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Abstract

We consider the problem of fixed-interval smoothing
of a continuous-time partially observed nonlinear s-
tochastic dynamical system. Existing results for such
smoothers require the use of two sided stochastic calcu-
lus. The main contribution of this paper is to present a
robust formulation of the smoothing equations. Under
this robust formulation, the smoothing equations are
non-stochastic parabolic partial differential equations
(with random coefficients) — and hence the technical
machinery associated with two sided stochastic calcu-
lus is not required. Furthermore, the robust smoothed
state estimates are locally Lipschitz in the observations
— which is useful for numerical simulation. As examples,
finite dimensional robust versions of the Hidden Markov
Model smoothers are derived — these finite dimensional
smoothers do not involve stochastic integrals.

1 Introduction

For continuous-time dynamical stochastic systems, the
filtered state density can be expressed as a stochas-
tic partial differential equation called the Duncan-
Mortenson-Zakai (DMZ) equation [1]. Derivation of the
fixed-interval smoothed state density is mathematical-
ly more formidable as it requires the use of two sided
stochastic calculus [12].

In this paper we derive robust filters and smoothers for
the state of a continuous-time stochastic dynamical sys-
tem. By robust we mean that the resulting filtering
and smoothing equations are locally Lipschitz contin-
uous in the observations — i.e., the equations depend
continuously on the observation path. Indeed, the e-
quations turn out to be non-stochastic parabolic partial
differential equations whose coefficients depend on the

observations. Apart from not requiring the intricacies
of two-sided stochastic calculus, these robust equations
are useful from a practical point of view — their numer-
ical solution via time discretization can be performed
without worrying about the Ito terms.

The idea of robust filtering — i.e., re-expressing the s-
tochastic differential equation as non-stochastic differ-
ential equation with random coefficients was first de-
veloped in [3], see also [11], [5] or Chapter 4 of [1].
More recently, in [10] versions of these robust filters,
probabilistic interpretations and implicit and explicit
discretization schemes were developed for continuous-
time Hidden Markov models.

The contributions of this paper are as follows:

1. It is shown that the smoothed state estimate can be
computed via a robust forward and backward filters.
Each of these filters involve non-stochastic parabolic
partial differential equations.

2. Robust fixed interval smoothed estimates of func-
tionals of the state of the system are derived. Again
the equations involve non-stochastic integrals. These
robust smoothers can be used in maximum likelihood
parameter estimation via the Expectation Maximiza-
tion (EM) algorithm.

3. As examples of the robust smoothers for the state
and functionals of the state, state and maximum likeli-
hood parameter estimation for Hidden Markov Models.

2 Model and Problem Formulation

2.1 Signal Model and Objectives

Consider the following continuous-time partially ob-
served nonlinear stochastic dynamical system defined
on the measurable space (2, F). Let {Py : 0 € 0},



where O denotes a compact subset of R?, denote a fami-
ly of parametrized probability measures. Under Py, the
state {z:}, t > 0 and the observation process {y;},t > 0
are described by

dxy = fo(xy,t) dt + og (e, t)dwy, xo € R™ (1)
dy: = hg(x¢,t) dt + duy, Yo =0€ R" (2)

Define the right-continuous filtrations F; = o(zs, s <
t), Gt = o{zs,ys : s < t}, Ve =ofys :s <t} for
t €10,7]. In (1) and (2) w and v are independent stan-
dard Brownian motions. (In Sec.4, we will consider the
Hidden Markov Model case where w; is a J; measurable
finite state martingale increment process). Further, w
and v are independent of zg. We assume that xg is
a random variable with normal density mo(x) which is
N(Zg, Pp).

We make the following standard assumptions [1] for all
0e€0O:

1. fo:R™x[0,T] = R™ and hy : R™ x [0, T] —
R™ denote bounded measurable functions and T > 0
denotes a fixed real number.

2. 0p : R™ x [0, T] - R™*" is continuous and bounded
such that Q = ogpo) is a uniformly positive definite
m X m matrix, i.e., ) > afl for some real o > 0.

The existence and uniqueness of a weak solution (in
the distributional sense) to the state equation (1) on
C™[0,T] follow from the assumptions 1 and 2 above.
It is assumed that fp, op and hy are continuously d-
ifferentiable with respect to the parameter 6 and that
the derivative 0fy/00 and Ohgy/# are measurable and
bounded functions.

Objectives In this paper we will derive robust filtering
and smoothing equations. By robust, we mean that the
solution to the resulting equations are locally Lipschitz
continuous in the observation y. As described in Sec.1,
this is a useful property from an implementation point
of view. The aim of this paper is three-fold:

(i) Derive robust fixed-interval smoothers for E{xz:|Vr}
that do not involve stochastic integrals.

(ii) Derive robust fixed interval smoothers for function-
als of the form

t t t
H, =Ho+/ a(ws,ys)der/ B'(xs,ys)dxs +/ v (xs)dys
0 0 0

3)

where a : R™ x R* — R, 8 : R® x R* — R™,
v : R™® — R" are Borel measurable and bounded
functions. Our aim is to compute the fixed-interval
smoothed estimate E{H;|Yr}, t € [0,T] using robust
forward and backward filters. Such computations arise
in computing the maximum likelihood parameter esti-
mate via the EM algorithm — see Sec.2.2. The same
problem is considered in [2] where two-sided stochastic
calculus was used to compute E{H;|Yr}.

To motivate the robust smoothers presented below, con-
sider computing the smoothed estimate of the last term
in (3). One would have liked to have interchanged the
conditional expectation and the integral. However the
resulting expression

T
" / E{ (2)[Vr}dy"

is not an Ito integral since the integrand is not adapted
to the filtration {}; : 0 < ¢ < T}. In [2], it is shown
that the above integral can be interpreted as a Skoro-
hod integral and requires the use of two-sided stochastic
calculus. The above integral can also be interpreted as
a generalized Stratonovich integral, see [6].

In Sec.3, it will demonstrated that by expressing the fil-
ters in robust form, the smoothed estimate E{H;|Vr}
can be computed using ordinary (non-stochastic) inte-
gration.

(iii) Using the robust smoothers in Step (ii), we will
address the problem of computing the maximum like-
lihood parameter estimate (MLE) of 6 given the ob-
servation history Yp. The MLE is defined as follows:
Suppose the family of measures Py were absolutely con-
tinuous with respect to a fixed probability measure F.
The log likelihood function for computing an estimate
of the parameter 6 based on the information available
in Vr is

dP,
£(6) =Foflog - | Vr}

and the MLE is defined by 8 € argmaxycq £(0). Appli-
cation of the EM algorithm to Hidden Markov Models
is covered in Sec.4.2.

2.2 Motivation: The EM Algorithm
As mentioned above the EM algorithm serves as a pri-
mary motivation for deriving fixed-interval smoothers
for the state x; and functionals of the state of the form
H; defined in (3). The EM algorithm is an iterative
numerical method for computing the MLE. Let 6o be
the initial parameter estimate. FEach iteration of the
EM algorithm consists of two steps.
Step 1. (E—step) Set 6 = 0; and compute Q(-, é), where
Q(6,6) = Eg{log 75 | Vr}.
Step 2. (M-step) Find §j+1 € argmax Q(6, ;).

e

The sequence generated {53 ,j > 0} gives non-
decreasing values of £(6;) with equality if and only if
Oj+1 = 0;.

It is shown in [2] that Q(6,0) = E; {logAM | yT}



where

_ T ,
log A7 = / [falws) - f(20)]) Q" (day — f5(w,)ds)
1

T
# [ [hotes) = hate)] s — hote)ds
0

T
_ % /0 [ho(zs) — hy(xs)]' [he(zs) — hy(xs)] ds

(4)

It is clear from (4) that computing Q(6, 8) involves com-
puting fixed interval smoothed estimate of functionals
of the state of the form H; in (3).

2.3 Preliminaries

To simplify notation, reference to the parameter 6 will
be dropped until Sec.4. We start with a reference prob-
ability space (2, F, P) such that under P

(i) w is r-dimensional Brownian motion and {z;} is de-
fined by (1).

(ii) {y:} is n-dimensional Brownian motion, indepen-
dent of w and x¢, and having quadratic variation (y), =
I.

Consider the exponentials

to 1 to
A, 1, = exp </ (W (ws,8) dys — 3 / h'(zs,s)h(zs,s)ds
t1

t1

()

For notational convenience define A; = Ag;. Then
dA; = A¢h'(z4,t)dy; and E{A;} = 1, where E de-
notes expectation under P. If we define a measure
P in terms of P by setting % g = A; then Gir-
sanov’s theorem [7] implies that under P, v; is a s-
tandard n-dimensional Brownian motion if we define
dvy = dyy — h(ze,t)dt), wvo = 0 . That is, under P,
dy: = h(xt,t) dt + dve. Under P, the process {x:} still
satisfies (1). Consequently, under P the processes {z;}
and {y:} satisfy the real world dynamics (1) and (2).
However, P is a more convenient measure with which
to work.

In the sequel we assume that ¢ : R — R is an arbi-
trary “test” function, which is in C*> and has compact
support. For any (), 6:(z) € L2([0,T] x R™) define
the scalar product

(08 & [ ul@)bi(z)da ©

Filtering is concerned with computing E{¢(z:)|):}.
The following result is standard [7].

Lemma 2.1 Suppose the measure valued process
E{A: ¢(x¢)|V:} has a Vi measurable density function

T !
~5 [ e = ) @ (o) = i) ds

q:[0, T] x R™ x Q@ — R. Then

e v v

We will subsequently refer to ¢;(z) as the forward un-
normalized filtered density. Fixed interval smoothing is
concerned with computing conditional mean estimates

of the form E{¢(z;)|Yr}, t € [0, T]. Consider the

measured value process

wl@) = B{ AV \/{z = 2}}, te0,7], vr(e) =1.
(8)

We will subsequently refer to v:(z) as the backward fil-
tered density.

Lemma 2.2 The fized-interval smoothed estimate
E{¢(z)|Vr} is given by

E{g(a)|yr) = (% %)

<qt7 Ut>

(9)

Proof:
E{¢(z:)A7|Vr} =E {E{¢($t)AtAt,T|yT \/ Gi} | yT}
= B{o(e)\E{ArYr \/ G} | 1)

> ,whplret;]@ V) ,C_%]denotes the sigma algebra generated by

7,0 Now B{A¢ 7|VrV Gi} = B{A, 7|V V{z:}} =
ve(x) by the Markovian property of the process A r.
Therefore,

E{¢(z¢)Ar|Vr} = E{¢(ze) Arve(x:)| Vi }

= o(2) gt (z)ve(z)dx
R

3 Robust Fixed Interval Smoothing
Notation: Q) = o(x¢,t)o'(z4,1)

€ = exp h(m)’yt—%h(m)’h(w)t e =1/a (10)

For a vector field g(z) = [g1(x) g2(2) --- gm(2)] de-
fined on R™, define
. 991 | Og» 9gm
d _ I g2 - A
v (9) ox1 + 0xo toot OTm

Define the backward elliptic operator L and its adjoint
L* for any test function ¢ as

L(6) = 5 TQV?0] + 'V

L*(8) = 5 THQV?0] — div[fd]



3.1 Robust Fixed Interval State Smoothers

We start with the following well known Duncan-
Mortenson-Zakai (DMZ) equation, which describes the
evolution of the un-normalized filtered state density, see
for example [1] for a proof.

Theorem 3.1 (DMZ equation) The un-normalized fil-
tered density qi(x) evolves according to the following
DMZ equation

0(z) = () + / L* (qa()) ds + / () () dys

applying a robust transformation. However, the follow-
ing straightforward proof derives smoothers without re-
course to backward stochastic calculus.

Proof: Choose ¢(z) = 1in (9). This yields (g, v:) =
E{Ar|Yr} which means that (g, v;) is independent of
time t. Now from (12) and (14) we have

(qe,ve) = (€r@r, ve) = (Tt €1ve) = (Gr, De)

meaning that (g,v;) is independent of time ¢. Thus
d(@t,6t>/dt = 0. But

(11)
d, oq _ oY,
1. ,Ut) = (575U + [T
Our aim is to derive a robust version of the above DMZ dt (e, e) <3t 0+ {a dt )
filtering equation. Define the robust forward filtered — (e L* (e D _ Oy — a0 &L (e _ 0y
density (& L" (e:qr) , Ue) + (, 7 ) = (Gt €L (&0¢)) + (G, 7 )
A

41(x) = € qi (), Go(r) = qo(z) (12)

Also let |lyl] = supg<i<r |y(t)]. The result below is

proved in [11].

Theorem 3.2 (Robust Forward filter) ¢; satisfies
the following non-stochastic parabolic partial differen-
tial equation

8(jt (CU)
dt

= &L (e:qr) (13)

Furthermore, the robust filtered state estimate T 2

(G, ) /{qGt, 1) defines a locally Lipschitz wversion of
E{z|V:} in that for y@®, y@ e R and for some con-
stant K depending on ||y(1)|| and ||y(2)||,

|§5t|t(y(1)) - §5t|t(y(2))| < KHZ/(l)) - 9(2)”

Define now the robust backward filtered density as
’l_}t(l') = EtUt(.’L') (14)

The theorem below shows that one can derive the evo-
lution of #¢(z) directly from the forward robust density
g:(z). In particular, one does not need to worry about
the evolution of v;(z) — which is governed by a back-
ward stochastic partial differential equation.

Theorem 3.3 (Robust Backward filter) o, satis-
fies the non-stochastic backward parabolic pde
o

W = _etL(EtTJt)a ’DT('T) = €T (15)

Remark: (15) can be derived by starting with a back-
ward Ito stochastic differential equation for v; and then

which means that ©v; satisfies the backward non-
stochastic parabolic pde (15). =

Theorem 3.4 In terms of the robust forward and back-
ward filtered densities, the fixed interval smoothed esti-
mate is computed as

Jam #(2)a

)iua)ds _ (96, 7)
f]pam a: (

(@, )
(16)

E{¢(z)Vr} =

3.2 Robust Fixed-Interval Robust Smoothers
for Functionals of the State

We consider robust fixed interval smoothing of H; de-
fined in (3). As mentioned in Sec.2.2, such computa-
tions arise in the EM algorithm for MLE.

Define the measure valued process \; () associated with
H; as

E{AHp(z1)|[Vi} = (A, 0) (17)

Define the robust measure valued processes A¢(z) =
€:At(x). In terms of A; or its robust version A, it follows
from Theorem 3.4 that E{H;|Yr} is computed as

_ (At,’Ut) _ =
E{H;|Yr} = (@0 (Gnoe) (G o) (18)

where z; = (M, ;) denotes the un-normalized robust
fixed-interval smoothed estimate.



Theorem 3.5

At(z) = Ao(2) +/0 L*(\s(z))ds -I-/O [a(a?,ys)qs(a?)
+ B'(z,ys) f (2, 5)qs ()
- v Q2. 1)an o]+ (Do) ()

+ / B (2)ga () + B (2, ) e ()] (19)

At(x) = Hogo(x) +/0 &L”* (635\3) ds
+f {au,ys)qs(x) (2,00 f(2,9)5 (@)

~ &div[QA(s, ys>esq-s(m>1] ds + / o () () dys
(20)

t
2t =/ (ags + B' fs, Us)ds
Ot .
- / (6xdliv[QBesds], Ba)ds + / (1 T}y
0 0
(21)

Furthermore, the robust smoothed state estimate
E{H|Yr} = 2:/{(q:,0:) defines a locally Lipschitz ver-
sion of B{H;|Y7} in that for y), y® € R* and con-
stant K depending on ||ly™M|| and ||y |

\Hyr(yV) — Hyr(y?)| < K|y®) —y?)||

4 Example: Robust Hidden Markov Model
Smoothers

Let Xy, t > 0 be a continuous-time Markov
chain defined on (,F,P) with finite state space
{e1,ea,... ,en} where e; denotes the unit M-vector
with 1 in the ith position. Let A denote the M x M
transition rate matrix (infinitesimal generator), so that
S¥ aj=0for1<j< M.

It is straightforward to show [7] that the semi-
martingale representation of Xy is

dXt - A*Xtdt + Wt

*

where denotes tranpose, W; is a F; zero
mean M-vector martingale under P. Let C =
(e1, e2,...,car) € RM denote a known vector. As-
sume that X; is observed via the noisy measurement

process y; as
dyt C Xtdt + d’l)t

4.1 Robust HMM Smoother
From (5) it follows that

t 1 t
A¢ = exp (/ C'zsdy, — = / (C'ms)2d3>
0 2 Jo

Let B 2 diag[C]. It is not difficult to show [7, p-
pl85] that the un-normalized filtered density vector
= E{A:z|);} is given by the the Zakai equation

dqt = A*qtdt + Bqtdyt (22)
The above equation is the well known Wonham filter or

Hidden Markov Model filter.

For any two vectors v, § € R™, let (v, d) denote their s-

. A .
calar product. With v, = E{A; 7|V \ 2}, in complete
analogy to Lemma 2.2, the smoothed state estimate is
computed as

M NP
Blryy) = 2t )

In analogy to (10), define the M x M diagonal expo-
nential matrices €; as:
1

50?75),

e = diag (e,(1),---

€t(i) = exp(ciys —

1
,e¢(M)) = exp(By; — §B2t)

Define the robust forward and backward filtered state
estimates, respectively, as ¢ = €;q:, U¢ = €v¢. Simi-
lar to Theorems 3.2 and 3.3, the following holds (proof
omitted to save space).

Theorem 4.1 (Robust HMM Smoother) The robust
forward and backward filters evolve as

da
% = gtA*tht (24)
d

% = —e; A&y, vr = erl (25)

The fized-interval smoothed estimate is computed as

E{z|Vr} = Zimt @Oiuli)er 1<q_t(1_))1_; (i)e (26)

4.2 Maximum Likelihood Parameter Estima-
tion for HMM

Let 8 = (aij,cii€{l,..., M}, je{l,... ,M}) de-
note the parameter vector of the HMM. By using the
EM algorithm outlined in Sec.2.2 to compute the ML
parameter estimates, the following re-estimation equa-
tions are obtained [10]:

_ B {7 i2s o EalGhr)
Y B {pvr) C 0 B (i)
(27)

iy T ) T
N = / (oe eif(das ey b= / (2, e3)ds,
0 0

T
= [t "



Here Ni denotes the number of jumps from state i to
state j, J4 denotes the duration time in state i and Gy
denotes the “level integral” from time 0 to 7'. Note that
by interchanging conditional expectation and integral
in the computation of the level integral E;{G%|Vr},
the resulting expression fOT(E9~ {zs | Vr}, ei)dys is not
an Ito integral. Below robust smoothers are developed
for evaluating these quantities which does not require
two-sided Skorohod integrals.

Theorem 4.2 Robust smoothed estimates of J{, Ntij
and G} are given as

E {JﬂyT} = o s (1)vs (i)ds (29)
B{NIDr} = [ “asn a0 (30)
;

tr_ .
—/ Ys l,)(j;esA—(js(i)es(i)ﬁgésA' e;ysds
o Les(i)
(31)

Remark: The EM equations (27) for HMM parameter
estimation read

fo :t((;) G (i (.)dt

[2] F. Campillo and F. LeGland. Mle for partially
observed diffusions : direct minimization vs. the em
algorithm. Stochastic Processes and their Applications,
33:245-274, 1989.

[3] J.M.C. Clarke. The design of robust approxima-
tions to the stochastic differential equations of nonlin-
ear filtering. In J.K. Skwirzynski, editor, Communica-
tion Systems and Random Processes Theory, Darling-
ton 1977. Sijthoff and Noordhoff, Alphen aan den Rijn,
1978.

[4] F.E. Daum. Exact finite dimensional nonlinear
filters. IEEE Trans. Auto. Control, AC-31(7):616-622,
1986.

[5] M. H. A. Davis. On a multiplicative functional
transformation arising in nonlinear filtering theory. Z.
Wahrscheinlichkeitstheorie verw. Gebiete, 54:125-139,
1980.

[6] A.Dembo and O. Zeitouni. Parameter estimation
of partially observed continuous time stochastic pro-
cesses via the EM algorithm (Corrigendum). Stochastic
Processes and their Applications, 31(1):167-169, 1989.

[7] R.J. Elliott, L. Aggoun, and J.B. Moore. Hidden
Markov Models — Estimation and Control. Springer-
Verlag, New York, 1995.

[8] R.J. Elliott and V. Krishnamurthy. Exact finite-
dimensional filters for maximum likelihood parame-
ter estimation of continuous-time linear Gaussian sys-

ij = Qji f al i)t tems. SIAM Journal on Control and Optimization,
o % . ] 35(6):1908-1923, November 1997
ar(p fo [et(z) grecA qt(l)ﬁt(l)f’iétA'] eytdt [9]  R.J. Elliott, V. Krishnamurthy, and H.V. Poor.
Ci = f G (3)3: (i) Exact filters for certain moments and stochastic in-
0

These expressions are apparently obtained here for the
first time. In comparison, the EM equation for ¢; de-
rived in [6] is

fo qt o dyt

fo q:(i

where the integral in the numerator is a generalized
Stratonovich integral. The EM equation derived in [10,
pg.600] is

fo q:(i dyt +¢ fo qe(i)vg (i)dt

fo q:(i

where the integral in the numerator is a two-sided Sko-
rohod integral.

Ci =
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