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Abstract The notion of invertibility for systems with
coeÆcients in a ring is investigate. An algebraic notion
of relative degree is introduced and used to character-
ize the invertibility of a SISO system, while a geomet-
ric characterization of relative degree is given for the
MIMO case. Application to the study of delay di�er-
ential systems are presented.

1 INTRODUCTION

Systems with coeÆcients in a ring have can be viewed as
a generalization of classical dynamical systems and have
been introduced for modeling e.g. integer coeÆcients
dynamical systems as well as for dealing with families
of discrete-time, parameter-dependent systems. Their
study is receiving an increasing attention as they prove
to be an eÆcient tool for studying and solving design
problems concerning continuous-time, delay-di�erential
systems (see [7] and the references therein). The aim
of this paper is to discuss and to investigate, by means
of algebric and geometric methods, the concept of in-
vertibility and, in particular, the related notions of rel-
ative degree and functional controllability for systems
with coeÆcients in a ring. The main motivation for
this study, besides a better understanding of system
theoretic properties in the chosen framework, is in de-
veloping design and control tools for delay-diferential
systems based on an algebraic and geometric approach
which avoids the use of in�nite dimensional state space
models. System Invertibility is de�ned in Section 2,
Where also an algebraic notion of Relative Degree for
SISO systems is introduced. Examples show how the
Relative Degree can be used for characterizing invert-
ibility of delay-di�erential systems according to the cho-
sen context.
In Section 3, Right Invertibility of MIMO system is

analysed and related to the property of Functional Con-
trollability. This allows to give a geometric character-
ization of Right Invertibility and a notion of Relative
Degree for MIMO systems.
In Section 4 it is shown that the delay in invertible SISO
delay-di�erential systems can be eliminated, working
basically in the ring framework, by a suitable feedback.
In addition, a procedure for constructing right inverses
of MIMO delay-di�erential systems based on the solu-
tion of a Disturbance Decoupling Problem in the ring
framework is illustrated. Such inverses can then be
used, in case they turn out to be stable, for solving
tracking and trajectory following problems.

2 SYSTEM INVERTIBILITY AND SISO
RELATIVE DEGREE

Given a commutative ring R, by a dynamical system
� over R we mean the object described by a set of
equations of the form

�
x(t + 1) = Ax(t) +Bu(t)

y(t) = Cx(t)
(1)

where x belongs to the free state module X = Rn, u
belongs to the free input module U = Rm, y belongs
to the free output module Y = Rp and A;B;C are
matrices of suitable dimensions with entries in R.

Example 1 The key example we have in mind is the
following one. Consider the generic continuous time,
delay-di�erential system �d with real coeÆcients given
by the equations

8<
:

_x(t) = A0x(t) +
Pr

k=1 Aix(t � kÆ)+
B0u(t) +

Pr

k=1Bku(t� kÆ)
y(t) = C0x(t) +

Pr

k=1 Ckx(t� kÆ)
(2)



By introducing the delay operator �, de�ned for any
time function f(t) by �f(t) = f(t�Æ), we can formally
associate to �d a system � over the ring of polynomials
R[�] given by the equations

8<
:

x(t+ 1) = (A0 +
Pr

k=1 Ak�k)x(t)+
(B0 +

Pr

k=1Bk�
k)u(t)

y(t) = (C0 +
Pr

k=1 Ck�
k)x(t)

(3)

Note that the variables in equations (2) and in equations
(3) have quite di�erent meaning and the systems �d and
� are di�erent objects, nevertheless they have the same
signal 
ow graph. Then, many dynamic properties of
the �rst system can be studied by analysing the second
one. In case uncommensurable delays are present, a
similar procedure gives rise to a system over a ring of
polynomials in more than one variables.

Given a dynamical system � of the form (1), Left In-
vertibility consists, from a general point of view, in the
possibility of reconstructing univocally, by means of a
dynamical process, the input that has produced a given
output. On the other hand, Right Invertibility means
the possibility of obtaining any output sequence with
entries in Y by a suitable choice of the input. Work-
ing with coeÆcients in a ring, a weaker notion than
Left Invertibility deserves also to be considered. More
precisely, we can state the following de�nition.

De�nition 1 A dynamical system � of the form 1 is
said Left Invertible if, for some k0, there exists a sys-
tem �0 over R, with input module Y and output module
U , of the general form

�
z(t+ 1) = A0z(t) +B0y(t+ k0)
u(t) = C 0z(t) +Dy(t+ k0)

(4)

having the following property: for any input/output pair
fu(t); y(t)gt�0 of �, the system �0, suitably initialized
and fed with fy(t)gt�0, gives in response the sequence
fu(t)gt�0.

De�nition 2 A dynamical system � of the form (1)
is said Right Invertible if , for some k0, there exists
a system �0 over R, with input module Y and output
module U , of the general form (4), having the following
property: for any sequence fy(t)gt�0; y(t) 2 Y the re-
sponse fu(t)gt�0 of �0 to fy0(t)gt�0, with y0(t) = 0 for
t < k0 and y0(t) = y(t � k0) for t � k0, is such that
fu(t); y0(t)gt�0 is an input/output pair for �.

De�nition 3 A dynamical system � of the form (1)
is said Injective if di�erent input sequences fu(t)gt�0
and fu0(t)gt�0, for initial state x(0) = 0, produce
respectively di�erent output sequences fy(t)gt�0 and
fy0(t)gt�0.

Basic information about invertibility can be obtained,
both in the case of linear and of nonlinear systems, by
means of the so-called Inversion Algorithm ([16], [17]).
For single input-single output (SISO) systems with co-
eÆcients in a ring, it is possible to extend in a strightfor-
ward way the classical Silverman Inversion Algorithm
([16]).To this aim, given a system � of the form (1)
with m = p = 1 and writing accordingly � = (A; b; c),
let us evaluate recursively y(t + k), for k � 1. Since

y(t + k) = cAkx(t) +
Pk�1

i=0 cA
k�i�1bu(t + i), either

cAk�1b = 0 for all k � 1, or there exists k0 (necessarily
lesser than or equal to dim X ) such that cAk�1b = 0 for
k < k0 and cAk0�1b 6= 0. In the last case the algorithm
stops at step k0, yielding

y(t+ 1) = cAx(t)
y(t+ 2) = cA2x(t)
...
y(t+ k0) = cAk0x(t) + cAk0�1bu(t):

(5)

It is clear now, that � is invertible if the coeÆcient
cAk0�1b is an invertible element of the ring R. In this
case, an inverse �0 for � is given by the following equa-
tions8>><
>>:

z(t+ 1) = (A+ b(cAk0�1b)�1cAk0)z(t)+
+b(cAk0�1b)�1cy(t+ k0)

u(t) = (cAk0�1b)�1cAk0z(t)+
+(cAk0�1b)�1cy(t+ k0)

(6)

In facts, initialised at z(0) = x(0) �0 gives, in response
to any output sequence fy(t)gt�0 of � the input se-
quence fu(t)gt�0 of � that produced fy(t)gt�0. On
the other hand, chosen any sequence fy(t)gt�0, the sys-
tem �0, initialized at z(0) = 0 and fed with fy0(t)gt�0,
where y0(t) = 0 for t < k0 and y0(t) = y(t � k0) for
t � k0, gives in response a sequence fu(t)gt�0 which,
as input of �, produces the output fytk)gt�0. Moti-
vated by the above considerations and paralleling the
case of linear systems with coeÆcients in a �eld, we can
now state the following De�nitions.

De�nition 4 Given the single input-single output sys-
tem � = (A; b; c) with coeÆcients in the ring R, assume
that there exists k0 such that cA

k�1b = 0 for k < k0 and
cAk0�1b 6= 0. Then, we say that � has a �nite relative
degree equal to k0. If, in addition, cAk0�1b is an in-
vertible element of R, we say that the relative degree is
pure. Alternatively, if cAk�1b = 0 for all k � 1, we say
that � has no �nite relative degree.

The following Examples and Proposition explain why
the notion of pure relative degree is important in the
framework of systems with coeÆcients in a ring

Example 2 Let us consider the system � described
over R[�], the ring of real polynomials in one inde-



terminate, by the equations
8<
:

x1(t+ 1) = �x1(t)� x2(t)
x2(t+ 1) = x2(t) + u(t)
y(t) = (1 +�)x1

(7)

Evaluation of y(t+ k) for k � 1 yields

y(t+ 1) = (1 +�)�x1 � (1 + �)x2
y(t+ 2) = (1 +�)�2x1(t)� (1 + �)2x2(t)

�(1 +�)u(t)

The relative degree of the system � is therefore k = 2.
Since the polynomial p(�) = 1 +� is not invertible in
the ring, the relative degree is not pure. If we consider
� as a system over the ring Rrea = S�1R[�] , where

S = fp(�) 2 R[�] such that p(0) 6= 0g;

namely the ring of rational functions in one indeter-
minate over the reals whose denominator has non zero
constant part, then 1+� is an invertible element, since

1

1 +�
belongs to the ring Rrea. In this case the relative

degree k = 2 of � is pure. It turns out that an inverse
of � can be constructed only if one admits systems with
coeÆcients in Rrea.

Proposition 1 Let � be a SISO dynamical system of
the form 1 over the ring R. Then, � is
i) injective if and only if it has a �nite relative degree;
ii) left and right invertible if its relative degree is pure.

Example 3 Let us consider the system � de�ned over
the ring of real polynomials in one indeterminate R[�]
by the equations

8>><
>>:

x1(t+ 1) = u(t)
x2(t+ 1) = �x2(t) + �u(t)
x3(t+ 1) = x2(t)
y(t) = x3(t)

(8)

Evaluation of y(t+ k) for k � 1 gives

y(t+ 1) = x2(t)
y(t+ 2) = �x2(t) + �u(t)

The relative degree of the system � is k = 2, but � is
not an invertible element of R[�]. Hence � is injective
but not invertible. The same conclusion hold also if we
consider � as a system over the ring Rrea.

Remark 1 The basic idea which leads to the the def-
inition of relative degree in this Section is conceptu-
ally similar to that already employed by Germani and
coworkers in [9] and [10], where a notion of Delay Rela-
tive Degree for nonlinear delay-di�erential systems was
introduced and studied. Actually, when applied to a lin-
ear delay-di�erential system �d, the procedure employed

for computing the Delay Relative Degree coincides with
the steps of the Silverman Algorithm applied to the as-
sociated system � with coeÆcients in a ring. Never-
theless, the Delay Relative Degree of �d turns out to be
de�ned only in case � has a pure relative degree, in the
sense of De�nition 1, as a system over Rrea. For exam-
ple, comparing with the above Remark, one can see that
the delay-di�erential system �d given by the equations

8>><
>>:

_x1(t) = u(t)
_x2(t) = x2(t� h) + u(t� h)
_x3(t) = x2(t)
y(t) = x3(t)

(9)

has not a �nite Delay Relative Degree in the sense of [9].
Moreover, the notion described in De�nition 1 can also
be applied, by considering an associated system over a
suitable ring, to delay-di�erential systems with noncom-
mensurable delays.

Let � = (A; b; c) have relative degree k0 and write
cAk�1b = mk for k � k0. Then, the transfer function
T (z) of � is given by T (z) =

P1

k=ko
mkz

�k. This and
the similarity with the case of systems with coeÆcients
in a �eld suggest the following De�nition.

De�nition 5 The system � = (A; b; c) with coeÆ-
cients in the ring R is said to have a formal zero at
in�nity of order k0 if it has relative degree k0. In other
terms, the formal zero structure of � at in�nity is said
to be fk0g.

3 RIGHT INVERTIBILITY, FUNCTIONAL
CONTROLLABILITY AND MIMO

RELATIVE DEGREE

For systems with coeÆcients in a ring having more
than one input and one output the situation concern-
ing invertibility is more complicated than that regard-
ing SISO systems and a characterization based on the
Silverman Inversion Algorithm is not easy. The diÆcul-
ties arise from the fact that, essentially, the aim of the
classical Algorithm is to select recursively a set of inde-
pendent rows in the matrices CB, CAB, . . . , CAn�1B,
where n = dim X . The set of independent row vec-
tors so obtained gives rise to a matrix which is full row
rank, but, having entries in R, may not be invertible.
In such case, the construction of an inverse cannot be
performed. In this Section we will focus on Right In-
vertibility, for which a geometric characterization can
be given, and will see that, in case invertion is possible,
a notion of MIMO �nite relative degree can be intro-
duced. To begin with, let us �rst remark that in case a
given system � of dimension n over the ring R is right
invertible, it can follow any arbitrary output trajectory
after, at most, n time instants. In other terms, right



invertibility is equivalent to the discrete time concept
of Functional Controllability as described, for instance,
in [2]. In particular, a right invertible system can follow
trajectories y(t) whose components yj(t); j = 1; : : : ;m
are identically zero for all j 6= i and arbitrarily chosen
for j = i and t � n. It may however happen that out-
put reference trajectories can be exactly followed after
t < n instants. We can therefore introduce the notion
of relative degree of the i-th output as follows.

De�nition 6 Assume that the system (1) is function-
ally controllable. Then the relative degree of the i-th
output component is the minimum ri such that any ar-
bitrary sequence w = fa1; a2; : : :g can be obtained at the
i-th output channel after ri instants, while mantaining
all the other output components equal to zero.

A de�nition of relative degree for the overall system (1),
which agrees with the one given in Section 2 for SISO
systems, can now be given as follows.

De�nition 7 Assume that the system (1) is function-
ally controllable. Then its relative degree is the vector
r� = (r1; r2; : : : ; rp), where ri is the relative degree of
the i-th output.

Example 4 Consider the system8>>>><
>>>>:

x1(t+ 1) = u1(t)
x2(t+ 1) = x3(t) + u1(t)
x3(t+ 1) = u2(t)
y1(t) = x1(t)
y2(t) = x2(t)

(10)

Taking as initial conditions x(0) = 0 and u(t) = 0 for
t � 0, we have that any sequence w = fa1; a2; : : :g can
be obtained at the output y1 for t � 2 while mantainig
y2 identically zero by the control input u1(1) = 0; u1(1+
t) = at for t � 1 and u2(t) = �at for t � 1. Then the
relative degree of the �rst output is r1 = 2. Analogously
we can see that any sequence w = fb1; b2; : : :g can be
obtained at the output y2 for t � 2 while mantainig y1
identically zero by the control input u1(t) = 0 for t � 1
and u2(t) = bt for t � 1. Then the relative degree of
the second output is r2 = 2, and the relative degree of
the overall system is r� = (2; 2).

We can now point out, as illustrated in [14] in the con-
text of continuous time linear systems with coeÆcients
in a �eld, that functional controllability of a given sys-
tem � is equivalent to solvability of a speci�c Distur-
bance Decoupling Problem for a suitable extension of
�. To show this, given the system � of the form (1),
let us consider the extended system �e of dimension
n+ p(n+ 1) de�ned by the equations�

xe(t+ 1) = Aexe(t) +Beu(t) +Deq(t)
y(t) = Cexe(t)

(11)

where q is viewed as a disturbance and the
matrices Ae; Be; Ce; De are de�ned as fol-

lows: Ae =

2
6664

A 0 : : : 0
0 S : : : 0
...

...
. . .

...
0 0 : : : S

3
7775, Be =

2
6664

B

0
...
0

3
7775,

Ce =

2
6664

C1 Q 0 : : : 0
C2 0 Q : : : 0
...

...
...

. . .
...

Cp 0 0 : : : Q

3
7775, Ci being the i-th rows

of C, S being a matrix of dimension (n+ 1)� (n+ 1),
Q being a row vector of dimension n + 1 and R being
a column vector of dimension (n + 1) , de�ned respec-

tively by S =

2
66664

0 1 0 : : : 0
0 0 1 : : : 0
� � � : : : �
0 0 0 : : : 1
0 0 0 : : : 0

3
77775, Q

T =

2
6664

1
0
...
0

3
7775,

R =

2
6664

0
...
0
1

3
7775 : The system �e = (Ae; Be; Ce; De), is

the parallel composition of system � together with
n chains of delay operators, and each new outputs
ei, for i = 1; : : : ; p, is the sum of the output yi of �
and the output of one chain of delay operators. It is
not diÆcult to see that � is functionally controllable,
namely after n instant it can reproduce at the output
any arbitrary sequence, starting from zero initial
conditions, if fed by a suitable input, if and only if
the disturbance q can be decoupled from the output of
�e. Denoting by V �e the maximum (Ae; Be)-invariant
submodule of the extended system �e contained in
Ker Ce we can then state the following Theorem (see
[3].

Theorem 1 The system � de�ned by equations (1)
over a ring R is functionally controllable if and only
if Im De � V �e + ImBe.

Recent results ([1]) on the Disturbance Decoupling
Problem provide feasible procedures for checking he
condition of the above Theorem and for computing pos-
sible feedback solutions. Assuming that � is function-
ally controllable, the following Algorithm can be used
in order to compute its relative degree.

MIMO Relative Degree Computation

Step 1 Modify the i-th column Diof the matrix De by
substituting to the column vector R the column vector
Rk whose components are all equal to zero, except the
k-th one, which is equal to 1.
Step 2 Find the least k such that the Disturbance De-



coupling Problem concerning �e with De modi�ed as
above is solvable.

4 APPLICATIONS

In the �rst part of this Section we assume that the
coeÆcient ring R is a Principal Ideal Domain. Let
us assume that the SISO system � = (A; b; c) with
coeÆcients in the ring R has pure relative degree k0
and write cAk0b = mk0 . This implies that the matrix2
664

c

cA

: : :

cAk0�1

3
775 is full row rank, since the product

2
664

c

cA

: : :

cAk0�1

3
775
�
Ak0�1bAk0�2b : : : b

�
=

2
664

mk0 0 : : : : : : 0
a11 mk0 0 : : : 0
: : : : : : : : : : : : : : :

ak01 : : : : : : ak0k0 mk0

3
775

is a square invertible matrix. Moreover, the set of row
vectors fcAkgk=0;:::;k0�1 can be completed to a basis of
X . Then, if we write

zk+1 = cAk for k = 0; : : : ; k0 � 1;

in the new bases fz1; : : : ; zk0 ; zk0+1; : : : ; zng the system
� takes the form8>>>>>>>>>><

>>>>>>>>>>:

z1(t+ 1) = z2(t)
...
zk0(t+ 1) = A0z(t) +mk0u(t)
zk0+1(t+ 1) = A1z(t)
...
zn(t+ 1) = An�k0z(t)
y(t) = z1(t)

: (12)

Applying the state feedback de�ned by u(t) =
m�1

k0
(�A0z(k) + v(t)), the system reduces to the fol-

lowing simple form

8>>>>>>>>>><
>>>>>>>>>>:

z1(t+ 1) = z2(t)
...
zk0(t+ 1) = v(t)
zk0+1(t+ 1) = A1z(t)
...
zn(t+ 1) = An�k0z(t)
y(t) = z1(t)

(13)

consisting of a reachable and observable subsystem and
of an autonomous, unobservable one. We can summa-
rize what seen above in the following Proposition.

Proposition 2 Let � = (A; b; c) have pure relative de-
gree k0 equal to its dimension n. Then, � is reachable
and observable and there exist a change of basis and a
state feedback which brings the system � into the fol-
lowing canonical form

8>>><
>>>:

z1(t+ 1) = z2(t)
...
zn(t+ 1) = v(t)
y(t) = z1(t)

(14)

Applying the above result to delay-di�erential systems,
we get the following Proposition.

Proposition 3 Let �d be a SISO delay di�erential sys-
tem with a �nite number of commensurable delays and
let the associated system � over R[�] have pure relative
degree k0 = dim X . Then, there exists a change of basis
and a state feedback in the delay di�erential framework
which transform �d in a system without delays.

Example 5 Let us consider the system �d de�ned by
the equations8>><
>>:

_x1(t) = x1(t� h)� x3(t) + u(t� h)
_x2(t) = x1(t) + u(t)
_x3(t) = x2(t)
y(t) = x1(t) + x2(t� h)

: (15)

In this case computation of the Relative Degree for the
associated system � yields

y(t+ 1) = x3(t)
y(t+ 2) = x2(t)
y(t+ 3) = x1(t) + u(t)

:

Therefore the pure relative degree is k0 = 3 = dim X
By the change of basis � = Px given by tha matrix

P =

2
664

c

cA

cA2

cA3

3
775 =

2
4 1 �� 0

0 0 1
0 1 0

3
5

the system � assumes the following form8>>>><
>>>>:

�1(t+ 1) = �2(t)
�2(t+ 1) = �3(t) + u(t)
�3(t+ 1) = �1(t) + ��3(t)

+u(t)
y(t) = �1(t)

(16)

Applying the feedback law u(t) = ��1(t)+��3(t)+ v(t)
we obtain a system without delays8>><

>>:

�1(t+ 1) = �2(t)
�2(t+ 1) = v(t)
�3(t+ 1) = �3(t)
y(t) = �1(t)



The results concerning Right Invertibility of MIMO sys-
tems given in Section 3 can be used for constructing,
by solving a Disturbance Decoupling Problem, a right
inverse in the delay-di�erential framework. This fact is
better illustratd by the following Example.

Example 6 Consider the delay-di�erential system �d

described by the equations

8>><
>>:

_x1(t) = x1(t� Æ) + x2(t) + u1(t)
_x2(t) = �x2(t) + u2(t)
y1(t) = x1(t� Æ)� x2(t) + x2(t� Æ)
y2(t) = x1(t) + x2(t)

; (17)

and the associated system � over the ring of real poly-
nomials R[�], described by the equations

8>><
>>:

x1(t+ 1) = �x1(t) + x2(t) + u1(t)
x2(t+ 1) = �x2(t) + u2(t)

y1(t) = �x1(t) + (�� 1)x2(t)
y2(t) = x1(t) + x2(t)

(18)

A solution to the Disturbance Decoupling Problem con-
cerning �e as described in Section 3is, in this case,
given e.g. by the feedback

�
u1(t) = �x1(t) + x2(t) + q1(t)� (�� 1)q2(t)
u2(t) = �x2(t)� q1(t) + �q2(t)

(19)
Going back to the delay-di�erential framework, we ob-
tain the system �0 de�ned by the equations

8>>>>>><
>>>>>>:

_x1(t) = 2x1(t� Æ) + 2x2(t) + q1(t)
�q2(t� Æ) + q2(t)

_x2(t) = �2x2(t)� q1(t) + q2(t� Æ)
u1(t) = x1(t� Æ) + x2(t) + q1(t)

�q2(t� Æ) + q2(t)
u2(t) = �x2(t)� q1(t) + q2(t� Æ)

; (20)

which is a right inverse of �.

Construction of right inverses as illustrated above can
provide a tool for solving tracking and trajectory follow-
ing problems in the delay-di�erential framework. More
work for studying the existence of stable inverses and
for characterizing this by means of a suitable notion
of minimum phase, possibly in the ring framework, is
required and will be the object of future research.
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