =q —|—q2), y1 € R
y21 € R? and y22 € R* (p=q1 +p+v). Using (3b) and
(3c), matrices D2 and C%, are of full column and full
row rank, respectively.

The aim of this paper is to design a reduced order UIO
for the SBS (6) with the following structure

z = N(u)z+ Loy1 + L3y y21 + L3, y22 + Gu
+ Zul (Liyl + Liyyor + L;2y22) (7a)
=1

Mz + Jaay22 (7b)

xr

where 2z € R® (n = £ +v) and & € IR", with

N(u)=N°+ i u'N°. (8)

The problem of the UIO design is reduced to find ma-
trices N*, L}, Ly, Ly, (1 =0,...,m), G, M and Ja, of
appropiate dimensions such that the reconstruction er-
ror e = # — o 18 exponentially stable irrespective of the



initialisations x(0) and z(0), the control input u and the
unmeasurable disturbance w.

The observer (7) can be expressed in terms of the mea-
sured output y of the initial SBS (1) as follows

é:N(u)z—l—LOy—l—Gu—l—ZuiLiy (9a)

=1
r=Mz+Jy (9b)

where (see (4) and (5))

7 L . 0 .

L:[UliL%l L§2] Vil Vi i=0,...,m(10a)
| I ol .

J=[oto J22][0 vf]vl' (10b)

The following assumption is made for the UIO design.

Assumption A1l The relation
T
rank [ET C§2T] =n (11)

holds. O

3 Reduced order UIO design

Define the reconstruction error e as the difference be-
tween the estimated and actual states as follows
e=f—x=Mz— (I - JnCs). (12)

As the measurement matrix C3, is of full row rank, there
exists T € R®*" such that det [gi] # 0, and the ob-

server matrices M and Ja2 can be computed as follows

[gf} [M J22] = [M J22] [gf} =1 (13)

2

Inserting (13) in (7b) yields to

5 =TE#, (14a)
Y22 = Choi. (14b)

Defining the error € as follows
e=z—TFEx, (15)

and using (12), (14) and (15), the reconstruction error
e can be expressed in terms of the error € as follows
e = Me. (16)

Since the observer matrix M is of full column rank (see
(13)), we have
lim ¢(t) =0 <= lim &(t) =0 (17)
— 00

t—o00

irrespective of the initialisations #(0) and z(0), the con-
trol input v and the unmeasurable disturbance w. Then
the convergence of the UIO (7) (or (9)) can be studied

equivalently with the errors e or &(¢).

The error e(t) has the following dynamics

€= N(uje+ (N'TE - TA® + 15,05, + L3,C5)

+(G-TB)u+ (L(l) - TD11) y1 — T Dipw2 + Z UiLiyl

=1

+ Z u' (NiTE —TA' + Lglcél + L;2C§2) x

=1

+ ZuiLél <C§1 + ZUJC§1> z. (18)
=1 J=1

Using (18), the solution of the reduced order UIO for
SBS (6) (or (6)) is given by the following theorem.

Theorem 1. Under assumption Al, the system (7) (or
(9)) is an exponential reduced order UIO for the SBS
(6) (or (1)) if there exist matrices N*, Li, Ly, Lb, (i =
0,...,m), G, M, Joo, T and @ = QT > 0 of appropiate
dimensions and a real p > 0 satisfying the following
constraints for all admissible inputs u € Q

N'TE—TA 4Ly Chy+L5,C9 =0, i=0,... ,m (19a
TD2=0 (19b

TE TE
M Jn|=|M I =1 19¢
[CSJ[ [ 22][032} (196
G=TB (19d

LY =TDy, (

Li=0, i=1,...,m (19f

Ly =0, i=1,...,m (19g
NT(w)Q+QN(u) + ul <0. (

Proof. Notice that the constraints (19f) and (19g) avoid
to have products u'y; and w'w’z in dynamic equation
(18). Since assumption Al holds, then there exists a
full row rank matrix 7 € R**" and full column rank
matrices M and Jy» verifying constraint (19¢). Then
relation (17) between the reconstruction error e (12)
and the error € (15) holds. Inserting constraints (19a)-
(19g) in (18) leads to the following error dynamics

&= N(ue. (20)

Consider the following Lyapunov function candidate
V(e) = e'Qe where @ = QT > 0. The time deriva-
tive of this Lyapunov function along the trajectory of
(20) is given by
V(e,u) =g (NT(u)Q + QN (u))e. (21)
If constraint (19h) holds, the error € is quadratically
stable and we have
Ve, u) < —pe'e < Am—:(lQ)

Then the error € (15) is exponentially stable, i.e.

V(e) Yu e Q. (22)

—_ AHMX(Q) _Ht
el 322 o 0) - TE0)lexn{ 5540 ) (29
for all admissible u € Q. .

Notice that V(& u) is uniformly bounded with respect
to u and the proposed observer works for non-uniformly
observable systems as well as the control input u be-
longs to Q, even if u is a non-universal input (see [9]).



3.1 Unknown inputs decoupling
In theorem 1, it is shown that the error & (15) is de-
coupled from the unmeasurable disturbances w if con-
straints (19a)-(19¢) hold. Since det[™ 22] # 0 (see
(19¢)), equation (19a) is equivalent to the following set
of relations
N'=TA'M — L} C3; M
Loy =TA" J2z — L5131 Jo

i=0,...,m, (24a)
i=0,...,m. (24b)

Define the following non-singular matrix

)L
- (25)
| o 1| |c%

where ® € IR®*? is arbitrary and R € R**" of full row
rank. Then equations (19b) and (25) can be written as

[T 9 [CESQ Dow} =[r 9. (26)

The solutions N*, L3;, Ly, (1 =0,...,m), M and Jo» of
constraints (19a)-(19c) depend on the solutions 7" and
® of equation (26). The existence of these solutions is
given by the following lemma.
Lemma 1. There exist solutions T and ® of equation
(26) if and only if

E D

rank Ll n + rank Dis. (27)
Cc3, 0

]
Proof. The proof is straightforward and is omitted. e

Notice that condition (27) implies assumption Al.
By using (19¢) and (25), M and J»» are given by

R Ir
6] Jo
Joo = |:C§2:| |:[:| R (28b)

From relation (26), we have
E
[T o], |=R (29)
022

and the solution (29) is given by

el (]l

where Z is an arbitrary matrix of appropriate dimen-
sions and A" is a generalised inverse of matrix A satisfy-
ing AATA = A [25]. The generalised inverse in (30) can
be chosen as follows (see assumption A1 or relation(27))

1
E
C2

_— [ET GSQT] (31)

where

VU= (ETE+C% C%), (32)

and matrix 7' is given by

T=RVE" +Z¢ (33)
where -
I — FEVE
= . (34)
—CY,VET

Inserting (33) in (19b), we obtain
ZeDiz = —RUYE" Dis. (35)

There exists asolution Z of equation (35) if matrix ¢ D12
is of full column rank, i.e. if condition (27) in lemma 1
holds. This can be seen with the following relation

E D U [eT "]
o = rank B .
C 0 (I - [032] V[ BT cf, ])
E Do
X
a0

I ®ETD
= rank ? . (36)
0 D12

rank

The solution Z is given by
Z = —RVE"Diz (¢D12)' + 7 (I - ¢ D1z (¢D12)' )(37)

where 7 is an arbitrary matrix of appropriate dimen-
sions.

3.2 Exponential stability

We use an LMI approach to determine matrices N* and
Q@ such that (19h) in theorem 1 holds. Consider each u*
in (18) (or (20)) as an “structured uncertainty”. Notice
that the definition of the “uncertainty set” € in relation
(2) can leads to some conservatism to solve (19h) (see
[26]) since, in the general case, we have |ul,,| # |ubax]
with |ubyn| # 1 and |uly..| # 1. To overcome this con-
servatism, each u' can be rewritten as follows

u'(t) =o' + o'l (t) (38)

where o' € R and o' € IR are given by (fori=1,... ,m)
0 = L uhin + ks 0" = S (e — i), (39)

a® =1 and ¢° = 0. The new “uncertain” variable is

e €  C IR™ where the polytope Q is defined as

ﬁ:: {EERm | Efnin =

—1geigel =1 fori=1,...,m}. (40)

By using relations (38)-(40), the dynamics of the error
€ can be rewritten as follows

€= Z oziNi€+Z ol ié—l—(G—TB)U-i-(L? — TDll) Y1
1=0 =1
+ Z UiLiyl —TDows + Z u' Ly (Cgl + Z UJC%l) )
=1 =1 J=1

+3 o (N’TE —TA 4+ 10,0 + LQQGSQ) v

1=0



+3 0t (N'TE = TA + L3, Gy + Ly €5 ) v (41)
=1

By inserting (33) and (37) in (24a), we obtain
N=) N'=A-KC= T(ZAU\/[)—L&(ZC&Z\/[)(ZLQ)
1=0 =0 =0

where the matrices A, K and C are given by

A = S a'RUET (1 — D12(@D12)T@) A'M, (43a)
1=0
K = [K? K} Ky ... KQ’"} , (43b)
C = [ Z:‘Zo oziMTCélT O{OMTAOTSZT O{lMTAlTSZT
T
amMTATTET ] (43c)
with
¢ = (1 - @D12(@D12)T) @ (44)
and
LS, = K7. (45)

By using (33), (37), (42) and (43a)-(43c), the matrix T

given by (33) can be rewritten as
T = R\IIET ([ — D12(QOD12)TQO) —|—76 (46)

where

0

m m 1
o))
Inserting (19a)-(19g) and (42) in (41) yields to

§=(N+ HiA(e)H,)E (48)
where Hy, A(e) e R™>*™ and H, € R™>f are given by

7= (/\/ + 15, (Z C§1M> —RUET (1 - D12(@D12)T@)
Ai

Hy = [alNl amNm] (49a)
A(e) = bdiag(<']) i=1,...,m (49b)
Hy = [[ ]]T (49¢)

and bdiag(.) denotes a bock-diagonal matrix. From
(40), the matrix A(e) is bounded as

HA(@) <1 (50)

By using constraints (19a)-(19g) and relations (42)-
(50), the exponential stability of the error & (or e) is
guaranteed if inequality (19h) in theorem 1 holds, as
can be shown in the following lemma.
Lemma 2. If constraints (19a)-(19g) in theorem 1
holds, then the system (7) (or (9)) is an exponential
reduced order UIO for the SBS (6) (or (1)) if there ex-
st Q=0T >0, S=8T >0, Y and u > 0 such that the
following LMI
|—ATQ+QA—CTy—yTC+H2TSH2+MI§ . ]
5=|_~ """"""""""""""""""""" P J<0(51)

holds where “o” is the transpose of the off-diagonal part
and

y=x"q, (52a)
A= R\IIET(I—D12(¢D12)T¢) ['AM ... o™ A™M],(52b)

[ o'cy, o203, o™ O
0 0 0
_|oteA'M 0 0
C= . (52¢)
0 P FAM
0
L O 0 omgA™M |
| |

Proof. Assume that constraints (19a)-(19g) in theorem
1 holds. Then, by replacing u' by &' and using relations
(38)-(40), the error dynamics (41) can be written as
(48) and relation (50) holds with A(e) given by (49b).

Let V() = €7 Qe be a Lyapunov function candidate with
Q= GT > 0). The error € is exponentially stable for all
¢ in the polytope Q if the time derivative of V() along
the trajectory of (48) satisfies

Vg e)+me e=¢" (J\@+§NT
+H A()HQ + QHE A(e)HT + m) <0 (53)

where @ > 0 is a given real.

Now defining @ = @' and choosing a real u > 0 such
that u/ > @Q?, inequality (53) can be rewritten as the
following LMI

S = | o <0 (54)

by sing the Schur lemma [26], where S = ST > 0 must
be chosen such that [26]
SA(e) = A(e)S (55)

in order to take the structure of A(e) into account.
From the structure of A(e) given by eq-deltar, relation
(565) holds for all matrices S = ST > 0 of appropriate
dimensions.

Using and the notations introduced in (42)-(49¢) and
(52), LMI (54) is equivalent to LMI (51). If inequal-
ity (51) holds, it is easy to se that constraint (19h) in
theorem 1 is verified and the error dynamics (20) is
exponentially stable. Since LMI (51) has an affine de-
pendence on variable @ and Y, then the solution and
the feasibility of this LMI can be performed with convex
optimisation methods [26]. .

4 Synthesis of the reduced order UIO

The design procedure of the exponential reduced order
UIO (7) (or 9)) for the SBS (6) (or (1)) can be sum-

marised as follows.



Ezponential reduced order UIO

(a) Find Vi, V2 and Vs to transform the SBS (6) into
(1) (see (4) and (5)).

(b) Check condition (27) in lemma 1.

(¢) Set Ly =0 and Ly, =0 (i =1,...,m).

(d) Compute ¥, ¢ and @ with (32), (34) and (44).

(e) Choose R such that det [CJ;SQ] # 0 and compute
M with (28a).

(f) Compute a; and o; (: =0,...,m) with (39), and
A, €, Hy, A and C with (43a), (43c), (49¢), (52b)
and (52c).

(g) Choose u > 0, and compute the solutions @ and
Y of LMI (51).

(h) Check if @ = QT > 0, then go to step (1), else go
to step (g) or to step (e).

(i) Compute K given in (43b) with (52a) and A with
(42).

(j) Compute Z, T and J»> with (47), (46) and (28b).

(k) Compute G, LY, N* and Li, (i = 0,...,m) with
(19d), (19e), (24a) and (24b), and set L3; = K7.

(1) To obtain the UTO (9) from the UIO (7), compute
L' (1=0,...,m) and J with (10a) and (10b).

5 Conclusion

The objective of this paper is the design of exponen-
tial reduced order UIO for SBS with bilinear measure-
ment and subjected to bounded control inputs and un-
measurable disturbances. No assumption is made on
the size of the matrix E. The existence condition of
this UTO (see lemma 1) yields to an observation error
dynamics which is decoupled from the unmeasurable
disturbances. Considering the bounded control inputs
as “structured uncertainties”, the exponential stability
of the reconstruction error is guaranteed by solving an
LMI associated to a robust stabilisation problem (see
lemma 2). To reduce the conservatism inherent to the
robust control theory, a control inputs change of coor-
dinates has been made.
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